Chi-square random variable

Probability Density Function

@ X is said to be a chi-square random variable with v degrees of
freedom (x?(v)) if

1
22T (%)

v —X
x27le7z 0 < x

f(x;v) =
0 otherwise

@ where I'(-) is the gamma function defined by
T(r) = / u" e Uduy, r >0
0

o Note that for positive integer values of r, I'(r) = (r — 1)!
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Chi-square random variable

Probability Density Function

@ The following diagram shows the pdf and cdf for the chi-square
distribution with parameters v = 10.
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Properties of the chi-square random variable

e x2and N(0,1)

e Consider n independent random variables.

X; ~N(0,1), i=1,2,..,n
n
then EX,-z ~x2(n)
i=1
o It can also be shown that
If Xi ~N(0,1), i=1,2,..,n
_ 12
and X ==Y X;
ni3a
n—1 0
then Y (X; —X)" ~ x 2 (n)
i=1

o because this is the sum of (n — 1) independent random variables given
that X and (n— 1) of the x's are independent.
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Properties of the chi-square random variable

o x 2 andN(u,o?)
If X; ~ N(u,0%), i=1,2,...n

- 10
andX:E;X;

then Y (X’;”)z ~ 32 (n)

i=1

and Z(X X) ~x2(n)

@ Sums of chi-square random variables: If

n ~ x*(v1), and
2~ x°(12)
and y; and y» are independent, then

i+ y2~ X2(V1+V2)-
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Moments of chi-square random variables

@ The most commonly used moments are:

Mean (x*> (v)) = v = degrees of freedom

Var (x> (v)) =
(

(
Mode (x*(v)) = v — 2
@ The distribution function of x?(v) is defined as
F(x;v) = / f(s;v)ds
0

@ It is tabulated in most statistics and econometrics texts.
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The Student’s t random variable

@ The ratio
N(0,1)

)

has the Student's t density function with v degrees of freedom when
the N(0, 1) is independent of the x?(v) variable.

@ Tables of the distribution are in most statistics and econometrics
books.

@ The density of Student's t distribution is given by:

(v+1)
r (v+1) t2 2
f = 2 1+— -
(t;v) AT (5) <+ ) , o <t < o0
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The Student’s t random variable

@ This is the pdf and cdf for the Student'’s t-distribution with parameter

v = 10.

g
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@ Note that it is symmetric about origin.
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The Student’s t random variable

@ This is the pdf for the Student’s t-distribution with parameters
v=10and v = 3.
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The Student’s t random variable

@ The mean and variance of the t (v) distribution are:

Mean (t (v)) = 0

Var (t(v)) = —2

v — 2
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The F distribution

@ The distributon function of the F distribution is constructed in the
following manner:

o If x2(v1) and x3(v2) are independently distributed chi-square variates,

then 200)
x: (v

F(vivp) = Vv )

' x3(v2) V1 x3(v2)
V2

has the F density with v; and vy degrees of freedom.

@ The density of the F distribution is
(F V1, 1/2)

(VIJ{Q) vy 7 LA | v e

0 otherwise
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The F distribution

@ Tabulations of the distribution of F(v 1,V 5) are widely available.

o Note that Fy; 4, ~ ( 1 )

FV2’V1

@ The figure below shows the pdf for the F distribution with parameters
1% =12 and 1/2:20.
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The F distribution

@ The relevant moments of the F distribution are:

E(F) =

V2
1/2—2

203 (vy + vy —2)
V1 (1/2 — 2)2(1/2 — 4)

Var(F) =
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Exponential Distribution

@ A continuous random variable X has the exponential distribution with

parameter 6 > 0 if

[y

f(x;0) = é-e”‘/e x>0
0 otherwise

@ The CDF of X is
Fix;0)=1—e>? x>0
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Exponential Distribution

@ These are the pdf and cdf for various values of 6:

Probabilty Danstty Function
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Properties of the exponential distribution

@ For a continuous random variable X, X ~ Exp(6) if and only if
PIX >a+t|X >al =P[X >t (1)

foralla>0and t > 0.
@ Proof that if X ~ Exp(6) then (1) holds:

P[X > a+t and X > a]
PIX > a+t|X>a]= PIX > 4]
PIX>a+t] e (a+t)/0
PIX >a = ea/f
= P[X >t

@ Because of this property the exponential distribution is often used to
model lifetimes.

@ Note that in this model, an old component which is still working is
just as reliable as a new component. Failure of such a component is
not due to fatigue or wear.
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Properties of the exponential distribution

@ The moments of the exponential distribution are

E(X) = 6
E(X?) = 20
Var[X] = 6°
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The Gamma Distribution

@ The general formula for the probability density function of the gamma
distribution is

(%)7—16(*%)
BL(7)

where 7 is the shape parameter, u is the location parameter and f is
the scale parameter.

fix;v. B) = Xx>py>0B8>0

o ' is the gamma function which is defined as

I'(a) :/ t*le~tdt
0

@ The "standard" case is 4 = 0. Therefore, usually we denote the
random variable X which has the pdf form above as
X ~ Gamma(vy, B).
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The Gamma Distribution

@ When 1 =0 and B =1 it is called the standard gamma distribution

and has pdf:
(X)'}’_le(_x)
f(x;7) = ——%——
bs) I(v)
@ The pdf looks like:
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The Gamma Distribution

@ The cumulative distribution function (Cdf) of standard gamma
distribution is

F(x;v) = x=0,9>0.

where T',(y) is the incomplete gamma function, defined as

T (7) :/0 t7 e tdt
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The Gamma Distribution

@ The pdf looks like:
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The Gamma Distribution

Properties of gamma distribution

When p = 0, the gamma distribution has the following properties.

o If Xj ~ Gamma(vy,B) for i =1,2,..., N, and Z then

N
Y=Y} X -~ Gamma(7.p)

provided that X; is independently distributed.

o If X ~ Gamma(vy, B), then % ~ Gamma(y,1).

o If X ~ Gamma(1, B), then X ~ Exp(p), i.e. X is exponentially
distributed.

o If X ~ Gamma(y =6/2, B =2), then X ~ x%(8), X is chi-square
distributed.
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The Gamma Distribution

Moments of gamma distribution

@ The first raw moment is

(
= /371}(7) /Ooo(x)“Ye(E)dx (/et% = t,x = Bt, dx = Bdt)
- lgvrl(,y) /Ooo(.gt)ye(_t)ﬁdt
B .3[5;;) /Ooo(t)(vﬂ)_le(_t)dt
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The Gamma Distribution

Moments of gamma distribution

o Recall that I'(a) = [;° t* te 'dt, so

T+l oo
E(X) = /ﬁrm /0 (1) D10 gt

BT (y+1)
B'T(7)
BT (7)
B'T(7)
= 1B

@ The second raw moment is

E(X?) = (v+1)p*y

o It follows that

Var[X] = E (X*) — B> (X) = (y + 1)y — (B7)* = 7B°
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