
1 A Review of Set Notation

1.1 De�nition of a Set

A set is any collection of objects which are called its elements. If x is an element of the set
S, we say that x belongs to S and write

x 2 S:

If y does not belong to S, we write

y 62 S:
The simplest way to represent a set is by listing its members. We use the notation

A = f1; 2; 4g

to denote the set whose elements are the numbers 1, 2 and 4. We can also describe a set
by describing its elements instead of listing them. For example we use the notation

C = fx : x2 + 2x� 3 = 0g

to denote the set of all solutions to the equation x2 + 2x� 3 = 0.

1.2 Subsets

1.2.1 De�nition of a Subset

If all the elements of a set X are also elements of a set Y , then X is a subset of Y and we
write

X � Y
where � is the set-inclusion relation.

1.2.2 De�nition of a Proper Subset

If all the elements of a set X are also elements of a set Y , but not all elements of Y are in
X, then X is a proper subset of Y and we write

X � Y
where � is the proper set-inclusion relation.

1.2.3 De�nition of Equality of Sets

Two sets are equal if they contain exactly the same elements, and we write

X = Y:
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1.2.4 Examples of Sets

1. All corn farmers in Iowa.

2. All �rms producing steel.

3. The set of all consumption bundles that a given consumer can a¤ord,

B =
�
(x1; x2) �R

2 : x1 � 0; x2 � 0; p1x1 + p2x2 � I
�

4. The set of all combinations of outputs that can be produced by a given set of inputs.

The output set P (x) is the set of all output vectors y �Rm+ that are obtainable from the
input vector x �Rn+.

P (x) = (y �Rm+ : (x; y) � T )

where the technology set T is the set of all x �Rn+ and y �R
m
+ such that x will produce y,

i.e.,
T =

�
(x; y) : x �Rn+; y �R

m
+ ; such that x will produce y

�
1.3 Set Operations

1.3.1 Intersections

The intersection, W , of two sets X and Y is the set of elements that are in both X and Y .
We write

W = X \ Y = fx : x �X and x � Y g

1.3.2 Empty or Null Sets

The empty set or the null set is the set with no elements. The empty set is written ;. For
example, if the sets A and B contain no common elements we can write

A \B = ;

and these two sets are said to be disjoint.

1.3.3 Unions

The union of two sets A and B is the set of all elements in one or the other of the sets. We
write

C = A [B = fx : x �A or x �Bg:
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1.3.4 Complements

The complement of a set X is the set of elements of the universal set U that are not
elements of X, and is written XC . Thus

XC = fx : x �U and x 62 Xg

1.3.5 Venn Diagrams

A Venn diagram is a graphical representation that is often useful for discussing set rela-
tionships. Consider for example Figure 1 below. Let S be the universal set, and let A and
B be two sets within the universal set.

In Figure 1, A � B. Furthermore, A \B = A and A [B = B.
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Now consider Figure 2.

In Figure 2 the A is the circle to the left and B is the circle to the right. The shaded
area marked as C is the area that is shared by both A and B. The union of A and B is
everything in both A and B. The intersection of A and B is C. The complement of C in
B is the non-shaded portion of B.
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Now consider Figure 3.

In Figure 3, B \D = ; because they have no points in common. A \D 6= ;.

1.4 Distributive Laws

1. A \ (B [ C) = (A \B) [ (A \ C)

2. A [ (B \ C) = (A [B) \ (A [ C)

1.5 DeMorgan�s Laws

1. (A [B)C = AC \BC

2. (A \B)C = AC [BC

Consider a proof of the �rst law. To show that two sets are equal, e.g. X=Y we need
to show that:

1. � �X ) � �Y

2. � � Y ) � �X
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First prove (i). Suppose that � � (A [B)C
Then proceed as follows.

� � (A [B)C

) � 62 A [B
) � 62 A and � 62 B
) � �AC and � �BC

) � �AC \BC

Now prove (ii). Suppose that
� �AC \BC

Then proceed as follows.

� �AC \BC

) � �AC and � �BC

) � 62 A and � 62 B
) � 62 �A [B
) � � (A [B)C
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1.6 Examples

Consider the following Venn diagram and see if you can illustrate the following relation-
ships.

