Distribution of Sample Statistics
Proof of Theorem

o Note:
E [g(Xi) — E(g(X:))]* = Varg(X;) = Varg(X1) (7)
@ and
E([g(Xi) — E(g(Xi))] [g(X;) — E(g(X;))]) = Cov [g(X)), g(Xj)(]s)
e So
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Distribution of Sample Statistics
Proof of Theorem

e and
Var (i;;(x,-))
ZE{ (%)~ E (g(X))7]
23} E(8(X) ~ £ (8(X)) (80) ~ E (8(X))]

i=1j=i
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Distribution of Sample Statistics

Proof of Theorem

@ Recall that the X7 and X; in the sample are independent, so each of
the covariances is zero.

@ Now rewrite:

+2 ; Z E(g(X) — E(g(Xi)) (g(X;) — E (g(X)))]
= Z Var g(X 2 Var g(X1) = n Var g(X1)

i=1
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Distribution of Sample Statistics

Theorem

Let X1, Xo, - - -X, be a random sample from a population with mean p and
variance 0% < oo. Then

a) EX=u

b) VarX = ‘772

c) ES? = ¢?
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Distribution of Sample Statistics

Proof of Theorem

e Proof of part a). In theorem 2 let

@ Then
K
n

@ Then we can write

Helle Bunzel () Statistics
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Distribution of Sample Statistics

Proof of Theorem

e Proof of part b). In theorem 2 let

g(X) =g(X) =
@ Then )
Var [g(X)] = 5

@ Then we can write

VarX = (1 ):x)ZVar (_Zii) (9)
(_ )) - %
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Distribution of Sample Statistics

Proof of Theorem

e Proof of part c).
e Write S% as

2 Sy w2 1
ES? = E(;_l(X' X))_E<n_1
1
= ! n(o?+p?) —n U—2+y2 =0
n—1 n

@ The last line follows from

Var X = 0% = EX? — (EX)?
= EX*—p
= EX? = o +ux

Helle Bunzel ()
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Unbiased Statistics

Definition

A statistic T(X) is unbiased for the parameter 6 if ET(X) = 6.

@ Note that then in a random sample:

o X is an unbiased statistic for u

o S2is an unbiased statistic for 02
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Methods of Estimation

Methods of moments

Let Y1, Y5, - Y, denote a random sample from a population
characterized by the parameters 61, 62, - - - 0.

@ Y has pdlc f( -;91,92,---9k).
@ First estimation method: Method of Moments:
@ Recall:

o The rth moment of Y is defined as

W= E(Y")

r

o The rt" sample moment is defined as
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Methods of Estimation

Methods of moments

@ In general y’r is a known function of 01,05, - - - 0, say
i =g (61,602, 0k).
@ Form the K equations, equating population and sample moments:

. 1 ¢
py = 31(91,92,“‘9k):#/1:EZ}/i
i=1

n
py = g(01,02,---0,) =) = xylg

/

N 1<
Mg = gK(91:92v"'9k)=H’K:;_ 7

@ Solve these K equations for 61,05, - - - 0
@ The result is the estimators, denoted 01,65, - - - 0.
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Methods of Estimation

Methods of moments, Example

o Let Y7, Y2, - Y, denote a random sample from the pdf:

_J (p+1)yP 0<y<1
f(y) o { 0 otherwise

@ The first moment of Y is:

(o) 1 1
E(Y) = [wyf(y)dyz/o y(p+1)y"dy=/0 yP (p+1)dy
1
oy (p+1)|  p+1
(p+2) | p+2
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Methods of Estimation

Methods of moments

@ Set E (Y) equal to the first sample moment and solve for p:

p+1
p+2

=p+1
= p—py
= p(1-y)

A

= b

Helle Bunzel ()

12 _
= ;izzl}/i:y

= (pP+2)y=py+2y
= 2y—1
= 2y—1

2y —

1-y
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Methods of Estimation

Methods of moments, Example

o Let Y7, Y2, - Y, denote a random sample from a normal distribution
with mean u and variance o2,
@ Recall that

mo= E(Y)=u
Wy = E(Y?) =0+ E[Y] =0+
@ Now set the first population moment equal to its sample analogue:

1 n
o= =YY y=y (10)
ni=3

=f =y
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Methods of Estimation

Methods of moments, Example

@ Now set the second population moment equal to its sample analogue

1 n
0'2—1_]’[2 = 72.)/1'2
niz
2 I¢ o
=0 = *Z)’i—ﬂ
ni3
1Z 5 )
=0 o= [o) i
niz
@ Pluginfi=y:
n n =\?2
o _ Yi—Yy
UZ\/Zy?—ﬁ:\/Z(' )
n/zl i=1 n

o Different estimate of standard deviation.

