MULTIVARIATE PROBABILITY DISTRIBUTIONS

1. PRELIMINARIES

1.1. Example. Consider an experiment that consists of tossing a die and a coin at the same
time. We can consider a number of random variables defined on this sample space. We
will assign an indicator random variable to the result of tossing the coin. If it comes up
heads we will assign a value of one, and if it comes up tail we will assign a value of zero.
Consider the following random variables.

X1: The number of dots appearing on the die.

Xo: The sum of the number of dots on the die and the indicator for the coin.

X3: The value of the indicator for tossing the coin.

X4: The product of the number of dots on the die and the indicator for the coin.

There are twelve sample points associated with this experiment where the first element

of the pair is the number on the die and the second is whether the coin comes up heads or
tails.

EltlH E2:2H E3:3H E424H E5:5H E6:6H

E; 1T Eg :2T Ey:3T Eyo : 4T Eyy 5T Ey5: 6T
The random variable X1 has six possible outcomes, each with probability ¢. The random
variable X3 has two possible outcomes, each with probability 5. Consider the values of X,

for each of the sample points. The possible outcomes and the probabilities for X, are as
follows:

TABLE 1. Probability of X»

Value of Random Variable | Probability
1 1/12

2 1/6

3 1/6

4 1/6

5 1/6

6 1/6

7 1/12
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The possible outcomes and the probabilities for X, are as follows:

TABLE 2. Probability of X4

Value of Random Variable | Probability
1/2
1/12
1/12
1/12
1/12
1/12
1/12

N Ul = W N~ O

1.2. Bivariate Random Variables. Now consider the intersection of X; = 3 and X5 = 3.
We call this intersection a bivariate random variable. For a general bivariate case we write
this as P(X1 = x1, X2 = x2). We can write the probability distribution in the form of a
table as follows for the above example.

TABLE 3. Joint Probability of X; and X,

Xo

1 2 3 4 5 6 7

1 L L 0o 0 0 0 0
2 0 5 & 0 0 0 0
X103 0 0 & & 0 0 o0
4 0 0 0 5 &5 0 0
5 0 0 0 0 %5 5 0
6 0 0 0 0 0 & 3

For the example, P(X; = 3, X5 = 3) = &, which is the probability of sample point Ej.

2. PROBABILITY DISTRIBUTIONS FOR DISCRETE MULTIVARIATE RANDOM VARIABLES
2.1. Definition. If X; and X5 be discrete random variables, the function given by

p(.%'l, 1’2) = P(Xl =1, Xg = .%'2>
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for each pair of values of (z1, x2) within the range of X; and Xy is called the joint (or
bivariate) probability distribution for X; and X5. Specifically we write
p(z1, v2) = P(X1 = x1, X2 = z2), —00 < 21 < 00, —00 < Xy < 0. (1)

In the single-variable case, the probability function for a discrete random variable X
assigns non-zero probabilities to a countable number of distinct values of X in such a way
that the sum of the probabilities is equal to 1. Similarly, in the bivariate case the joint
probability function p(z1, x2) assigns non-zero probabilities to only a countable number
of pairs of values (z1, z2). Further, the non-zero probabilities must sum to 1.

2.2. Properties of the Joint Probability (or Density) Function.
Theorem 1. If X; and X are discrete random variables with joint probability function p(x1, x2),
then

(i) p(z1, z2) > 0 forall z;, xa.

(i) > p(x1, x2) =1, where the sum is over all values (x1, x2) that are assigned non-zero
Z1, T2

probabilities.

Once the joint probability function has been determined for discrete random variables
X1 and X, calculating joint probabilities involving X; and X is straightforward.

2.3. Example 1. Roll a red die and a green die. Let

X1 = number of dots on the red die

X2 = number of dots on the green die

There are 36 points in the sample space.

TABLE 4. Possible Outcomes of Rolling a Red Die and a Green Die. (First
number in pair is number on red die.)

Green 1 2 3 4 5 6
Red

1 11 12 13 14 15 16
2 21 22 23 24 25 26
3 31 32 33 34 35 36
4 41 42 43 4 4 45 46
5 51 52 53 54 55 56
6 61 6 2 63 6 4 65 6 6

The probability of (1, 1) is <. The probability of (6, 3) is also 5.

Now consider P(2 < X; <3, 1 < X, <2). This is given as
P(Q S Xl S 37 1 S X2 S 2) :p(27 1) +p(27 2) +p(37 1) +p(37 2)
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2.4. Example 2. Consider the example of tossing a coin and rolling a die from section 1.
Now consider P(2 < X; <3, 1 < X, <2). This is given as

P2<X1<4,3<Xy<5) =p(2,3)+p2,4) +p(2, 5)

+p(3,3) +p(3,4) +p(3, 5)

+p(4, 3) + p(4, 4) + p(4, 5)
5!

T 12

2.5. Example 3. Two caplets are selected at random from a bottle containing three aspirin,
two sedative, and four cold caplets. If X and Y are, respectively, the numbers of aspirin
and sedative caplets included among the two caplets drawn from the bottle, find the prob-
abilities associated with all possible pairs of values of X and Y.

The possible pairs are (0, 0), (0, 1), (1, 0), (1, 1), (0, 2), and (2, 0). To find the probability
associated with (1, 0), for example, observe that we are concerned with the event of getting
one of the three aspirin caplets, none of the two sedative caplets, and hence, one of the four
cold caplets. The number of ways in which this can be done is

(1)E)G) -

and the total number of ways in which two of the nine caplets can be selected is

)->

Since those possibilities are all equally likely by virtue of the assumption that the selec-
tion is random, it follows that the probability associated with (1, 0) is £ = 1. Similarly,
the probability associated with (1, 1) is

DG _6 _1

36 36 6
and, continuing this way, we obtain the values shown in the following table:

TABLE 5. Joint Probability of Drawing Aspirin (X;) and Sedative Caplets (Y").

X
o 1 2
0§ 5 =
y 15 & O
2| & 0 0

We can also represent this joint probability distribution as a formula

3\ (2 4
p(w,y)z(m)(y)g(émg)w:(),lﬂ; y=0,1,2 0<(z+y)<2
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3. DISTRIBUTION FUNCTIONS FOR DISCRETE MULTIVARIATE RANDOM VARIABLES

3.1. Definition of the Distribution Function. If X; and X, are discrete random variables,
the function given by

—00 < T1 < 00
Fzy, x0) =P[X1 <z, Xo <mo]= Y > plu, up) 00 < Ty < 00 2)
u1<wi; uz<z2
where p(uj, ug) is the value of the joint probability function of X; and X3 at (u1, ug) is

called the joint distribution function, or the joint cumulative distribution of X; and X».
3.2. Examples.

3.2.1. Example 1. Consider the experiment of tossing a red and green die where X is the
number of the red die and X is the number on the green die.

Now find F(2, 3) = P(X; < 2, X3 < 3). This is given by summing as in the definition
(equation 2).

F(2,3)=P[X; <2, Xa<3]= Y > plur, up)

u1<2 u2<3
=p(1, 1) +p(1, 2) + p(1, 3) + p(2, 1) + p(2, 2) + p(2, 3)

_1+1+1+1+1+1
36 36 36 36 36 36

6 1
T3 6
3.2.2. Example 2. Consider Example 3 from Section 2. The joint probability distribution is
given in Table 5 which is repeated here for convenience.