1. D \ (A [B) = (D \A) [ (D \B)

2. D [ (A \ E) = (D [A) \ (D [ E)

3. (A \D)C = AC [DC

4. (A [ E)C = AC \ EC

1.7 Power Set

For a given set S, de�ne power set of S,

PS = A : A � S = set of all subsets of S

As an example, consider the set S = f1; 2; 3g

PS = f�; f1g; f2g; f3g; f1; 2g; f1; 3g; f2; 3g; f1; 2; 3gg

7



2 Relative Frequency as a Intuitive Measure of Probability

Suppose we conduct an experiment for which the outcome cannot be predicted with cer-
tainty. An example might a tossing a coin, rolling a die, administering an in�uenza shot to
a 60 year old woman, applying 50 kilograms of nitrogen to an acre of corn, or increasing the
money supply by 1%. For each experiment we de�ne some measurement on the outcomes
in which we are interested. For example it might be whether the coin lands heads up or
tails up, or the amount of nitrogen leaching from the acre of land during the 12 months fol-
lowing the application, or whether the woman contracts a serious (however measured) case
of in�uenza in the six months following injection. In general, suppose we repeat the ran-
dom experiment a number of times, n, under exactly the same circumstances. If a certain
outcome has occurred f times in these n trials; the number f is called the frequency of
the outcome. The ratio f=n us called the relative frequency of the outcome. A relative
frequency is typically unstable for small values of n, but it often tends to stabilize about
some number, say p, as n increases. The number p is sometimes called the probability of
the outcome.

Suppose a researcher randomly selected 100 households in Tulsa, Oklahoma. She then
asks each household how many vehicles (truck and cars) they own. The data is below.

Table 1: Data on number of vehicles per household
1 1 2 5 4 5 2 2 4 0 1 1 2 0 0
2 1 1 2 1 1 1 5 2 2 1 6 4 7 1
5 1 3 4 6 2 1 3 1 4 1 0 1 1 2
2 1 6 1 1 3 5 1 1 4 3 4 3 1 0
3 3 0 2 2 3 2 0 6 3 2 4 4 1 0
4 0 1 3 3 6 5 5 2 2 3 2 0 2 4
3 3 2 0 4 1 0 0 1 1
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We can construct a frequency table of the data by listing the all the answers possible
(or received) and the number of times they occurred as follows.

Number of vehicles Frequency Relative Frequency

0 13 0.13
1 28 0.28
2 20 0.20
3 14 0.14
4 12 0.12
5 7 0.07
6 5 0.05

7 or more 1 0.01

One might loosely say from this data that the probability of a household having 4 cars
is 12%. Or that the probability of having less than six cars is 94%.

Another way to look at this data is using a histogram. To construct a frequency
histogram, we center a rectangle with a base of length one at each observed integer value
and make the height equal to the relative frequency of the outcome. The total area of the
relative frequency histogram is then one.

The value that occurs most often in such frequency data is called the mode and is
represented by the rectangle with the greatest height in the histogram.
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3 Basic Concepts and De�nitions of Probability

3.1 Experiment

The term experiment will denote doing something or observing something happen under
certain conditions, resulting in some �nal state of a¤airs or �outcome�. It might be said
that an experiment is the process by which an observation is made. The performance of
an experiment is called a trial of the experiment. The observed result, on a trial of the
experiment, is formally called an outcome. The experiment may be physical, biological,
social, or otherwise. It may be carried out in a laboratory, in a �eld trial, or in real-life
surroundings, such as an industry, a community, or an economy.

3.2 Sample Space.

The sample space of an experiment is the set of possible outcomes of the experiment. We
denote it by 
. Its complement, the null or impossible event is denoted by ;.

If the experiment consists of tossing a coin, the sample space contains two outcomes,
heads and tails; thus,


 = fH; Tg

If the experiment consists giving a quiz with a maximum score of 10 points to an economics
student and only integer scores are recorded, the sample space is


 = f0; 1; 2; 3; : : : ; 10g

Sample spaces can be either countable or uncountable, if a sample space can be put into a
1�1 correspondence with a subset of the integers, the sample space is countable.

3.3 Sample Point.

A sample point is any member of 
 and is typically denoted !.

3.4 Event.

A subset of 
 is called an event. An event is any collection of possible outcomes of an
experiment. A sample point ! is called an elementary or simple event. We can think of a
simple event as a set consisting of a single point, the single sample point associated with
the event. We denote events by A, B, and so on, or by a description of their members. We
say the event A occurs, if the outcome of the experiment is in the set A.
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3.5 Discrete Sample Space

A discrete sample space is one that contains either a �nite or countable number of distinct
sample points.

Consider the experiment of tossing a single die. Each time you toss the die, you will
observe one and only one simple event. So the single sample point E1 associated with
rolling a one and the single sample point E5 associated with rolling a �ve are distinct, and
the sets E1 and E5 are mutually exclusive. Consider the event denoted A which is rolling
an even number. Thus

A = fE2; E4; E6g

An event in a discrete sample space S is a collection of sample points � that is, any
subset of S. Consider for example the event B, where B is the event that the number of
the die is four or greater.

B = fE4; E5; E6g

Now let C be the intersection of A and B or

C = fE4; E6g

A Venn diagram might be as follows.
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3.6 Probability De�ned for a Discrete Sample Space

Axiom 1 The probability of an event is a non-negative number; that is, P (A) � 0 for any
subset A of S.

