SAMPLE MOMENTS

1. POPULATION MOMENTS

1.1. Moments about the origin (raw moments). Recall that the 7th moment about the origin of a random
variable X, denoted by (.., is the expected value of X”; symbolically,

wo=E(X") =Y o f(x)

forr =0,1,2,... when X is discrete and

oo
b =B = [ o) do
— 00
when X is continuous. The rth moment about the origin is only defined if E[X"] exists. A moment about
the origin is sometimes called a raw moment. Note that ¢ = E(X) = px, the mean of the distribution of
X, or simply the mean of X. The rth moment is sometimes written as function of § where 6 is a vector of
parameters that characterize the distribution of X.
If there is a sequence of random variables, X, X», ... X,,, we will call the rth population moment of the
ith random variable y; , and define it as

i, = E(X])

1.2. Central moments. The rth moment about the mean of a random variable X, denoted by p,, is the
expected value of ( X — uy )" symbolically,

pe=E(X — px)']= Z (z—px)" fx)
forr =0,1,2,... when X is discrete and

oo

b= BX = ] = [ (o = px) f@)de
when X is continuous. The r* moment about the mean is only defined if E[(X — uy)"] exists. The rth
moment about the mean of a random variable X is sometimes called the rth central moment of X. The rth
central moment of X about « is defined as E[(X — a)']. If a = pux, we have the rth central moment of X.

Note that

o= B =l = [ @ w0 f@)d = 0
o = B = = [ - i@ = Var(x) = o2

Also note that all odd moments of X around its mean are zero for symmetrical distributions, provided such
moments exist.

If there is a sequence of random variables, X1, Xo, ... X,,, we will call the rth central population moment
of the ith random variable 1, , and define it as

Hipr = E(in *N;,l)r 1)
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When the variables are identically distributed, we will drop the i subscript and write 4/, and 1. .

2. SAMPLE MOMENTS

2.1. Definitions. Assume there is a sequence of random variables, X1, X5, ... X,,. The first sample moment,
usually called the average is defined by
1 n
Iy
n

i=1
Corresponding to this statistic is its numerical value, z,,, which is defined by

1 n
-1y

i=1
where z; represents the observed value of X;. The rth sample moment

-y @

i=1
This too has a numerical counterpart given by

1 n .
- 13
n 4
i=1
2.2. Properties of Sample Moments.

2.2.1. Expected value of X,’. Taking the expected value of equation 2 we obtain

~ B 1 n 1 n
EX'| =EX'=— EX = — ¢ 3
[ 7J n n ; i n Lz:; /’('z,r ( )
If the X’s are identically distributed, then
B B 1 n
FE | X' =FEX=— = 4
[X7] n= Z e = 1y 4)
2.2.2. Variance of X!. First consider the case where we have a sample X1, Xs,..., X,,.
Var (X, Va7‘< ZXT>_2VLLT’<Z Xf)
i=1 i=1
If the X’s are independent, then
Var XT = Z Var (X])

i=1
If the X’s are independent and identically distributed, then

Var (X}) = % Var(X")

where X denotes any one of the random variables (because they are all identical). In the case where r = 1,

we obtain
Var (X,) = lvar( X )= o
n n
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3. SAMPLE CENTRAL MOMENTS

3.1. Definitions. Assume there is a sequence of random variables, X, Xy, ..., X,,. We define the sample
central moments as

C;: %Z(Xi_ﬂg,l)rvr = 1,23,...,
i=1
1 n
=C, = o Z (Xi — i)
=1
n
and C? = % (X — M;,l)Q

i=1

These are only defined if /; ; is known.
3.2. Properties of Sample Central Moments.

3.2.1. Expected value of C;,. The expected value of CJ, is given by
1 S
E(C) = — E E (X, —u = - E .
(Cn) n g ( 2 M’L,l ) n — /’LZJ‘

The last equality follows from equation 1.
If the X; are identically distributed, then

E(Ch) =p,
E (C}) =0
3.2.2. Variance of C,. First consider the case where we have a sample X1, Xs,..., X,.

Var(C’ﬁ)zV@r(ii(X M“)) VGT(i — i) )

i=1 i=1
If the X’s are independently distributed, then
Var ( = n2 Z Var M2,1)7J
i=1

If the X/s are independent and identically distributed, then
Var(C) ) = % Var [(X —py)"]

where X denotes any one of the random variables (because they are all identical). In the case where r =1,
we obtain

1 1
Var (C}) :EVW[X—NH: ﬁVar[X—u]

1 1
= EOQ—QCOU[X,M]—FVCLT[M]: 502
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4. SAMPLE ABOUT THE AVERAGE
4.1. Definitions. Assume there is a sequence of random variables, X, X5, ...X,,. Define the rth sample
moment about the average as

R e _
Mn_n;(XZ X)) r=1,23...,

This is clearly a statistic of which we can compute a numerical value. We denote the numerical value by,
my, , and define it as

In the special case where r = 1 we have
1 o . 1 _

1 = . — —_— —_— — f— P p—
M, = - _21 (X, - X,) = - -E,l Xi—-Xn=X,-X, =0

4.2. Properties of Sample Moments about the Average when r = 2.

4.2.1. Alternative ways to write M. We can write M? in an alternative useful way by expanding the squared
term and then simplifying as follows

R o o\r
M,: = ﬁ ; (Xz _Xn)
1 — 52 1 = > >
= M,QL = EZ:ZI(XZ_XH) :g (; [X@‘Q—QXan"‘Xr?])

