Conditional Expectations

Law of Iterated Expectations

@ The following theorem is extremely useful:

Law of Iterated Expectations
Let X and Y denote random variables. Then

E[X] = Ey [EX|Y[X | Y]] (54)

@ The inner expectation is with respect to the conditional distribution
of X given Y and the outer expectation is with respect to the
distribution of Y.
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Conditional Expectations

Law of Iterated Expectations

Suppose that X and Y are jointly continuous densities fx y (x,y), fx(x)
and fy(y). Then

Ey [Ex)y[X | Y]]

= [ EwX YA () d

= /oo [/w XleY(X|Y)dX] fy () dy

—00 —00

= [ [ by G ady = [ [ ey (xiy) ddy

= /o:ox[/o;fx,y(x,y)dy} dX:/O:onx(X)dX:E[X]

The proof is similar for the discrete case. O

v
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Conditional Expectations

Law of lterated Expectations, Example

@ In the example from before, we can use the law of iterated
expectations:

E[X] = Ey [E[X | Y]] 2/011;}/(2(1—y))dy=/01(1—y)2dy
—(1=y)3 |}
- a1 - a-0f = -je-1 -3

@ We can also find E[X] directly:

1 pl-y 1 1—
EX:// 2dd=/ 21177 ¢4
Xl oo TV o<X|°)y

1 1 _(1_)3 (1 — )3 1
:/0 (l_y)Zdy:/O (13)/) dy: (13)/) |0

—3la--0-01 =3 p-1=3
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Conditional Variance

@ The variance of the random variable X may be different for different
values of Y.

Definition

The conditional variance is

varlX | Y = y] = E[(X —E[X | Y =y])? | Y = y] (55)
—E[X*|Y=y]-[EX|Y=y]

@ We can write the variance of X as a function of the expected value of
the conditional variance:

var[X] = E[var[X | Y = y]| +var[E[X | Y = y]] (56)
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Conditional Variance

e We can show this (different from notes):

Vi [E[YIX]] + Ex [V [Y|X]]
= Ex (E[YIX] - Ex[E[YIX]])’ + Ex (E [Y2X] — E[Y|X]%)

= Ex (E[Y]X]2+E(Y)2—2E(Y)E[Y|X]
+Ex E[Y?X] - E[Y|X]2)
= Ex (E(Y)2—2E(Y)E[Y|X]+E[Y2|x]>
= E(Y)P -2E(Y) +E(Y))=E(Y) —E(Y) =V (Y)
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Conditional Variance

Example

@ Let the joint density of two random variables X and Y be given by

(2x+y) 0<x<1, 0<y<2
f(x,y) =

[ R N

otherwise

@ We can find the marginal density of X by integrating the joint density
with respect to y as follows

)= [ fndy= [ extyd

1 v\ 12 1 4
=22 Z_ =2-|4 — 57
4<xy+2> . 4<x—|—2> ( )

1
:Z(4X+2)' 0<x<1
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Conditional Variance

Example

@ We can find the marginal density of Y by integrating the joint density
with respect to x as follows:

A = [ foyde= [ Gty o
- ;

(x* +xy)

e N

(14+y), 0<y<2
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Conditional Variance

Example

@ We find the expected value of X by multiplying the marginal density
by x and then integrating over x.

11 11
E[X]:/ “x (4x +2) dx:/ = (452 4 2x) dx
0o 4 0o 4

L)L) o
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Conditional Variance

Example

e To find the variance of X, we first need to find the E[X?]. We do this
as follows

11 11
E[X?] :/0 sz (4x +2) dX:/O Z(4X3+2X2) dx

1

ST RIOINC
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Conditional Variance

Example

@ The variance of X is then given by

var(X) = E [(X — E(X))?] = E(x*) — E*(x)

_5 (7Y _5 4
"1 \12) T12 1m (61)

60 49 11

T 144 144 144
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Conditional Variance

Example

@ We find the conditional density of X given that Y = y by forming the
ratio

f(x,y) _ %(2x+y)
fy (y) T1l+y)

&ty g oy 0<y<?2

(1+y)

fx|Y(X ly) =
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Conditional Variance

Example

@ We then form the expected value of X given Y by multiplying the
density by x and then integrating over x.