TABLE 5. Joint Probability of Drawing Aspirin (X;) and Sedative Caplets (Y").

X

o 1 2
05 35
y 115 5 0
2L 0 0

The joint probability distribution is

3\ (2 4
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For this problem find F'(1,2) = P(X <1, Y < 2). This is given by

F(LL2)=P[X <1, Y <2 =Y > plus, ug)
u1<1 uga<2
= p(O, 0) er(oa 1) er(oa 2) +p(1a 0) +p(1a 1) +p(1a 2)
—1+2+ L +1+1+0
69 36 3 6
6 N 8 N 1 N 12 N 6
36 36 36 36 36
_ 33
- 36
4. PROBABILITY DISTRIBUTIONS FOR CONTINUOUS BIVARIATE RANDOM VARIABLES

4.1. Definition of a Joint Probability Density Function. A bivariate function with values
f(z1, z2) defined over the z1z2-plane is called a joint probability density function of the
continuous random variables X; and X if, and only if,

P(X1, X2) € A] = / /f(:cl, x2)dzydry for any region A € the x; z3 -plane  (3)
A

4.2. Properties of the Joint Probability (or Density) Function in the Continuous Case.
Theorem 2. A bivariate function can serve as a joint probability density function of a pair of
continuous random variables X, and X if its values, f(x1, x2), satisfy the conditions

1. f(z1, x2) >0 for — oo < 1 < 00, 00 < Ty < 00

2. [ [ f(z1, z2)day dug =1

4.3. Example of a Joint Probability Density Function. Given the joint probability density
function

6212 0<m1<1,0<z2<1

0 elsewhere

f(x1, 2) = {

of the two random variables, X; and Xy, find P [(X;, X2) € A], where A is the region
{(.561,3}2)|0<$1<%,%<562<2}.
We find the probability by integrating the double integral over the relevant region, i.e.,

2 3
P(O<X1<i,§<X2<2):ﬁ /4f(:c1,952)dx1d:c2
3 Y0
3

1 g 2 i
:// Gm%xgdxld:z:g—i—// 0dx1 dzo
+ Jo 1 Jo
1 3
19
:// 6x7x2 dr dzo
L Jo
3
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Integrate the inner integral first.

3
31 I Y I
P(O<X1 <13 < X9 <2) = 6x1x2da:1dx2
1
z J0
3

1 3
:ﬁ (2x§x2\g> dxo

3

)
f ((5) )

3
1
27
= /é 3—2332 dxo

Now integrate the remaining integral

1
27
P(0<X1<Z,§<X2<2):[ 33$2d$2

3

_ 27 2‘11

“ e

@ ()0

~ 64

This probability is the volume under the surface f(z1, z2) = Gm%xg and above the rec-
tangular set

{(.%'1,1‘2)‘0<.%’1<%, %<$2<1}

in the z1z9-plane.
We can see this area in the figure below:
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P E,
| i

4.4. Definition of a Joint Distribution Function. If X; and X5 are continuous random
variables, the function given by

—o0 < x1 < 00

2 1
F = P[X; <1, Xo < 9] = duy d 4
(z1, 2) [X1 <21, Xp < 29 /_OO/_oof(ul’W) W2 o <29 < 00 @

where f(u1, ug) is the value of the joint probability function of X; and X3 at (u1, ug) is
called the joint distribution function, or the joint cumulative distribution of X; and X».
If the joint distribution function is continuous everywhere and partially differentiable
with respect to 1 and x5 for all but a finite set of values then
62
=—F
f($17 372) 81‘18332

wherever these partial derivatives exist.

(Ila 272) (5)

4.5. Properties of the Joint Distribution Function.

Theorem 3. If X; and X, are random variables with joint distribution function F(z1, x2), then
(1) F(_OO7 _OO) = F<—OO, .%'2) = F(.’L'l, _OO) =0
(ii) F(o0, 00) =1
(iii) Ifa < band c < d, then F(a, ¢) < F(b, d)
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(iv) Ifa > x1and b > x4, then F(a, b) — F(a, x2) — F(z1, b) + F (21, x2) >0
Part (iv) follows because
F(a, b) — F(a, x2) — F(z1, b) + F(x1, 22) = Plr1 < X1 < a, 22 < X2 <0 >0
Note also that

F(oo,00) = lim lim F(zq, 29) =1
T1—00 Ty —00

implies that the joint density function f(z1, z2) must be such that the integral of f(z1, x2)
over all values of (z1, z2) is 1.

4.6. Examples of a Joint Distribution Function and Density Functions.

4.6.1. Deriving a Distribution Function from a Joint Density Function. Consider a joint density
function for X; and X given by

T1+2e 0<z1<1,0<22<1
0 elsewhere

f(z1, m2) = {

We find the distribution function by integrating the joint density function.
If either 1 < 0 or z9 < 0, it follows that

F(:L‘l,ajg):o
For0 <z; <land 0 < z3 <1, we get

o 1 1
F(xq, x2) = / / (s+t)dsdt = 53:13:2(3:1 + x2)
o Jo

forzy >1land 0 < 22 < 1, we get

x2 1 1
F(x1, z2) = / / (s+t)dsdt = §:E2(:B2 +1)
o Jo

for0 < z; < 1land zp > 1, we get

1 X1 1
F(z1, z9) = / / (s +t)dsdt = 5961(361 +1)
0o Jo

and for x; > 1 and z2 > 1 we get

1 1
F(wl,xz):/ /(S—I-t)dsdtzl
0 JO
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Because the joint distribution function is everywhere continuous, the boundaries between
any two of these regions can be included in either one, and we can write

0 forz; <0oray <0

%ZE11‘2($1 +:L’2) forO<az <1,0< 29 < 1

F(xy, 22) = § 322(22 + 1) forz; >1,0<x2 <1
%xl(xl—i—l) forO<z <1, 29 >1
1 fOI‘$1Zl,:L‘221

4.7. Deriving a Joint Density Function from a Distribution Function. Consider two ran-
dom variables X; and X, whose joint distribution function is given by

1—e ) (1—e ) f
Flay, 2) = (I—e™)(1—e") forzy >0andzy >0
0 elsewhere
Partial differentiation yields
o (@ 422)
F _ (w1t
O0x10x2 (w1, w2) =

Thus, the joint probability density of X; and X5 is given by

e~ (@t22)  forzy > 0and z9 > 0
0 elsewhere

f(x1, z2) = {

5. MULTIVARIATE DISTRIBUTIONS FOR CONTINUOUS RANDOM VARIABLES

5.1. Joint Density of Several Random Variables. The k-dimensional random variable
(X1, Xy, ..., X) is said to be a k-dimensional random variable if there exists a function
f(, + ..., ) > 0such that

Tk Tr—1 r1
F(ml,mg,...,xk):/ / / f(ul,u2,...uk)du1...duk (6)

forall (z1, x9, ..., x;) where
F($1,£L’2,$3, ...):P[X1§$1,X2§332, X3§$3, ]

The function f(-) is defined to be a joint probability density function. It has the following
properties:
x1, T2, ..., xE) >0

f(
/OO.../Oof(xl,asg,...,xk)d:z:l...dxkzl @

In order to make it clear the variables over which f is defined it is sometimes written

fz1, z2, ooy Tk) = fx) Xo, .., x, (21, T2, ..., Tk) ®)
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6. MARGINAL DISTRIBUTIONS

6.1. Example Problem. Consider the example of tossing a coin and rolling a die from sec-
tion 1. The probability of any particular pair, (x1, x2) is given in the Table 6.