Axiom 2 P (S) = 1.

Axiom 3 If A1; A2; A3, . . . is a �nite or in�nite sequence of mutually exclusive events of
S, then

P (A1 [A2 [A3 [ � � � ) = P (A1) + P (A2) + P (A3) + � � �

The second axiom makes sense because one of the possibilities in S must occur. For a
discrete sample space we can assign a probability to each simple event satisfying the above
axioms to completely characterize the probability distribution. Consider, for example,
the experiment of tossing a die. If the die is balanced, it seems reasonable to assign a
probability of 1/6 to each of the possible simple outcomes. This assignment agrees with
Axiom 1. Axiom 3 indicates that

P (E1 [ E2 [ E3) = P (E1) + P (E2) + P (E3)

And using Axiom 3, it is clear that Axiom 2 holds.

3.7 Probability Measure

Let F denote a class of subsets of 
 to which we assign probabilities. A probability
measure is a non-negative function P on F having the following properties:

1. P (
) = 1.

2. If A1; A2, . . . are pairwise disjoint sets in F , then

P

 1[
i=1

Ai

!
=

1X
i=1

P (Ai)

We often refer to the triple (
; F ; P ) as a probability model. Only elements of 
 that
are members of F are considered to be events.
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3.8 Elementary Properties of Probability

1. If A � B, then P (B � A) = P (B) � P (A), where � in the case of sets or events
denotes the set theoretic di¤erence or B \Ac.

2. P (Ac) = 1� P (A); P (;) = 0.

3. If A � B; P (B) � P (A).

4. 0 � P (A) � 1.

5. P (
S1
i=1Ai) �

P1
i=1 P (Ai) :

6. If A1 � A2 � : : : An; : : : ; then P (
S1
i=1Ai) = limn!1 P (An) :

7. P
�Sk

i=1Ai

�
� 1�

Pk
i=1 P (A

c
i ) :

3.9 Discrete Probability Models

A probability model is called discrete if 
 is �nite or countably in�nite and every subset of

 is assigned a probability. That is, we can write 
 = f!1; !2; : : : g and F is the collection
of subsets of 
. In this case using 3.7 2., we can write

P (A) =
X
!i �A

P (f!ig) (1)

4 Calculating the Probability of an Event Using the Sample
Point Method (Discrete Sample Space)

4.1 Steps to Compute Probability

1. De�ne the experiment and determine how to describe one simple event.

2. List the simple events associated with the experiment and test each one to ensure
that it cannot be decomposed.

3. Assign reasonable probabilities to the sample points in S, making certain that P (Ei) �
0 and �P (Ei) = 1.

4. De�ne the event of interest, A, as a speci�c collection of sample points. (A point is in
A if A occurs when the sample point occurs. Test all sample points in S to identify
those in A.)

5. Find P (A) by summing the probabilities of the sample points in A.
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4.2 Example

A fair coin is tossed three times. What is the probability that exactly two of the three
tosses results in heads?

Proceed with the steps as follows.

1. The experiment consists of observing what happens on each toss. A simple event is
symbolized by a three letter sequence made up of H�s and T�s. The �rst letter in the
sequence is the result of the �rst toss and so on.

2. The eight simple events in S are:

E1 : HHH E2 : HHT E3 : HTH E4 : HTT

E5 : THH E6 : THT E7 : TTH E8 : TTT

3. Given that the coin is fair, we expect that the probability of each event is equally
likely; that is,

P (Ei) =
1

8
; i = 1; 2; 3 : : :

4. The event of interest, A, is that exactly two of the tosses result in heads. This implies
that

A = fE2E3E5g

5. We �nd P (A) by summing as follows

P (A) = P (E2) + P (E3) + P (E5) =
1

8
+
1

8
+
1

8
=
3

8
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5 Tools for Counting Sample Points

5.1 Probability with Equiprobable Events

If a sample space contains N equiprobable sample points and an event A contains na sample
points, then P (A) = na=N .

5.2 mn Rule

Theorem 4 With m elements a1; a2; a3; : : : ; am and n elements b1; b2; b3; : : : ; bn it is
possible to form mn = m� n pairs containing one element from each group.

Proof of the theorem can be can be seen by observing the rectangular table below.
There is one square in the table for each ai; bj pair and hence a total of m� n squares.

The mn rule can be extended to any number of sets. Given three sets of elements,
a1; a2; a3; : : : ; am, b1; b2; b3 : : : ; ; bn and c1; c2; c3; : : : ; c`, the number of distinct triplets
containing one element from each set is equal to mn`.
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5.2.1 Example 1

Consider an experiment where we toss a red die and a green die and observe what comes
up on each die.