E[X| Y]:/lemdx:l_'l_y/ol@xz—kxy)dx

_ L (2s 1 |1_; 2.1 63
i, T L T ary3ty) (63)
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Conditional Variance

Example

@ We can find the unconditional expected value of X as follows:

2(4+3y)1
0o (6+6y)4

1 2(443y)(14y) , 1 g2
_Z/o 6(1+y) dy—ﬂ/0(4+3y)dy (64)

2
1 3,
= (ay+2
24(y+2y>

E[X] = Ev[E[X | Y]] = (1+y)dy

1 14 7
8+6 -
=248 +0) =25, = 1

0
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Conditional Variance

Example

e We find the conditional variance by finding the expected value of X?
given Y and then subtracting the square of E[X | Y].

I o (2x+y) 1 1
EX| Y] = [ % b= [ (@34 xy)d
[ | ] OX (1+y) X 1+y O(X+Xy) X

:1i <1X+:-13 )
-()622)

1
1 1 1

~ (3+y) @
0 1+y(2 3
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Conditional Variance

Example

e Now square E[X | Y].
e = (055

1 (4+3y)?
T 36 (1+y)2

(66)
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Conditional Variance

Example

@ Now subtract equation 66 from equation 65

( 1 ) ((18+12y)(1+y)— (4+3y)2>

36 (1+y)?

_ (12y? + 30y + 18 — (16 + 24y + 9y?)
N 36(1+y)?

(67)

_ 3y? + 6y + 2
36(1+y)?
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Conditional Variance

Example

@ For example, if y = 1, we obtain

3y? + 6y +2
36(1+ y)?

11
144

var[X | Y =1] =
y=1 (68)

@ The expected value of var[X | Y] is

23y2 +6y+21
o 36(1+y)?

/2 3y? +6y+2d
~ 144 (1+y)

Elvar[X | Y]] = (l—i- y) dy
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Conditional Variance

Example

@ Divide the numerator by the denominator:

3y + 3
1 + y| 3y + 6y + 2
3y2 + 3y
3y + 2
3y + 3 (70)
3y? + 6y + 2 1
e, G-
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Conditional Variance

Example

@ Then

E [var [X|Y]]

/2 3y? +6y+2d
144

1+y
144/ 3y +3) )d
144[y+3y log(1+y)|o
1

2 [6+6—log (3) + log 1]

Tag (12— 10g (3))
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Conditional Variance

Example

@ Recall that
2 2
VIEX|Y]] = Ey[(E[X | Y]) ] — (Ey[E[X | YH)
@ Second term first:
e From equation 63, the expected value of X given Y was:

ex vl = (5) 5 )

e From equation 64 we got

Ev (EIX | Y]) = = (72)
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Conditional Variance

Example

@ Now find the first term

Ey((E[X| Y])z) :/02 (36> m4( +1) dy

_ / (4+ 3y (73)
144 1+y

B /2 9y? 4+ 24y + 16
144

d
1+y Y

Helle Bunzel () Multivariate RVs Fall 2006 116 / 121



Conditional Variance

Example

@ Again, use long division to simplify the expression:

9y + 15
1 + y|9? + 24y + 16
9y2 + 9y
15y + 16 (78)
15y + 15
1
9y? 4 24y + 16 1
=2 "7 = (9y +15) + ——
1+y Oy 180+ 11
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Conditional Variance

Example

@ Then we get:

/2 0y +24y +16
= 144 Y

Ev ((EX | )’ .

1 —d
144/ WA

1 9y?
= [+ 15y + logly + 1]]

1 [36

= Tals T30+ |og[3]]
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Conditional Variance
Example

@ We can now calculate the variance:

var [E[X | Y]] = B ((E[X | Y])?) ~ (Ev (EIX | ]))°

1 A%
= 757 48 +10g[3]] — <12> (76)
- ﬁ[48+ log[3]] — %
= Tz llogl3] ~ 1

@ We can now verify that

var[X] = E[var[X | Y = y]] + var[E[X | Y = y]]
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Conditional Variance

Example

@ Recall from equation 61 that var [X] = 7.
@ On the RHS we got:

E[var[X | Y = y]] +var[E[X | Y = y]]

= ﬁ [log[3] — 1] + %4 [12 — log 3] (77)
log[3] —1+12—log[3] 11
= 144 144

which is the same!
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Cauchy-Schwarz Inequality

Statement of Inequality: For any random variables X and Y :
2 2 2
(E(XY))” < (E(X))" (E(Y))

Corollary:

[N
[N

|cov(X1 X2)| < (var(Xl))

(var(X2)) (78)
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