TABLE 6. Joint and Marginal Probabilities of X; and X».

Xo
1 2 3 4 5 6 7
1 5 45 0 0 0 0 0] ¢
2 0 5 &5 0 0 0 0 4%
X3 0 0 % & 0 0 o] ¢
4 0 0 0 & & o0 o 32
500 0 0 & & o] &
6 0 0 0 0 0 & 5| =
mo5 5 5 5 5 1

Notice that we have summed the columns and the rows and placed these sums at the
bottom and right hand side of the table. The sum in the first column is the probability that
X2 = 1. The sum in the sixth row is the probability that X; = 6. Specifically the column
totals are the probabilities that X, will take on the values 1,2, 3,... , 7. They are the values

6
g(xz2) = Z p(z1, ®2) forza=1,2,3,...,7
r1=1
In the same way, the row totals are the probabilities that X; will take on the values in
its space. Because these numbers are computed in the margin of the table, they are called
marginal probabilities.

6.2. Marginal Distributions for Discrete Random Variables. If X; and X, are discrete
random variables and p(z1, z2) is the value of their joint distribution function at (x;, z2),
the function given by

g(z1) =Y _ pla1, 2) ©)

for each x; within the range of X is called the marginal distribution of X;. Correspond-
ingly, the function given by

h(zz) =Y plai, x2) (10)

for each x7 within the range of X5 is called the marginal distribution of X5.
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6.3. Marginal Distributions for Continuous Random Variables. If X and Y are jointly
continuous random variables, then the functions fx(-) and fy(-) are called the marginal
probability density functions. The subscripts remind us that fy is defined for the random
variable X. Intuitively, the marginal density is the density that results when we ignore
any information about the random outcome Y. The marginal densities are obtained by
integration of the joint density

fx(z) = /_OO fxv(x, y)dy

N a1
fy () :/ fx,v(z, y)dw
In a similar fashion for a k-dimensional random variable X
le(asl):/ / / f(xl,xg,...)dxgda:g...dxk

fX2(x2):/_Z/_:.../_Zf(xl,mg,...)dmldmg...dmk

6.4. Example 1. Let the joint density of two random variables X; and X3 be given by

2007 120, 0<a<1

f(z1, 22) = {

0 otherwise

What are the marginal densities of X; and X5?
First find the marginal density for X;.

1
fl(xl) —/ 2$2€_$1 Cl.%'g
0

_ 2 x| 1
=z3e ™|
=e "1 -0
—z

=€

Now find the marginal density for X,.

fa(z2) =/ 2x9e %t dxy
0

= —2x9e ! ’80

=0- (—2:1:2e0) = 2x260

= 21‘2
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6.5. Example 2. Let the joint density of two random variables X and Y be given by

Hz+4y) O<z<2, 0O0<y<l
flz,y) = ,
0 otherwise

What are the marginal densities of X and Y?
First find the marginal density for X.

(o) = [ Gttt dy

= Slay+27) |
1 1

= g(x +2) - 6(0)

= é(w +2)

(1)t

1
— Z(2+8
6(+y)

7. CONDITIONAL DISTRIBUTIONS

7.1. Conditional Probability Functions for Discrete Distributions. We have previously
shown that the conditional probability of A given B can be obtained by dividing the prob-
ability of the intersection by the probability of B, specifically,
P(ANB)
P(B)
Now consider two random variables X and Y. We can write the probability that X =«
and Y =yas

P(A|B) = (13)

P(X=zY=y)
PY =y)

PX=z|Y=y) =
(14)
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provided P(Y = y) # 0, where p(z, y) is the value of joint probability distribution of X
and Y at (z, y) and h(y) is the value of the marginal distribution of Y at y. We can then
define a conditional distribution of X given Y = y as follows.:

Definition 1. If p(z, y) is the value of the joint probability distribution of the discrete ran-
dom variables X and Y at (z, y) and h(y) is the value for the marginal distribution of Y at
y, then the function given by

p(z, y)
h(y)
for each x within the range of X, is called the conditional distribution of X given Y = y.

p(rly) = h(y) # 0 (15)

7.2. Example for discrete distribution. Consider the example of tossing a coin and rolling
a die from section 1. The probability of any particular pair, (21, z2) is given in the following
table where z; is the value on the die and x5 is the sum of the number on the die and an
indicator that is one if the coin is a head and zero otherwise. The data is in the Table 6 and
is repeated here for convenience:

TABLE 6. Joint and Marginal Probabilities of X; and X».

Xo
1 2 3 4 5 6 7
1 L L 0o 0o 0 0 0] %
2 0 5 L o o0 o of 1}
X130 0 &% & 0 0 0 %
40 0 0 &% &5 0 0 &
5 0 0 0 0 & & o] 3
6 0 0 0 0 0 & &H| &
6 6 6 5 6 1

Consider the probability that z; = 3 given that 5 = 4. We compute this as follows:

_p(@,22)  p(3,4)

1
w1

1
3 2

We can then make a table for the conditional probability function for X; given X.
We do the same for X5 given X; in table 8.

[y
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TABLE 7. Probability Function for X; given Xo.

Xo
1 23 456 7
11 20000 0 ¢
2 0 3000 0 1%
X113 003 3 00 0| 4%
40 00 3 10 o0 &
5 00003 L 0] &
6 000003 1| 1}
26 6 6 6 6 12

TABLE 8. Probability Function for X5 given Xj.

Xo
1 23 456 7
1 £+ 20000 0 ¢
2 0 3 3000 0| 1}
X113 003 3 00 0| ¢
400043120 0] ¢
5 00003 L 0] &
6 0000031 1| 1
25 5 6 6 6 12

7.3. Conditional Distribution Functions for Continuous Distributions.

7.3.1. Discussion. In the continuous case, the idea of a conditional distribution takes on
a slightly different meaning than in the discrete case. If X; and X5 are both continuous,
P(X; = z1 | Xo = x2) is not defined because the probability of any one point is identically
zero. It make sense however to define a conditional distribution function, i.e.,

P(X1 S{Bl ’XQ =£L'2)
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because the value of X3 is known when we compute the value the probability that X; is
less than some specific value.

7.3.2. Definition of a Continuous Distribution Function. If X; and X are jointly continuous
random variables with joint density function f(z1, z2), then the conditional distribution
function of X given X = x5 is

F(:El | :L'Q) = P(Xl S I | X2 = l’Q) (16)

We can obtain the unconditional distribution function by integrating the conditional one
over zo. This is done as follows.