We can describe the sample space as

S1 = f(x; y)jx = 1; 2; 3; 4; 5; 6; y = 1; 2; 3; 4; 5; 6g

where x denotes the number turned up on the red die and y represents the number turned
up on the green die. The �rst die can result in six numbers and the second die can result
in six numbers so the total number of sample points in S is 36.

5.2.2 Example 2

Consider the event of tossing a coin three times. The sets here are identical and consist of
two possible elements, H or T . So we have 2� 2� 2 possible sample points. Speci�cally

S2 = f(x; y; z)jx = 1; 2; y = 1; 2; z = 1; 2g

5.2.3 Example 3

Consider an experiment that consists of recording the birthday for each of 20 randomly
selected persons. Ignoring leap years and assuming that there are only 365 possible distinct
birthdays, �nd the number of points in the sample space S for this experiment. If we assume
that each of the possible sets of birthdays is equiprobable, what is the probability that each
person in the 20 has a di¤erent birthday?

Number the days of the year 1, 2, . . . , 365. A sample point for this experiment can
be represented by an ordered sequence of 20 numbers, where the �rst number denotes
the number of the day that is the �rst person�s birthday, the second number denotes the
number of the day that is the second person�s birthday, and so on. We are concerned
with the number of twenty-tuples that can be formed, selecting a number representing
one of the 365 days in the year from each of 20 sets. The sets are all identical, and each
contains 365 elements. Repeated applications of the mn rule tell us there are (365)20 such
twenty-tuples. Thus the sample space S contains N = (365)20 sample points. Although
we could not feasibly list all the sample points, if we assume them to be equiprobable,
P (Ei) = 1=(365)

20 for each simple event.
If we denote the event that each person has a di¤erent birthday by A, the probability

of A can be calculated if we can determine na, the number of sample points in A. A sample
point is in A if the corresponding 20-tuple is such that no two positions contain the same
number. Thus the set of numbers from which the �rst element in a 20-tuple in A can
be selected contains 365 numbers, the set from which the second element can be selected
contains 364 numbers (all but the one selected for the �rst element), the set from which
the third can be selected contains 363 (all but the two selected for the �rst two elements),
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. . . , and the set from which the twentieth element can be selected contains 346 elements
(all but those selected for the �rst 19 elements). An extension of the mn rule yields

na = (365)� (364)� : : :� (346):

Finally, we may determine that

P (A) =
na
N
=
365� 364� : : :� 346

(365)20
= :5886

5.3 Permutations

5.3.1 De�nition

A ordered arrangement of r distinct objects is called a permutation. The number of ways
of ordering n distinct objects taking r at a time is distinguished by the symbol Pnr

Theorem 5

Pnr = n(n� 1)(n� 2)(n� 3) � � � (n� r + 1) =
n!

(n� r)!

5.3.2 Proof of Theorem

Apply the extension of the mn rule and note that the �rst object can be chosen in one of
n ways. After the �rst is chosen, the second can be chosen in (n � 1) ways, the third in
(n� 2) ways, and so forth. Thus

Pnr = n(n� 1)(n� 2)(n� 3) � � � (n� r + 1)

=
n(n� 1)(n� 2)(n� 3) � � � (n� r + 1)(n� r) � � � 1

(n� r) (n� r � 1) � � � 1

=
n!

(n� r)!

where

n! = n(n� 1)(n� 2)(n� 3) � � � (2)(1)
0! = 1

5.3.3 Example 1

Consider a bowl containing six balls with the letters A, B, C, D, E, F on the respective
balls. Now consider an experiment where I draw one ball from the bowl and write down
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its letter and then draw a second ball and write down its letter. The outcome is then an
ordered pair. According to theorem 5 the number of distinct ways of doing this is given by

P 62 =
6!

4!
=
6� 5� 4� 3� 2� 1

4� 3� 2� 1 = 6� 5 = 30

We can also see this by enumeration:

AB AC AD AE AF
BA BC BD BE BF
CA CB CD CE CF
DA DB DC DE DF
EA EB EC ED EF
FA FB FC FD FE

5.3.4 Example 2

Suppose that a club consists of 25 members, and that a president and a secretary are to
be chosen from the membership. We shall determine the total possible number of ways in
which these two positions can be �lled. Since the positions can be �lled by �rst choosing
one of the 25 members to be president and then choosing one of the remaining 24 members
to be secretary, the possible number of choices is

P 252 =
n!