1 & 2X, n 1 — -
- ﬁi; X2 - i:lXiJ“E;XZ

SRS

zn: X?-2X2+ X2 :% (zn: Xf)-)‘(,,%

=1 =1

4.2.2. Expected value of M?. The expected value of M? is then given by

n

B2 = SE|Y xF|-B[R2]
=1

= Y EB[X - (B[X]) - Var(X,)

=1

n n 2

1 , 1 ) .

= o Z Hi 2 — (nz Mi,l) —Var(X,),

1=1 =1

where the third line follows from equation 3.
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If the X; are independent and identically distributed, then
n
> X
i=1

B (M) = 1F _B[X?] (5)

2
I < , 1 _
- - i - - i -V Xn
L3 (Zu) (%)

2
o 9 1, n-1,

_ 1 /2_7: L _ =
R A

where ) and pf are the first and second population moments, and ¢? is the second central population
moment for the identically distributed variables. Note that this obviously implies

E[Zn: (Xi—)_()Q] — nE(M2)=n (";1> o= (n—1)0°

=1

4.2.3. Variance of M?. By definition,

Var (M?) = E [(Mg)ﬂ — (EM2)° ©6)
The second term on the right on equation 6 is easily obtained by squaring the result in equation 5.
Bz = T lg 7)
n
2 2 (n — 1)?
= (B(M7) = (BM;) =50

Now consider the first term on the right hand side of equation 6. Write it as

E[(M2)] = <711 Z(Xan)2>2 8)

v ¢ RS . 1 _
Y (XX = oY (K- (X ) = Y (YY)
i=1 i=1 i=1
whereY;, = X;,—pandY =X —p
Obviously,

Yo (xi-X)=Y (i-Y)" where i =X, —p,Y =X —p
i=1 i=1
Now consider the properties of the random variable Y; which is a transformation of X;. First the expected
value.
EY) =EX)-E(p)=p-—pn=0

The variance of Y] is

Var (Y;) = Var(X;) = o?
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if X; are independently and identically distributed. Also consider E(Y;*). We can write this as

By = [T ytryae= [ e f@ae =

— 00 — 00

Now write equation 8 as follows

E|(M2)°| =E

(s See-xy)

1

(i(m—fff)z

i=1

Ignoring - for now, expand equation 9 as follows

. {(; (Y"_Y)2>2] —E {(; (W—2YiY+Y2)>2]

=F

=F <zn: Yf>2] -2nE

Now consider the first term on the right of 10 which we can write as

{02

i=1 i=1 j=1

Z Yi4+ZZi¢ij sz]

i=1

=3 EY{‘—&—ZZ”HEYfEYf

i=1

—nps4n(n — Dl =np+nn - 1)
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Now consider the second term on the right of 10 (ignoring the 2n for now) which we can write as

1 —TL n n
A DR DIR DI
k=1

j=1 i=1

E

1 n
A PIREDIDIRR EDID IR A DR
=1 i #
i £k

1 n
== Z:lEY’34+ZZ¢¢J~EWE}GQ+ZZ#,€EYJEYIC Z EY?
- i #
i #k

:%[Wﬁn(n — Dp3+0] = . [+ (n — 1)o*]

n

Now consider the third term on the right side of 10 (ignoring n? for now) which we can write as

RO D SR SR SRS DT

i=1 Jj= k=1 (=1
:%E szl }Q4+Zzi¢k3/izyk2+zzi¢jn2 Yj2+,§, Y2Y2 4o
= =

where for the first double sum (i = j # k = £), for the second (i = k # j = {),and for the last (i = ¢ # j = k)
and ... indicates that all other terms include Y; in a non-squared form, the expected value of which will be
zero. Given that the Y; are independently and identically distributed, the expected value of each of the
double sums is the same, which gives

E[Y‘*]:%E Z }/i4+zzi#kyi2 Y"JQ—FZZi#jKQYf"'Z Y2 sz_~_._.