F(z1) = /00 F(z1 | w2) fx,(22) doo (17)

We can also find the probability that X is less than z; in the usual fashion as

F(21) = / " () dy (18)

But the marginal distribution inside the integral is obtained by integrating the joint density
over the range of x3. Specifically,

fx, (t1) = /oo fx1x,(t1, x2) dg (19)

This implies then that

F(x) = /_OO /_xl Ix1x, (1, x2) dty dzo (20)

Now compare the integrand in equation 20 with that in equation 17 to conclude that

F (71| 22) fxy(22) = /I1 Ix1x,(t1, @2) dty

(21)
T fxyx, (T, x2) dty

—o0 fX2 (xQ)

We call the integrand in the second line of (21) the conditional density function of X; given
Xy = x3. We denote it by f(z1 | x2) Or fx,| X5 (x1 | z2). Specifically:

:>F(x1|m2):

Definition 2. Let X; and X be jointly continuous random variables with joint probability
density fx,x,(x1, x2) and marginal densities fx, (1) and fx,(z2), respectively. For any x5
such that fx,(z2) > 0, the conditional probability density function of X; given Xy = x5,
is defined to be
x1, T
le\Xz(xl | z2) = leXQ( 1, 72)
[xa (22)
(22)
_ fla, x2)
f(z2)
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And similarly

fxoix (2 | 1) = W

_ [z, 22)
f(z1)

7.4. Example. Let the joint density of two random variables X and Y be given by

(23)

Hrz+4y) 0<z<2 0<y<l1
flz,y) = .
0 otherwise

The marginal density of z is fx (z) = £(z + 2) while the marginal density of y is f,(y) =
(2 + 8y). Now find the conditional distribution of X given Y. This is given by

flz,y) _ §lz+4y)
fxiy (@ y) = =
Y (/R (EF )
(x + 4y)
(8y +2)
for0 <z < 2and 0 < y < 1. Now find the probability that X < 1 given thaty = 1.
First determine the density function when y = 3 as follows

flz,y)  (z+4y)

fly)  By+2)
(1‘ +4 %))
(3(3) +2)

Then
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8. INDEPENDENT RANDOM VARIABLES

8.1. Discussion. We have previously shown that two events A and B are independent if
the probability of their intersection is the product of their individual probabilities, i.e.
P(ANB)=P(A)P(B) (24)
In terms of random variables, X and Y, consistency with this definition would imply
that
Pa<X<bc<Y<d)=P@a<X<bhP(c<Y <d) (25)
That is, if X and Y are independent, the joint probability can be written as the product
of the marginal probabilities. We then have the following definition.

Definition 3. Let X have distribution function F'x(x), Y have distribution function Fy (y),
and X and Y gave joint distribution function F'(z, y). Then X and Y are said to be inde-
pendent if, and only if,

F(x, y) = Fx(X)Fy (y) (26)
for every pair of real numbers (z, y). If X and Y are not independent, they are said to be
dependent.

8.2. Independence Defined in Terms of Density Functions.

8.2.1. Discrete Random Variables. If X and Y are discrete random variables with joint prob-
ability density function p(z, y) and marginal density functions px (z) and py (y), respec-

tively, then X and Y are independent if, and only if
T, y) = x

pxy(z, y) = px(z)py (y) @)

= p(@)p(y)

for all pairs of real numbers (z, y).

8.2.2. Continuous Bivariate Random Variables. If X and Y are continuous random variables
with joint probability density function f(z, y) and marginal density functions fx(z) and
fv (y), respectively then X and Y are independent if and only if

fxy(z,y) = fx(x)fy(y)

— f@) () @)

for all pairs of real numbers (z, y).

8.3. Continuous Multivariate Random Variables. In a more general context the variables
X1, Xo, ..., Xj are independent if, and only if

k
fX1,X2,~--,Xk(m1’ L2y oy xk) = Hsz(:El)
i=1 (29)
= fx,(21) fx(22) - .. fx, (k)
= f(@1) f(z2) ... f(ok)

In other words two random variables are independent if the joint density is equal to the
product of the marginal densities.
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8.4. Examples.

8.4.1. Example 1 — Rolling a Die and Tossing a Coin. Consider the previous example where
we rolled a die and tossed a coin. X; is the number on the die, X5 is the number of
the die plus the value of the indicator on the coin (H = 1). Table 8 is repeated here for
convenience. For independence we require that p(z, y) = p(z)p(y) for all values of x; and
x9.

TABLE 8. Probability Function for X5 given Xj.

Xo
1 23 456 7
1 4 20000 0 ¢
2 0 3000 0 1}
X;(3 003 200 0| ¢
400013y 1L1o o] I
5 0000 3 L 0] &
6 0000031 1| 1
5 5 6 6 6 12

To show that the variables are not independent, we only need show that

p(z, y) # p(x)p(y)

for one set of (z,y).
Consider p(1, 2) = . If we multiply the marginal probabilities we obtain

1 1 1 1
<6> (6) 367 12
8.4.2. Example 2 — A Continuous Multiplicative Joint Density. Let the joint density of two
random variables x; and x3 be given by
207" 11 2>20,0<25<1
f(@1ma) =

0 otherwise
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The marginal density for z; is given by
1
filxzy) = /0 2200 "1 dgy = x%e—m é

=¢ M1 —-0=e¢™

The marginal density for x5 is given by
fg(xg) = /0 2x9e” "1 dxy = —2x9e¢™ ! go

=0- (—2x2e0) = ngeo
= 2x9
It is clear the joint density is the product of the marginal densities.
8.4.3. Example 3. Let the joint density of two random variables X and Y be given by

—322 log|y]

flz,y) = 2(1 + log[2] — 210g[4})
0 otherwise

0<z<1,2<y<4

First find the marginal density for X.
4 —322% logly]
fX@“‘é 2 (1 + log[2] — 21log[4])
4

—32%y (logly] — 1)
2 (1 + log[2] — 2log[4])

~ —3a2%4(log[4] — 1) + 3272 (log[2] — 1)
B 2(1 + log[2] — 21log[4])
322 (2 (log[2] — 1) — 4(log[4] — 1))
2(1 + log[2] — 21logl[4])

_ 32%(2log[2] — 2 — 4log[4] + 4)
~ 2(1+log[2] - 21log[4])

_ 322(21og[2] — 41og[4] + 2)
2(1 + log[2] — 2log[4])
3.2 (2(1 + log[2] — 210g[4])>
2(1 + log[2] — 2log[4])

= 32
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Now find the marginal density for Y.

o —322 log[y]
fr(y) = /0 2(1 + log[2] — 2108?[4])

1

dzx

—a% log[y]
2(1 + log[2] — 2log[4]) |,

_ —logly] +0
2(1 + log[2] — 2log[4])

— log[y]
2(1 + log[2] — 2log[4])

It is clear the joint density is the product of the marginal densities.
8.4.4. Example 4. Let the joint density of two random variables X and Y be given by

sy 0<2<1,0<y<2

f(z,y) =

0 otherwise
First find the marginal density for X.

2
3, 3 3, 3,
ey —_ _ d f— — -
fx(z) /0<5:c +10y> Yy <5xy+20y>

2

0

Now find the marginal density for y.

1
_ 32,3 (3 3,3
fy(y)—/o <5x + 101/) de = (1593 +1Oxy>

_ i_}_i _O— 1_’_3
—\15 " 107 —\5 " 10Y

The product of the marginal densities is not the joint density.

1

0

8.4.5. Example 5. Let the joint density of two random variables X and Y be given by

2¢~ @ty <z <y 0<y
flz,y) = .
0 otherwise
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We can show that this is a proper density function by integrating it over the range of X

and Y.
/ / 26~ dy d — / 20| ™
0 T 0

T
o0
— — o
:/ 2¢ 2 dr = —e 2””\0
0

| da

Or in the other order as follows.