(n� r)! =
25� 24� 23� � � � � 1
23� 22� 21� � � � � 1 = 25� 24 = 600

5.3.5 Example 3

Suppose that six di¤erent books are to be arranged on a shelf. The number of possible
permutations of the books is

P 66 =
n

(n� r) =
6� 5� 4� � � � � 1

0!
= 6! = 720

5.3.6 Sampling with replacement

Consider the following experiment: A box contains n balls numbered 1; : : : ; n. First, one
ball is selected at random from the box and its number is noted. This ball is then put back
in the box and another ball is selected (it is possible that the same ball will be selected
again). As many balls as desired can be selected in this way. This process is called sampling
with replacement. It is assumed that each of the n balls is equally likely to be selected at
each stage and that all selections are made independently of each other. Suppose that a
total of k selections are to be made, where k is a given positive integer. Then the sample
space S of this experiment will contain all vectors of the form (x1; : : : ; xk), where xi is the
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outcome of the ith selection (i = l; : : : ; k). Since there are n possible outcomes for each
of the k selections, we can use the mn rule to compute the number of sample points. The
total number of vectors in S is nk. Furthermore, from our assumptions it follows that S is
a simple sample space. Hence, the probability assigned to each vector in S is 1=nk.

5.3.7 Example 4

Consider a bowl containing six balls with the letters A, B, C, D, E, F on the respective
balls. Now consider an experiment where I draw one ball from the bowl and write down
its letter and return it to the bowl. Then I draw a second ball and write down its letter.
Note that this is the same experiment as in Example 1, except for the fact that we return
the �rst ball to the bowl. By the mn rule there are 36 di¤erent outcomes and since they
all have identical probabilities, the probability assigned to each outcome is 1=36:

We can also see this by enumeration:

AA AB AC AD AE AF
BA BB BC BD BE BF
CA CB CC CD CE CF
DA DB DC DD DE DF
EA EB EC ED EE EF
FA FB FC FD FE FF

So, because we allow replacement there are now 36 possible outcomes instead of 30.
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5.4 Partitioning n Distinct Objects into k Distinct Groups

Theorem 6 The number of ways of partitioning n distinct objects into k distinct groups
containing n1; n2; n3; : : : ; nk objects, respectively, where each object appears in exactly one
group and �ki=1ni = n , is

N =

�
n

n1 n2 n3 : : : nk

�
=

n!

n1!n2!n3! : : : nk!

5.4.1 Proof of Theorem 6

N is the number of distinct arrangements of n objects in a row for a case in which the
rearrangement of the objects within a group does not count. For example, the letters a to
` can be arranged into three groups, where n1 = 3; n2 = 4 and n3 = 5:

a b cj d e f gj h i j k `

is one such arrangement. Another arrangement in three groups is

a b dj c e f gj h i k `

The number of distinct arrangements of n objects, assuming all objects are distinct, is
Pnn = n! from theorem 5. Then P

n
n equals the number of ways of partitioning the n objects

into k groups (ignoring order within groups) multiplied by the number of ways of ordering
the n1, n2, . . . and nk elements within each group. This application of the mn rule gives

Pnn = n! = (N) (n1!n2!n3! : : : nk!)

) N =
n!

n1!n2!n3! : : : nk!
�
�

n
n1 n2 n3 : : : nk

�
where ni! is the number of distinct arrangements of ni objects in group i.

5.4.2 Example 1

Consider the letters A, B, C, D. Now consider all the ways of grouping them into two
groups of two. Using the formula we obtain

N =
n!

n1!n2!n3! � � � nk!
=

4!

2! 2!

=
4� 3� 2� 1
2� 1� 2� 1

= 6
20



Enumerating we obtain

AB CD
AC BD
AD BC

5.4.3 Example 2

In how many ways can two paintings by Monet, three paintings by Renoir and two paintings
by Degas be hung side by side on a museum wall if we do not distinguish between paintings
by the same artists. Substituting n = 7, n1 = 2, n2 = 3 and n3 = 2 into the formula of
theorem 6, we obtain

N =
n!

n1!n2!n3!

=
7!

2! 3! 2!

=
7� 6� 5� 4� 3� 2� 1
2� 1� 3� 2� 1� 2� 1

= 210

5.5 Combinations (Arrangement of Symbols Representing Sample Points
does not Matter)

The number of combinations of n objects taken r at a time is the number of subsets, each
of size r, that can be formed from the n objects. This number will be denoted by

Cnr or
�
n
r

�
Theorem 7 The number of unordered subsets of size r chosen (without replacement) from
n available objects is �

n
r

�
= Cnr =

Pnr
r!
=

n!

r! (n� r)!