=1 i#]
1 n
= > EY'+3 ZZ# Y7 Y] + terms containing EY;
z J
=1
1 n A ) ) 1 )
=7 [ BV YV = g 3n(n = 1) ()]
i=1

1 1
:E[nu4+3n(n - 1) 04] :E[M4+3(n _ 1)04]
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Now combining the information in equations 12, 13, and 14 we obtain

B (z <n-y>2)2 -5 (f:(122—21€Y+Y2)>2

YQi}/Z_Q

i=1

n 2
—FE (Z Yﬁ) —2nE

i=1

TR E (V)
=njiy +n(n—1)u5 —2n Lll[m + (n — 1)#3]] + n? L,;[m +3(n - 1)#3}}

T T SV Y (R O R RATOEE ICR O ]

n? 2n 1 n*n—1) 5, 2n(n—-1) , 3n-1) ,
T T T g ey — e e [l
n?—2n+1 n—1)n*-2n+3
- R g
n n
Z_2n+1 - 1)(n?-2n+3
_n n o (n ) (n n )04
n n
Now rewrite equation 9 including - as follows
1 n 2
21\2 > \2
sfi)*] ke (35 007
i=1
1 /n?—2n+1 (n — 1) (n?-2n+3)
=— g + 04
n n n
n?—-2n+1 (n — 1) (n?-2n+3)
= 3 My + 3 T4
(n—1)>2 (n — 1) (n?—-2n+3)
Mt n3 74
Now substitute equations 7 and 16 into equation 6 to obtain
Var (M2) = E[(M2)"] - (B M)
(n—1)2 (n—1)®m*-2n+3) , (n—1)2 ,
= T3 Mt 3 g - 2 g
n n

n
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We can simplify this as

Var (M2) = (n;gl)2 i+ (n — 1) (22—2114—3)04 _n(nn—3 1)2 4
_pa (n - D2+ [(n—1)o*] (n* = 2n + 3—n(n — 1))
3
g (n— 12+ [(n— 1)o*] (n? — 2n 4+ 3-n’+n)
— pe
Cm(n = )7 4 [(n - 1)o*] Bon)
3
=17 - [(n - 1)0*] m-3)
3
(- D%h (- 1) (m-3)0"
n3 n3

5. SAMPLE VARIANCE
5.1. Definition of sample variance. The sample variance is defined as
) 1 n B 9
Sn = Z (Xi_X”)

n —1:“
=1

We can write this in terms of moments about the mean as

1 n B 9
s52 = n_lz(Xi—Xn)
1=1

— " M2 where M2 = 1 Z (Xi_Xn)2

n—1"" n
i=1

5.2. Expected value of S?. We can compute the expected value of S? by substituting in from equation 5 as

follows

n n n—1 4 9

B(s2) = " B () -

n — 1 n—1 n

5.3. Variance of S?. We can compute the variance of S? by substituting in from equation 17 as follows

n2

Var (Si) = m Var (M,%) (18)

n? ( (n — 1)2p (0 —1) (n—3) o—4>

(n — 1)2 n3 a n3

py  (n—3)o

n  n(n—1)
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5.4. Definition of 5°. S? is a possible estimate of the population variance. Another is 6 which is given by

1=1

5.5. Expected value of 5°. We can compute the expected value of * by substituting in from equation 5 as

follows

n — 1
o2

B ()= B (M) ="

5.6. Variance of 5°. We can compute the variance of 5° by substituting in from equation 17 as follows

(= 1%, (n—1)(n—3)o*

Var (&2) = Var (M,%) = 3 3

g — p3 2(pg —2p3) | gy — 343
o 2 + 3
n n n
We can also write this in an alternative fashion
(n = 1% (n—1)(n-3)0

~2
Var (a) = Var (M,QL): 3 — 3
o (n=1?%p (n—1)(n-3)43
o n3 n3

02 gy = 2npy g 0P p3 — 4nopd 435

n3 n3

0 (pg —p3) =2n (pg =245 ) + prg — 3413

n3

e — iy 2(pg — 2p3)  py — 343
- o 2 + 3
n n n

6. NORMAL POPULATIONS
6.1. Central moments of the normal distribution. The first central moment is

E(X —p) =B(X)—p=0
The second central moment is

E(X —p)P=E(X?*)-p*=0o"
The third central moment is
E(X —p)*=0

because the density of the normal distribution is symmetric. The fourth central moment is

E(X — p)* = 30* (19)
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6.2. Variance of S2. Let X1, X»,...X,, be a random sample from a normal population with mean y and
variance 02 < ooc.

We know from equation 18 that

n2

Var (S2) = 1) Var (M?)

(n — 1)2 n3 n3

n? ((n —D2p, (n— 1) (n-3) 04>

Hy (n—3) ot

n n(n — 1)
If we substitute in for 4 from equation 19 we obtain

4 4
2y om_ syt 300 (n=3)o"
VaT<Sn) n nn—1) n n(n— 1)
_ Br-D-(-3)et _ (3n=3-n+3)) o’
n(n—1) n(n_ 1)
_ 2n ot _ 204
- n(n—1) (TL— 1)

6.3. Variance of 62. It can be shown that

Vcn“(&g):—2a4 (n = 1)