/00 /y 2~ @Y gg dy = /00 [—267(”74) ‘y} dy = / [Qe*y — 2672?/] dy
o Jo 0 0 0

=2V = o] | = 2 2] - [e 1]

=[0+2-[0+1]=2-1=1
Find the marginal density of X.

fx(@) = / 2e=(#+0) dy = —go= () |

— —2e7(%20) _ (o=} — 4 207

=22

The marginal density of Y is obtained as follows.

Yy
fy(y) = / 26~ (@+Y) 1 — _9e—(z+y) |g
0

= —2¢~WHY) _ (—Qe*(oﬂ’)) =2 427V

=2e Y (1 — e*y)

Clearly they are not independent
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8.5. Separation of a Joint Density Function.
8.5.1. Theorem 4.

Theorem 4. Let Xy and Xy have a joint density function f(x1, x2) that is positive if, and only if,
a <z <band c < x9 < d, for constants a, b, c and d; and f(x1, x2) = 0 otherwise. Then X
and X are independent random variables if, and only if

f(@1, 22) = g(a1)h(w2)
where g(x1) is a non-negative function of x1 alone and h(z2) is a non-negative function of xo
alone.

Thus if we can separate the joint density into two multiplicative terms, one depending
on z; alone and one on z; alone, we know the random variables are independent without
showing that these functions are actually the marginal densities.

8.5.2. Example. Let the joint density of two random variables X and Y be given by

f(z, y) ={

We can write f(z, y) as g(z)h(y), where

r 0<z<i
g(w)—{ oo

8z 0<z<3, 0<y<l1
0 otherwise

0 otherwise

8 0<y<1
0 otherwise

These functions are not density functions because they do not integrate to one.

1/2 1 ,11/2 1
dr = — 2> =_-+41
/0 var 233‘0 87&

1
/ 8dy =8y|,=8+#1
0

The marginal densities as defined below do sum to one.
ﬁd@Z{

8z 0<z<4i
0 otherwise

1 0<y<l1
0 otherwise

fr(y) = {
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9. EXPECTED VALUE OF A FUNCTION OF RANDOM VARIABLES
9.1. Definition.

9.1.1. Discrete Case. Let X = (X1, Xa, ..., Xi) be a k-dimensional discrete random vari-

able with probability function p(x1, z2, ..., ). Let g(-, -, ..., -) be a function of the k£

random variables (X1, Xo, ..., Xi). Then the expected value of g(X1, Xo, ..., Xj) is
Elg(Xt, Xo, o X0 = S5 - SN e, o a)plen, @, 3r)  (30)

T Tk—1 xr2 X1

9.1.2. Continuous Case. Let X = (Xi, Xo, ..., Xi) be a k-dimensional random variable

with density f(x1, 2, ..., ). Let g(-, -, ..., -) be a function of the k£ random variables

(X1, Xa, ..., Xj). Then the expected value of g(X1, Xa, ..., Xi) is

Elg(X1, X2 ..., Xp)] :/ / / / g(z1, .o xe) fxy, o xe (@1, oo, T)dTy L dag,
Tl J Tp—1 x2 JI1
:/ / / g(z1, ..o xe) fxy, L x (@1, oy 2g) doy L dg

31)
if the integral is defined.
Consider as an example g(z1, ... , z;) = z;. Then
Elg(X1, ..., Xp)|=F / / / xif(x1, ... xp)dey ... doy
(32)
E/ zifx, (x;) dz;

because integration over all the other variables gives the marginal density of ;.
9.2. Example. Let the joint density of two random variables X; and X be given by

2097 11 2>20,0< 2, <1
f(z122) = _
0 otherwise

The marginal density for X; is given by

1
_ _ 1
fl(l’l) :/0 2296 %1 dyg = x%e x1 o

=e M —0=e™

The marginal density for X is given by
o0
fa(za) = /0 2x9e " dxy = —2x9e 1 80

=0 — (—232¢") = 229¢" = 225



MULTIVARIATE PROBABILITY DISTRIBUTIONS 25

We can find the expected value of X; by integrating the joint density or the marginal
density. First with the joint density.

1 o]
E[Xi] = / / 2x1x9¢” "1 dx1 dTo
o Jo

Consider the inside integral first. We will need a u dv substitution to evaluate the integral.
Let

U = 2x1T9 and dv=e¢ "ldz;
du=2x9dx7; and ©v=—e "
Then

o0 o0
/ 2r1x0e Pl dr; = —2x129¢ 1 | ;o — / —2x9e” "1 dxy
0 0

oo
—_ o0 p—
= —2x1x9e ! ‘0 +/ 2x9e” "1 dxy
0

=0+ —2z9e ™ | 80
= 2%2

Now integrate with respect to z».

1
E[Xﬂ :/ 2$2d1‘2
0

Now find it using the marginal density of z;. Integrate as follows:
E[Xi] = / x1e” "t dxy
0

We will need to use a u dv substitution to evaluate the integral. Let

u=x1 and dv=-e "1dx;

du=dr; and v=—-e "

o [oe)
— — o0 —
/ z1e” M dy] = —x1e” ! |0 —/ —e " dxy
0 0

o0
— [ee] —
= —x1€ "”1|0 +/ e "ldx
0

Then

oo —00 0

=0+—-e""|,

=0+1=1
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We can likewise show that the expected value of X3 is % Now consider E [X; X3]. We can
obtain it as

1 00
E [XlXQ] = / / 2.%1I§€7x1 dxz dxo
0 JO

Consider the inside integral first. We will need a u dv substitution to evaluate the integral.
Let

U = 230193% and dv=e "l dz;
du = 23:% dr; and v=—e ™
Then

o0 [o¢]
— — 0 -
/ 23311‘%6 Ly, = —2x1x§e 1 |0 —/ —2:12%6 1 dxy
0 0

o0
p— o0 .
— —2x1x%e 1 |0 +/ 236%6 1 dxy
0

=0+ —2:c%e_x1 | (O)o
= 2x%

Now integrate with respect to x.

1
FE [XlXQ] = / 23}% d:L‘Q
0

9.3. Properties of Expectation.

9.3.1. Constants.

Theorem 5. Let c be a constant. Then

El]

1l
a\
S~

o)

kﬁ
—~
j‘?
N
I8
N
=8
)

(33)

Il
Q
z\
S~
=
K
=
oW
Nag
o8
8

Il
o
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Theorem 6. Let g(X1, X2) be a function of the random variables X, and Xo and let a be a
constant. Then

Blags, Xo)) = [ [ aglar, wa)f(ar, 22) doa di

= a/ / g(x1, x2) fr1, x2) dag dxy
z1 Jxo
= aE[g(Xlu X?)]

(34)

Theorem 7. Let X and Y denote two random variables defined on the same probability space and
let f(x,y) be their joint density. Then

ElaX 4+ bY]| = //(a:c—l—by)f@, y) dx dy
yJx

=a//xf(x, y) dz dy
@ (35)
+b//yfa: y) dz dy
= aFE[X] + bE[Y]
In matrix notation we can write this as
Ela a]‘%1 =[a a]E(xl) = aipiy + asp (36)
162} | 102] | B() 141 + a2fto
Theorem 8. Let X and Y denote two random variables defined on the same probability space and
let 1(X,Y), g2(X,Y), g3(X,Y), ..., gx(X, Y) be functions of (X, Y'). Then
Elgi(X, Y) + g2(X, V) + -+ 4+ gr(X, V)] (37)

= Elg1(X, Y)] + Elg2(X, Y)] + -+ + E[gi(X, V)]
9.3.2. Independence.