Helle Bunzel () Statistics
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Methods of Estimation

Methods of moments, Example

o Let Xi, X5, - X, denote a random sample from a gamma
distribution with parameters « and f.
@ The pdfis

1 a—1 %
flxia p)=1{ Frm X €F 0sx<e
0 otherwise

@ Find the first moment:

X) = /ooo Xﬁal}@é) x¥LeT dx = ﬂ"I:”l(zx) /Ooo xTH0) =1 0T gy
o Multiply and divide by B'™ T(1 + &)
'Bl+a 1—~ 1+DC
( / Bt T( 1+oc)
1*“ F(1+uc) L _BT+a)
“T(a) I'(a)

X(1+zx)—1 e% dx

E(X) =
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Methods of Estimation

Methods of moments, Example

@ Recall
['(v+1) =vI(v)
@ Using this ( ) "
_ Br(1+a)  Bal(a)
=T T T P
e Now find E(X?):
= Oox ! VLT dx = ! ooX( -1 % dx
E(XZ) _/O 2[3061'*(“) LaB d /3”‘1“(“) /O 24a)=1 o F ¢

Multiply and divide by g*™ T'(2 + «)
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Methods of Estimation

Methods of moments, Example

[32+“F2+0¢/
'31" ,32+“r2—|—06)

BFHr2+a)  p(a+1)T(1+a)  Pala+1)T(a)
BT(a) I'(a) B I'(a)
= pPa(a+1)

X(2+0¢)—1 e% dx

E(X?)

@ Now set the first population moment equal to the sample analogue:

‘BIX = *Xn:x,' = X
=1
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Methods of Estimation

Methods of moments, Example

@ Now set the second population moment equal to its sample analogue

2 I & o
Bra(aw + 1) = = X;
n3
n 2
2 i=1 %
= =
p noa (o + 1)
Yy X Y7 X2
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Methods of Estimation

Methods of moments, Example

i=1
n
=>nxp = Z:x,2 — nx?
i=1
1 oy 2
= B = i1 sz_—"X2 _ n i1 ()fi —X)
nx X

@ Thus, we estimated both parameters.
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Methods of Estimation

Methods of moments, Example

o Let Y7, Y2, - Y, denote a random sample from an unknown
distribution with parameters B and .
@ We know the following about the distribution of Y

Y = B+ u
E(uy = 0
E(w®) = Var(u) = o
2

@ Consider estimators for B and o~:

o Note that we know the moments of u, so we need the sample moments
of u, not y.
e In a given sample

yi = B+ (12)
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Methods of Estimation

Methods of moments, Example

@ The sample moments are then as follows

: —1 Uj
First sample moment = i=1
n

i

Second sample moment = =17
n

@ or, substituting from (12)

First sample moment =

Second sample moment =
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Methods of Estimation

Methods of moments, Example

@ Set the first sample moment equal to the first population moment:

i1 (YI - B) -0

@ Set the second sample moment equal to the second population
moment:
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Methods of Estimation

Method of least squares estimation

LS estimation: Example with one parameter
Consider Y; such that for all i

Then y; is drawn from a population with mean of 8 and a variance of

a?.

The least squares estimator of 8 is obtained by minimizing the sum of
squares defined by

n

SSE = Y (vi—P)

i=1

’ (13)
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Methods of Estimation

Method of least squares estimation

@ Intuition:
Yi |
L ]
A T e— & ~
~ e e gt ° €
. o a®
ﬁ w w Ld
L ] L ] . [ ] .
L W = y
°
T T T T T T T T T T
i

Helle Bunzel () Statistics Fall 2006 36 / 72



Methods of Estimation

Method of least squares estimation

e Find B
dSSE n
= B =

@ The distance between the elements of the random sample and
“predicted” values are minimized.
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Methods of Estimation

Method of least squares estimation

@ LS estimation: Example with two parameters:
o Consider the model
Ye = By + Byxt + &
= ,Bl + ,Bzxt + e
= e =y — B — B
@ Where, for all t
E(et) = 0
Var(e;) = o2
@ y; is drawn has a mean of B; + B,x; and a variance of 2.
o If these estimated errors are squared and summed we obtain

SSE = Y & = Y (ve— B, —Boxe)?
t=1

t=1
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