5.5.1 Proof of Theorem 7

The selection of r objects from a total of n is equivalent to partitioning the n objects into
k = 2 groups, the r selected and the (n� r) remaining. This is a special case of the general
partitioning problem of theorem 6. In the present case, k = 2, n1 = r and n2 = (n � r).
Therefore we have, �

n
r

�
=

 
n

r n� r

!
=

n!

r!(n� r)!
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The terms
�
n
r

�
are generally referred to as binomial coe¢ cients because they occur in

the binomial expansion

(x+ y)n =

�
n
0

�
xny0 +

�
n
1

�
xn�1y1 +

�
n
2

�
xn�2y2 + � � � +

�
n
n

�
x0yn

=

nX
i=0

�
n
i

�
xn�iyi

Consider the case of (x+ y)2:

(x+ y)2 =

�
2
0

�
x2 y0 +

�
2
1

�
x1y1 +

�
2
2

�
x0y2

= x2 + 2xy + y2

Consider the case of (x+ y)3:

(x+ y)3 =

�
3
0

�
x3y0 +

�
3
1

�
x2y1 +

�
3
2

�
x1y2 +

�
3
3

�
x0y3

= x3 + 3x2y + 3xy2 + y3

5.5.2 Example 1

Consider a bowl containing six balls with the letters A, B, C, D, E, F on the respective
balls. Now consider an experiment where I draw two balls from the bowl and write down
the letter on each of them, not paying any attention to the order in which I draw the balls
so that AB is the same as BA. According to theorem 7 the number of distinct ways of
doing this is given by

C62 =
6!

2!4!
=
6� 5� 4� 3� 2� 1
2� 1� 4� 3� 2� 1 =

6� 5
2

= 15

We can also see this by enumeration.

AB AC AD AE AF
BC BD BE BF

CD CE CF
DE DF

FE
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5.5.3 Example 2

Suppose that a club consists of 25 members, and that two of them are to be chosen to
go to a special meeting with the regional president. We can determine the total possible
combinations of individuals who may be chosen to attend the meeting with the formula for
a combination.

C252 =
25!

2! 23!
=
25� 24� 23� 22� � � � � 1
2� 1� 23� 22� � � � � 1 =

25� 24
2

= 300

5.5.4 Example 3

Eight politicians meet at a fund raising dinner. How many greetings can be exchanged if
each politician shakes hands with every other politician exactly once. Shaking hands with
one self does not count. The pairs of handshakes are an unordered sample of size two from
a set of eight. We can determine the total possible number of handshakes using the formula
for a combination.

C82 =
8!

2! 6!
=
8� 7� 6� 5� � � � � 1
2� 1� 6� 5� � � � � 1 =

8� 7
2

= 28

6 Conditional Probability

6.1 De�nition

Given an event B such that P (B) > 0 and any other event A, we de�ne the conditional
probability of A given B, which is written P (AjB), by

P (AjB) = P (A \B)
P (B)

(2)

6.2 Simple Multiplication Rule

P (A \B) = P (B)P (AjB)
= P (A)P (BjA)

(3)

6.3 Consistency of Conditional Probability with Relative Frequency No-
tion of Probability

Consistency of the de�nition with the relative frequency concept of probability can be
obtained from the following construction. Suppose that an experiment is repeated a large
number, N , of times, resulting in
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both A and B, A \B; n11 times;
A and not B, A \ �B; n21 times;
B and not A, �A \B; n12 times;
and neither A nor B, �A \ �B; n22 times.

These results are contained here:

A �A

B n11 n12 n11 + n12
�B n21 n22 n21 + n22

n11 + n21 n12 + n22 N

Note that n11 + n12 + n21 + n22 = N .
Then it follows that with large N

P (A) � n11 + n21
N

; P (B) � n11 + n12
N

; P (AjB) � n11
n11 + n12

(4)

where � is read approximately equal to.
Now consider the conditional probabilities

P (AjB) � n11
n11 + n12

; P (BjA) � n11
n11 + n21

; and P (A \B) � n11
N

(5)

With these probabilities it is easy to see that

P (BjA) � P (A \B)
P (A)

and P (AjB) � P (A \B)
P (B)

(6)

6.4 Examples

6.4.1 Example 1

Suppose that a balanced die is tossed once. Use the de�nition to �nd the probability of a
1, given that an odd number was obtained. De�ne these events:

A Observe a 1.

B Observe an odd number.

We seek the probability of A given that the event B has occurred. The event A \ B
requires the observance of both a 1 and an odd number. In this instance, A � B so
A \B = A and P (A \B) = P (A) = 1=6. Also, P (B) = 1=2 and, using the de�nition,

P (AjB) � P (A \B)
P (B)

=
1=6

1=2
=
1

3
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6.4.2 Example 2

Suppose a box contains r red balls labeled 1, 2, 3, . . . , r and b black balls labeled 1, 2,
3, . . . , b. Assume that the probability of drawing any particular ball is 1

b+r . If a ball from
the box is known to be red, what is the probability it is the red ball labeled 1?

First �nd the probability of A. This is given by

P (A) =
r

b+ r

where A is the event that the ball is red. Then compute probability that the ball is the
red ball with the number 1 on it. This is given by

P (A \ B ) =
1

b + r

where B is the event that the ball has a 1 on it. Then the probability that the ball is red
and labeled 1 given that it is red is given by

P (BjA) = P (A \B)
P (A)

=
1
b+r
r
b+r

=
1

r

This di¤ers from the probability of B (a 1 on the ball) which is given by

P (B) =
2

b+ r

6.4.3 Example 3

Suppose that two identical and perfectly balanced coins are tossed once.