Theorem 9. Let X and X be independent random variables and g(X1) and h(X2) be functions
of X1 and X, respectively. Then

Eg(X1)h(Xa)] = E[g(X1)] E [h(X2)] (38)

provided that the expectations exist.
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Proof: Let f(z1, z2) be the joint density of X; and X5. The product g(X;)h(X>) is a
function of X7 and X5. Therefore we have

ElgCmX) = [ [ glenh(en)f(or, a2) doa o
E/ / g(z1)h(@2) fx, (21) [x; (22) dwg dz

= [ st || resten o] dn )

/ 9(1) fxy (1) E [h(Xa)] day

E [h(X,) / o) fx, (1) dan

1

Eh(X2)] E [g(X1)]

10. VARIANCE, COVARIANCE AND CORRELATION

10.1. Variance of a Single Random Variable. The variance of a random variable X with
mean y is given by

var(X)= 0% = E [(X - E(X))Q]

=B [(X - 7]
= [ - wire)ds )

:/_Zmzf(:r)dx [/_fo(x)da:r

= E(z%) — F*(2)

The variance is a measure of the dispersion of the random variable about the mean.
10.2. Covariance.

10.2.1. Definition. Let X and Y be any two random variables defined in the same proba-
bility space. The covariance of X and Y, denoted cov[X, Y] or ox y, is defined as
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cov[X, Y] = E[(X — pux)(Y — py)]
= E[XY] E[NXY] — E[Xpy]+ Elpy px]
= E[XY] — E[X]E[Y]

/ / zyf(x, y)drdy — [/ / (z, y)dxdy-/Z/ny(x, y)dwdy]
/ / zyf(z, y)dedy — [/ zfx(z, y)dx~/oo yfy (=, y)dy}

o0

(41)

The covariance measures the interaction between two random variables, but its numerical
value is not independent of the units of measurement of X and Y. Positive values of the

covariance imply that X increases when Y increases; negative values indicate X decreases
as Y decreases.

10.2.2. Examples.

(i) Let the joint density of two random variables z; and z3 be given by

207" 11 2>20,0<25<1
f(x1,22) = '
0 otherwise

We showed in Example 9.2 that

E[X)]=1
BX%) =2

2

EX1Xs] =

The covariance is then given by

COV[Xl, Xg] = E[XIXQ] — E[Xl]E[XQ]

(ii) Let the joint density of two random variables z; and 3 be given by

lr; 0<21 <2, 0< 2y <3
flrrm) =4 °

0 otherwise
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First compute the expected value of X X5 as follows.

3 2 3
1 2 1 3 2
E[X1Xs] = s gmlxgdxldazgz ; 1—8x1x2‘0 dxo
3 3
8 4
/o 13" /0 Ch

3 36

=— =2
o 18

4
- 1574

Then compute expected value of X as follows

Then compute the expected value of X5 as follows.

mX]Lﬁ/Ql dzy d Lﬁ<12 2>d
2] = ~T1T2 ax1 AT = =T 332‘ T2
0 0 6 0 12 1 0

34

3
1 1,3
zfdzfdzfﬂ
LA 1272402 LA 31242 = Gt

3

_ 9
6 2

The covariance is then given by
COV[XI, XQ] = E[XlXQ] — E[Xl]E[XQ]
=(3)(3)
3/ \2
=2-2=0

(iii) Let the joint density of two random variables 1 and z3 be given by

v 0<ay <3 <2
flz1,22) =

0 otherwise
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First compute the expected value of X X> as follows.
2 2 2
3 3 2
FE [Xl XQ] = / / *1‘%1‘2 d.’L‘l d.’EQ = / (x:{’wg ) d:L'Q
0 Juy 8 0o \24 a2
(24

2 3 2 1
:/0 <241:2 - 24563) dzxa :/0 <:1:2 - 8x§> dzo

IVE PSR L
“\2 4077/ |, 2 40
4
5 5

Then compute expected value of X; as follows

2 1 3 9 2 3 9
E[Xq) = g dxodxy = g%1%2
0 JO 0
’3

3 4|7
= /0 gw? dwl = 372.'171

48 3

32 2
Then compute the expected value of X as follows.

2 r2 3 2 3 ) 9
E[Xs] = / / g o172 dridzy = / (1961332 ) dzo
0 o 0 €2
2 (12 3 4 273 3
= e — dry = Soo— —23) d
A <16x2 16m2> x2 /0\ (4:62 16332) To

@1
> dxrq
0

0

3, 3 ,\|° 12 48
— *ﬂj2_7$2 - — — =
8 64 v 8 64
_9% 48 48 3
64 64 64 4

The covariance is then given by

cov[ X1 Xo] = E[X1Xa] — E[X1]E[Xa] = g

() ()

10.3. Correlation. The correlation coefficient, denoted by p[ X, Y], or px y of random vari-
ables X and Y is defined to be

pxy = — =t (42)
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provided that cov[X, Y], o x and oy exist, and o x, oy are positive. The correlation coeffi-
cient between two random variables is a measure of the interaction between them. It also
has the property of being independent of the units of measurement and being bounded
between negative one and one. The sign of the correlation coefficient is the same as the
sign of the covariance. Thus p > 0 indicates that X5 increases as X increases and p = 1 in-
dicates perfect correlation, with all the points falling on a straight line with positive slope.
If p = 0, there is no correlation and the covariance is zero.

10.4. Independence and Covariance.
10.4.1. Theorem.

Theorem 10. If X and Y are independent random variables, then

cov[X, Y] =0. (43)
Proof:
We know from equation 41 that
cov(X, Y] = E[XY]| - E[X]E[Y] (44)
We also know from equation 38 that if X and Y are independent, then
Elg(X)nY)] = Eg(X)] E[h(Y)] (45)
Let g(X) = X and h(Y) =Y to obtain
E[XY]=FE[X|E[Y] (46)
Substituting into equation 44 we obtain
cov(X, Y] =EX|E]Y]-EX]EY]=0 (47)

The converse of Theorem 10 is not true, i.e., cov[.X, Y| = 0 does not imply X and Y are
independent.

10.4.2. Example. Consider the following discrete probability distribution.

1
-1 0 1
XL 3 1 5
16 16 16 16
3 3 6 3
210 0 Tl TS
X2 3 1 5
16 16 16 16
5 6 _3 5 1
16 16 8 16
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These random variables are not independent because the joint probabilities are not the
product of the marginal probabilities. For example

prsal1 -1 = o e om0 = (1) () = o

Now compute the covariance between X; and X5. First find E[X;] as follows

(g) (E) () -

Similarly for the expected value of X.

BlXs] = (—1) ({Z) +(0) (166) + () (156> ~0

Now compute E[X;X>3] as follows

EB[X1]

The covariance is then
cov[X, Y| = E[XY] - E[X]E[Y]
=0-(0)(0)=0

In this case the covariance is zero, but the variables are not independent.
10.5. Sum of Variances — var[a;z1 + azx2].
var[a1z1 + agwa) = a%var(azl) + a%var(xg) + 2ayagcov(xy, T2)
2 2 2 2
= ajo] + 2a1a2012 + a505

a (48)
ag

0921 05

—var e [7]]

= [a1 ag] [ 2
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10.6. The Expected Value and Variance of Linear Functions of Random Variables.

