SOME THEOREMS ON QUADRATIC FORMS AND NORMAL VARIABLES

1. THE MULTIVARIATE NORMAL DISTRIBUTION

The n x 1 vector of random variables, y, is said to be distributed as a multivariate normal
with mean vector ;. and variance covariance matrix X (denoted y ~ N (u, X)) if the density
of y is given by
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Consider the special case wheren = 1: y = y1, p = py, ¥ = o*.
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is just the normal density for a single random variable.

2. THEOREMS ON QUADRATIC FORMS IN NORMAL VARIABLES
2.1. Quadratic Form Theorem 1.
Theorem 1. If y ~ N(u,, %), then
z=Ay~ N(p, = Ap,; X, = Ax, A"
where A is a matrix of constants.

2.1.1. Proof. We prove the form of the mean and variance, but not that z is normally dis-
tributed

E(2) = E(Ay) = AE(y) = An,
var(z) = E[(z — E(2)) (z — E(2))']
= E[(Ay — Ap,)(Ay — Ap,)’] )
= E[A(y — py)(y — 1) A']
= AE(y — p,)(y — )" A’
= AD, A’
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2.1.2. Example. LetY,..., Y, denote a random sample drawn from N (, o2). Then
Yl 1% 0'2 cee 0
. . . 0'2 .
Y=| |~N .. (4)
Y, n 0 o2
Now theorem 1 implies that:
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2.2. Quadratic Form Theorem 2.
Theorem 2. Let the n x 1 vector y ~ N(0, I). Then y'y ~ x*(n).

Proof: Consider that each y; is an independent standard normal variable. Write out y'y
in summation notation as

Yy =Sy (6)

which is the sum of squares of n standard normal variables.
2.3. Quadratic Form Theorem 3.
Theorem 3. Ify ~ N(0,02I) and M is a symmetric idempotent matrix of rank m then

y' My
3~ X (tr M) )

Corollary: If the n x 1 vector y ~ N(0,I) and the n x n matrix A is idempotent and of
rank m. Then

y' Ay ~ x*(m)
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2.4. Quadratic Form Theorem 4.

Theorem 4. Ify ~ N (0, 01), M is a symmetric idempotent matrix of order n,and Lisa k x n
matrix, then Ly and y' My are independently distributed if LM = 0.

2.5. Quadratic Form Theorem 5.

Theorem 5. Let the n x 1 vector y ~ N(0, 1), let A be an n x n idempotent matrix of rank m,
let B be an n x n idempotent matrix of rank s, and suppose BA = 0. Then y' Ay and y' By are
independently distributed x* variables.

2.6. Quadratic Form Theorem 6 (Craig’s Theorem).

Theorem 6. If y ~ N(p, Q) where ) is positive definite, then ¢ = y' Ay and q2 = y'By are
independently distributed if AQB = 0.

2.7. Quadratic Form Theorem 7.
Theorem 7. Ify isa n x 1 random variable and y ~ N(u, X) then
(y— 'Sy —p) ~x*(n).
2.8. Quadratic Form Theorem 8. Let y ~ N(0, I). Let M be a non-random idempotent

matrix of dimension n x n (rank (M) = r < n). Let A be a non-random matrix such that
AM = 0. Lett; = My and let t; = Ay. Then ¢; and ¢, are independent random vectors.
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