1. What is the conditional probability that both coins show a head given that the �rst
coin shows a head?

2. What is the conditional probability that both coins show a head given that at least
one of them shows a head?

Let the sample space be given by


 = fHH; HT; TH; TTg

where each point has a probability of 1/4. Let A be the event the �rst coin results in a
head and B be the event that the second coin results in a head. First �nd the probabilities
of A and B.

P (A) =
1

2
; P (B) =

1

2
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Then �nd the probability of the intersection and union of A and B.

P (A \B) = 1

4
; P (A [B) = 3

4

Now we can �nd the relevant probabilities. First for (i).

P (A \BjA) = P (A \B \A)
P (A)

=
P (A \B)
P (A)

=
1
4
1
2

=
2

4
=
1

2

Now for (ii)

P (A \BjA [B) =
P ((A \B) \ (A [B))

P (A [B) =
P (A \B \A)
P (A [B)

=
P (A \B)
P (A [B) =

1
4
3
4

=
1

3

6.5 Summation Rule

If B1; B2; : : : ; Bn are (pairwise) disjoint events of positive probability whose union is 
,
the identity

A =

n[
j=1

(A \Bj)

1, and (3) yield

P (A) =
nX
j=1

P (AjBj)P (Bj); (7)

Consider rolling a die. Let the sample space be given by


 = f1; 2; 3; 4; 5; 6g

Now consider a partition B1, B2, B3, given by

B1 = f1; 2g B2 = f3; 4g B3 = f5; 6g

Now let A be the event that the number on the die is equal to one or greater than or
equal to four. This gives

A = f1; 4; 5; 6g
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The probability of A is 4=6 = 2=3. We can also compute this using the formula in (7)
as follows

P (A) = P (AjB1)P (B1) + P (AjB2)P (B2) + P (AjB3)P (B3)

=

�
1

2

��
1

3

�
+

�
1

2

��
1

3

�
+ (1)

�
1

3

�
=
1

6
+
1

6
+
1

3

=
2

3

(8)

6.6 Bayes Rule

P (BijA) =
P (AjBi)P (Bi)Pn
j=1 P (AjBj)P (Bj)

(9)

Consider the same example as in 6.5. First �nd the probability for B1.

P (B1jA) =
P (AjB1)P (B1)Pn
j=1 P (AjBj)P (Bj)

=

�
1
2

� �
1
3

�
2
3

=
1
6
2
3

=
1

4

(10)

Now for B2.

P (B2jA) =
P (AjB2)P (B2)Pn
j=1 P (AjBj)P (Bj)

=

�
1
2

� �
1
3

�
2
3

=
1
6
2
3

=
1

4

(11)

And �nally for B3.

P (B3jA) =
P (AjB3)P (B3)Pn
j=1 P (AjBj)P (Bj)

=
(1)
�
1
3

�
2
3

=
1
3
2
3

=
1

2

(12)

6.7 Conditional Probability Given Multiple Events

The conditional probability ofA givenB1, B2, . . . , Bn, is written P (AjB1; B2; : : : ; Bn) andisdefinedasP (AjB1; B2; : : : ; Bn) =
P (AjB1 \B2 \ � � � \Bn)for any events A, B1, B2, . . . , Bn such that P (B1\B2\� � �\Bn) >
0.
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6.8 More Complex Multiplication Rule

P (B1 \B2 \B3 � � � \Bn)
= P (B1)P (B2jB1)P (B3jB1B2) � � �P (BnjB1; B2; � � �Bn�1)

7 Independence

7.1 De�nition

Two events are said to be independent if

P (A \B) = P (A)P (B) (13)

If P (B) > 0 (or P (A) > 0), this can be written in terms of conditional probability as

P (AjB) = P (A)
P (BjA) = P (B) (14)

The events A and B are independent if knowledge of B does not a¤ect the probability of
A.

7.2 Examples

7.2.1 Example 1

Suppose that two identical and perfectly balanced coins are tossed once. Let the sample
space be given by


 = fHH; HT; TH; TTg

where each point has a probability of 1/4. Let A be the event the �rst coin results in a
head, B be the event that the second coin results in a tail, and C the event that both �ips
in tails. First �nd the probabilities of A, B, and C.

P (A) =
1

2
; P (B) =

1

2
; P (C) =

1

4

Now �nd the probability of the intersections of A, B and C.