Theorem 11. Let Y3, Ys, ..., Y, and X1, Xo, ..., X, be random variables with E[Y;] = u,; and
E[X;] = &;. Define

Uy =Y aY; and Uy=> b;X, (49)
i=1 i=1
for constants ay, ag, ..., an and by, by, ... , by,. Then the following three results hold:
(i) E[Uh] =321 ai,
(ii) var[Uy] = Y1, a?var]Y;] + 23> a;ajcovlY;, Y] where the double sum is over all pairs
(i, ) withi < j. -
(ili) cov[Us, U] = 370, D 70L, aibjeov]Y;, Xj.
Proof:
(i) We want to show that

n
1] = Z Qg ll;
i=1

n

Write out the E[U;] as follows:
E|> aY;| =) ElaY]
i=1 i=1

= Y wBYi]=) ay
i=1 =1

using Theorems 6-8 as appropriate.
(ii) Write out the var[U;] as follows:

E[th] =

var(U;) = E[U; —

n 2
| S z]
=1

- 9
=FE Zai(n - Nz)]
Li=1

(50)
= Za Vi — )+ 3y aia (Y — i) (VG — )
i#£]
SDILEUEIES 3 LAV
i#]
By definitions of variance and covariance, we have
var(U;) = Z a2V )+ Z Zazajcov Yi, Y)) (51)

i#j
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Because
cov(Y;, ¥;) = cov(¥;, Yi)

we can write

n

var(Uh) = Y a7V (V;) +2) ) aiajeov(V;, V) (52)

i=1 i<j
(iii) We have
cov(Uy, Uz) = E{[U1 — E(U41)] [U2 — E(U2)]}

(z =S ) (z X, -3 %)]
i=1 i=1 j=1 j=1
E {

Z aibi B [(Yi — p;) (X5 — &;)]

i=1 j=1

n m
= Z Z aibicov(Yi, XJ)
1=1 1

=1 j=

n

o] S0

(53)

i=1 j=1

Zzazbz Y; — Mz 6])]

11. CONDITIONAL EXPECTATIONS

11.1. Definition. If X; and X, are any two random variables, the conditional expectation
of g(X1), given that Xy = x, is defined to be

Blo(x0) | Xa) = [ glon)for | 22)da (54)
if Xy and X> are jointly continuous and
Elg(X1) | Xo] = Zg x1)p(z1 | T2) (55)

if Xy and X are jointly discrete.
11.2. Example. Let the joint density of two random variables X and Y be given by

2 220, y=0, z+y<1
flz,y) = .
0 otherwise
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We can find the marginal density of y by integrating the joint density with respect to
as follows

17
:2x‘ —2(1—y), 0<y<1
0

0o 1—
fY(y)Z/ [z, y)dasz/o y2d;z:
Yy

We find the conditional density of X given that Y = y by forming the ratio

 flzyy) 2
D@l =50 = 20—y

We then form the expected value by multiplying the density by = and then integrating
over .

=y 1 1~y
E[X|Y]:/O x(l—y)dx:(l—y)/o xdx

1 22 |17
(el

(1iy) ((1—2y)2> _ (1;?/)

We can find the unconditional expected value of X by multiplying the marginal density
of y by this expected value and integrating over y as follows

1 p—
BIX] = By [ | Y]] = [ 2520 -u) ay
1 (1 _.nN3 |1
0 0
:—7[(1—1)3—(1—0)}:—%[0—1]
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We can show this directly by multiplying the joint density by x and then integrating

over x and y.
1—y
EX] = // 2:Ud33dy—/ (m2|(1)7y> dy
1_
2/( )dyz/(3y)dy
0 0

(1 _ 3
S FEE (R Y

_ Lot
=30-1=3

The fact that we can find the expected value of X using the conditional distribution of X

given Y is due to the following theorem.

Theorem 12. Let X and Y denote random variables. Then
E[X]=Ey [Exy[X | Y]] (56)

The inner expectation is with respect to the conditional distribution of X given Y and
the outer expectation is with respect to the distribution of Y.

Proof: Suppose that X and Y are jointly continuous with joint density F(X, Y) and
marginal distributions fx (z) and fy (y), respectively. Then

t/ / 2 fxy (@, y) da dy

B /_Z /_Z zfxpy (@ | y)fr(y) dody

_ /_Z [/_Z:pfxy(x | y)dz| fy(y)dy

=/_OOE[X!Y=y]fy(y)dy

(57)

=By [Exy[X | Y]]
The proof is similar for the discrete case.

11.3. Conditional Variance.

11.3.1. Definition. Just as we can compute a conditional expected value, we can compute
a conditional variance. The idea is that the variance of the random variable X may be
different for different values of Y. We define the conditional variance as follows.
varlX | Y =y] = B[(X - E[X | Y =y])* | Y =y
) (58)
=E[X?|Y =y] - [EX|Y =1y]]
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We can write the variance of X as a function of the expected value of the conditional
variance. This is sometimes useful for specific problems.

Theorem 13. Let X and Y denote random variables. Then

var[X] = Elvar[X | Y = y|] + var[E[X | Y = y]] (59)
Proof: First note the following three definitions
var[X | Y] = E[X?| Y] - [E[X | Y]’ (a)
E[var[X | Y]] = E[E[X?| Y]] - E{[E]X | Y]]} (b)
var[E[X | Y]] = B{[E[X | Y]]’} - {E[E[X | Y]]}’ (©)

The variance of X is given by

2

var[X] = E[X?] - [E[X]] (61)

We can find the expected value of a variable by taking the expected value of the conditional
expectation as in Theorem 12. For this problem we can write E[X?] as the expected value
of the conditional expectation of X? given Y. Specifically,

E[X?] = By {Exy[X?| Y]} (62)
and
[BIX])* = [By{Exy[X | Y]}]” (63)
Write (61) substituting in (62) and (63) as follows

var[X]| = F[X?] — [E[XH2 (64)
— By {Bxiy[X2 | Y} - [By {Exiy [X | V]}]?

Now subtract and add E{[E(X |Y)] 2} to the right hand side of equation 64 as follows
var|X] = By {Exy[X* | Y]} — [By {Exy[X | Y]}]*

= By {ExyX?| Y]} - E{[E(X |V)]*} (65)
+E{[BX I = [Br{Exy (X YD)

Now notice that the first two terms in equation 65 are the same as the right hand side of
equation b which is (E[var[X | Y]]) . Then notice that the second two terms in equation 65
are the same as the right hand side of equation ¢ which is (var[E[X | Y]]) .We can then
write var[X] as

var[X] = By {Exjy[X? | Y]} - [By{Exy[X | Y]}]? .
= E[var[X | Y]] + var[E[X | Y]]
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11.3.2. Example. Let the joint density of two random variables X and Y be given by
L2z +y) 0<a<1, 0<y<2
fz, y) = :
0 otherwise

We can find the marginal density of X by integrating the joint density with respect to y
as follows

[es) 2
Fi@) = [ty = [ featiay

1 ¥\ |° 1 4 &7
— S (2ay+ L) | =2 (dat (67)
4<xy+2> 0 4<x+2>
1
= Uz +2), 0<a<1

We can find the marginal density of Y by integrating the joint density with respect to =
as follows:

fe’e) 1
fy(y)z/ f(z, y)deCZ/0 %(2x+y)d$
1

= 1 (m2 + my) ‘ [1) (68)

1

We find the expected value of X by multiplying the conditional density by = and then
integrating over x.