P (A \B) = 1

4
; P (A \ C) = ;; P (B \ C) = 1

4

Now �nd the probability of B given A and B given C.
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First �nd the probability of B given A

P (BjA) = P (A \B)
P (A)

=
1
4
2
4

=
1

2

This is the same as P (B) so A and B are independent. Now �nd

P (BjC) = P (B \ C)
P (C)

=
1
4
1
4

= 1

7.2.2 Example 2

Roll a red die and a green die. LetA = f4 on the red die) andB = fsum of the dice is oddg.
Find P (A), P (B), and P (A \B). Are A and B independent?

There are 36 points in the sample space.

Green (A) 1 2 3 4 5 6
Red (D)

1 1 1 1 2 1 3 1 4 1 5 1 6
2 2 1 2 2 2 3 2 4 2 5 2 6
3 3 1 3 2 3 3 3 4 3 5 3 6
4 4 1 4 2 4 3 4 4 4 5 4 6
5 5 1 5 2 5 3 5 4 5 5 5 6
6 6 1 6 2 6 3 6 4 6 5 6 6

The probability of A is 6=36 = 1=6. The probability of B is 18=36 = 1=2 and the
probability of A \B is 3=36 = 1=12. To check for independence multiply P (A) and P (B)
as follows

P (A)P (B) =

�
1

6

��
1

2

�
=
1

12

The events A and B are thus independent.

7.2.3 Example 3

For example 2 compute P (AjB). Are A and B independent?
There are 18 sample points associated with B. Of these three belong to A so that

P (AjB) = 3

18
=
1

6
Using the relationship that

P (AjB) = P (A)
under independence, we can see that A and B are independent.
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7.2.4 Example 4

Now consider the same experiment. Let C = f5 on the red die) andD = fsum of the dice is eleveng.
Find P (C), P (D) and P (C \D). Are C and D independent? Can you show the same

thing using conditional probabilities?
The probability of C is 6=36 = 1=6. The probability of D is 2=36 = 1=18 and the

probability of C \ D is 1=36. To check for independence multiply P (C) and P (D) as
follows:

P (C)P (D) =

�
1

6

��
1

18

�
=

1

108
6= 1

36
= P (C \D)

The events C and D are thus not independent.
To show dependence using conditional probability, compute the of conditional proba-

bility C given D.
There are two ways that D can occur. Given that D has occurred, there is one way

that C can occur so that

P (CjD) = 1

2

This is not equal to the probability of C so C and D are not independent.

7.2.5 Example 5

Die A has orange on one face and blue on �ve faces; die B has orange on two faces and
blue on four faces; die C has orange on three faces and blue on three faces. The dice are
fair. If the three dice are rolled, what is the probability that exactly two of the dice come
up orange.

There are three ways that two of the dice can come up orange: AB, AC and BC.
Because the events are mutually exclusive we can compute the probability of each and
then add them up. Consider �rst the probability that A is orange, B is orange and C is
not orange. This is given by

P (AB) =

�
1

6

��
2

6

��
3

6

�
=

6

216

because the chance of an orange face on A is 1/6, the chance of an orange face on B is
2/6 and the chance of blue on C is 3/6 and the events are independent.

Now consider the probability that A is orange, B is blue and C is orange. This is given
by

P (AC) =

�
1

6

��
4

6

��
3

6

�
=
12

216
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because the chance of an orange face on A is 1/6, the chance of an blue face on B is 4/6
and the chance of orange on C is 3/6 and the events are independent.

Now consider the probability that A is blue, B is orange and C is orange. This is given
by

P (BC) =

�
5

6

��
2

6

��
3

6

�
=
30

216

because the chance of an blue face on A is 5/6, the chance of an orange face on B is
2/6 and the chance of orange on C is 3/6 and the events are independent. Now add these
up to obtain the probability of two orange dice.

P (two orange dice) =
6

216
+
12

216
+

30

216
=
48

216
=
2

9

7.3 More General De�nition of Independence

The events A1; A2; : : : ; An are said to be independent if

P (Ai1 \Ai2 � � � \Aik) =
kY
j=1

P
�
Aij
�

(15)

for any subset fi1; i2; : : : ; ikg of the integers f1; 2; : : : ; ; ng. If all the P (Ai) are positive,
we can rewrite this in terms of conditional probability as

P (Aj jAi1 ; Ai2 ; : : : ; Aik) = P (Aj) (16)

for any j and fi1; i2; : : : ; ikg such that j 62 fi1; i2; : : : ; ik).

7.4 Additive Law of Probability

The probability of the union of two events A and B is given by

P (A [B) = P (A) + P (B)� P (A \B) (17)

If A and B are mutually exclusive events, P (A \B) = ; and

P (A [B) = P (A) + P (B) (18)

which is the same as Axiom 3 for probability de�ned for a discrete sample space or property
two of a probability measure. Similarly for three events, A, B and C we �nd

P (A [B [ C)
= P (A) + P (B) + P (C)� P (A \B)� P (A \ C)� P (B \ C) + P (A \B \ C)
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