1

(7) (69)
3

To find the variance of X, we first need to find the F[X?2]. We do this as follows

1 1
1 1
E[X?) = / Z:UQ (4x +2) dx _/ i (42® + 22%) dz
0 0

' 2\ 1/(5 70
O:4Q+3>—4Q> 70




40 MULTIVARIATE PROBABILITY DISTRIBUTIONS

The variance of X is then given by

var(X) = E [(X — E(X))?] = E(2?) — E*(z)

5 (7Y _5 4

12 \12) T 12 1u4 (71)
_ 6049 11

144 144 144

We find the conditional density of X given that Y = y by forming the ratio

fla,y) 32z +y)

Ixy(z|y) = o) I0+y)

(72)

2
Brt9) gopc1, 0<y<o
(1+y)

We then form the expected value of X given Y by multiplying the density by « and then
integrating over z.

2z +y) 1
T =
(1+y) 1+y

11y 37 T2 T ary 3T 2

%):(4+3y):<1> (44 3y)
y 6/ (1+y)

1 1
E[X;Y}:/O 5 /0(2x2+a;y)dx

We can find the unconditional expected value of X by multiplying the marginal density of
y by this expected value and integrating over y as follows:

2
BIX] = By [ | Y]] = [ G0y ay

o (6+6y)4

L (2 (4+3y)(1+y) L2
= - dy:/(4+3y)dy
4/ 6(1 24
0 (1+y) 0 (74)
1 3,17 1

14 7

T2 12
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We find the conditional variance by finding the expected value of X? given Y and then
subtracting the square of E[X | Y].

! 27 +y) 1 !
2 2( d / 2 3 2
E[X ]Y]——/Om T+ T =7 y O(x—l—xy)da:

1
1 1 1
- +y> (75)
0 1+y<2 3

Now square E[X | Y].

(76)
1 (4 + 3y)?
T 36 (1+y)?

Now subtract equation 76 from equation 75

- () (52)- 28522

_ (316) <<18+ 12y><<11 i z;))— <4+3y>2>

_(12y% + 30y + 18 — (16 + 24y + 9y?)
N 36(1 + )2

(77)

_ 3y% + 6y + 2
—36(1 +y)?
For example, if y = 1, we obtain
3y? + 6y + 2 ‘
36(L+y)? |,
11
144

To find the expected value of this variance we need to multiply the expression in equa-
tion 77 by the marginal density of Y and then integrate over the range of Y.

var[ X | Y =1] =
(78)

2 2

3y +6y+21

Elvar[X |Y]]= | =—2_"-(1 d

varlx | Y]] = [ SRy N
1 [?3y24+6y+2

~ 144 0 (1+vy)
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Consider first the indefinite integral.

B / 3y2 + 6y + 2
(1+y)
This integral would be easier to solve if (1 + y) in the denominator could be eliminated.

This would be the case if it could be factored out of the numerator. One way to do this is
carry out the specified division.

dy (80)

3y + 3
1 + y| 3y + 6y + 2
3y2 4+ 3y
3y + 2
3y + 3 (81)
-1
3y? + 6y + 2 1
=03y +3) - ——
T+y By+3) -1,
Now substitute equation 81 into equation 80 as follows
B / 3y? + 6y + 2 4
(1+y)
1
=[|By+3)——|d (82)
[levra -]
3 2
= %—FSy—log[l—Fy]
Now compute the expected value of the variance as
E[Var[X | yH = 1/2Wd
Ty (+y VY
1 [3y? 2
(83)
1 12
=— || = -1 log[1
T [( 5 +6 og[3]> + log| ]]
1

To compute the variance of E[X | Y] we need to find Ey [(E[X | Y])2} and then subtract
2
(By [EX|Y]])".
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First find the second term. The expected value of X given Y comes from equation 73.
1\ (4+3y)
EX|Y]=|= 84
x1vi=(5) oy )

We found the expected value of E[X | Y] in equation 74. We repeat the derivation here by
multiplying E[X | Y] by the marginal density of Y and then integrating over the range of
Y.

2
py(eLx V) = [ (5) g i+ vy

=t Lavspar= L (we32) | )
~ 24 g YW=\ ),
1 12\ 1 7
—24<8+2>—24<14>—12
Now find the first term
2 2
2 1\ (44+3y)°1
Ey((BIX|Y]?) = [ (o) 2 —(y+1
Y(( [ ‘ ])) /0 (36) (1+y)2 4(y+ )dy
2 2
L [F@+3y)° (86)

1 29y2+24y+16d
144 J, 1+y
Now find the indefinite integral by first simplifying the integrand using long division.

9y + 15

1o+ y|9? + 24y + 16
9% + 9y

15y + 16

15y + 15

1

(87)

9y2 + 24y + 16 1
— =9y +15) + ——
T+y Oy +15)+ 11
Now substitute in equation 87 into equation 86 as follows

1 29y2+24y+16d 1 [?

E(EXY2>:— -
v ((BIX 1Y) 144 J, 1ty Y7 144

1
9y + 15+ ——d
Y 1ty Y

1 19y° 2
= [2 15y 41 1]
144[ o+ 15y +logly +1]

(88)

0

S [§+30+1og[3]} -

1
144

i [48 + log[3]]
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The variance is obtained by subtracting the square of (85) from (88)

varELX | ¥]] = By ((B1X | V))?) - (Bv (BLX | V)’

2
= 1314 [48 + log[3]] — <7> = ﬁlll[48+log[3}] - % (89)

We can show that the sum of (83) and (89) is equal to the var[X;] as in Theorem 13:

var[X] = E|var[X | Y =y]| +var[E[X | Y = y]]

1

= g [lo8l3] — 1] + 7 [12 — log[3]] (90)
log[3] —1412—1log[3] 11

= 144 144

which is the same as in equation 71.
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12. CAUCHY-SCHWARZ INEQUALITY

12.1. Statement of Inequality. For any functions g(z) and h(x) and cumulative distribu-
tion function F'(z),the following holds:

[ st ar < ( | g@mF(m)); (/ h(sr»%w(sc))é o1)

where X is a vector random variable.

12.2. Proof. Form a linear combination of g(x) and h(x), square it and then integrate as
follows:

/ (tg(z) + h(z))> dF () > 0 92)

The inequality holds because of the square and dF(x) > 0. Now expand the integrand in
(92) to obtain

2 / (g(2))? dF(2) + 2t / o(2)h(z) dF(z) + / (h(z))® dF(z) > 0 (93)
This is a quadratic equation in ¢ which holds for all . Now define ¢ as follows:
‘o —fg(a:)hgx) dF(x) (4)
J(9())” dF (=)
and substitute in (93)
(J9@h(@)dFe)® ([ g@h@) dF@)” [ o
[ (9())* dF () [ (o@))* aF (@) fwen*are)

2
[(9(@)) dF (a) 5
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12.3. Corollary 1. Consider two random variables X; and X3 and the expectation of their
product. Using (95) we obtain

(B(X1X2))* < B(XD)E(X3)

(B(X3))

(96)

N
[NIES

B (X1X2) | < (E(XD))
12.4. Corollary 2.

N

lcov(X1X2)| < (var(Xy))? (var(Xz)) (97)
Proof: Apply (95) to the centered random variables g(X) = X; — p; and h(X) = Xo — 19
where p; = E(X;).
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