PRODUCTION FUNCTIONS

1. ALTERNATIVE REPRESENTATIONS OF TECHNOLOGY

The technology that is available to a firm can be represented in a variety of
ways. The most general are those based on correspondences and sets.

1.1. Technology Sets. The technology set for a given production process is de-
fined as

T = {(x,y): x € R}, y € R} xcan produce y}

where x is a vector of inputs and y is a vector of outputs. The set consists of
those combinations of x and y such that y can be produced from the given x.

1.2. The Output Correspondence and the Output Set.

1.2.1.

Definitions. It is often convenient to define a production correspondence and

the associated output set.

1.2.2.

1.2.3.

1: The output correspondence P, maps inputs x € R} into subsets of outputs,
ie, P: R — 25% . A correspondence is different from a function in that a
given domain is mapped into a set as compared to a single real variable
(or number) as in a function.

2: The output set for a given technology, P(x), is the set of all output vectors
y € R that are obtainable from the input vector x € R'}. P(x) is then the
set of all output vectors y € R that are obtainable from the input vector
x € R'. We often write P(x) for both the set based on a particular value of
x, and the rule (correspondence) that assigns a set to each vector x.

Relationship between P(x) and T(x,y).
Px) =(: (v,y) €T)
Properties of P(x).
P.1a: Inaction and No Free Lunch. 0 € P(x) ¥ x € R'}.
P.1b: y ¢ P(0),y > 0.
P.2: Input Disposability. V x € R} , P(x) C P(6x), 6 > 1.
P.2.S: Strong Input Disposability. V x, x" € R} , x" > x = P(x) C P(x).
P.3: Output Disposability. Vx € R ,y € P(x) and 0 < A <1 = Ay € P(x).
P.3.S: Strong Output Disposability. Vx € R ,y € P(x) =y € P(x),0 <y’ <

P4y Boundedness. P(x) is bounded for all x € R?}.

P5: Tis a closed set P: R} — 2R is a closed correspondence, i.e., if [xt —
x?, y¢ — y%and y* € P(x’), ¥ /] then y° € P(x°).

P.6: Attainability. If y € P(x), y > 0 and x > 0, then V¥ 6 > 0, 3 A\¢g > 0 such
that 0y € P(\gx).

Date: August 29, 2005.
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P.7: P(x) is convex
P(x) is a convex set for all x € R”} . This is equivalent to the correspon-
dence V:R? — 2%% being quasiconcave.
P.8: P is quasi-concave.
The correspondence P is quasi-concave on R’} which means V x, x’ €
R ,0<60<1,Px)NPX) C P@x + (1-0)x’). This is equivalent to V(y)
being a convex set.
P.9: Convexity of T. P is concave on R} which meansV x, x" € R’} ,0 <6 <
1, OP(x)+(1-0)P(x") C P(6x + (1-6)x")

1.3. The Input Correspondence and Input (Requirement) Set.

1.3.1. Definitions. Rather than representing a firm’s technology with the technol-
ogy set T or the production set P(x), it is often convenient to define an input corre-
spondence and the associated input requirement set.
1: The input correspondence maps outputs y € R'" into subsets of inputs,
V: R — 2%, A correspondence is different from a function in that a
given domain is mapped into a set as compared to a single real variable
(or number) as in a function.

2: The input requirement set V(y) of a given technology is the set of all com-
binations of the various inputs x € R’} that will produce at least the level
of output y € R'. V(y) is then the set of all input vectors x € R} that
will produce the output vector y € R'!'. We often write V(y) for both the
set based on a particular value of y, and the rule (correspondence) that
assigns a set to each vector y.

1.3.2. Relationship between V(y) and T(x,y).
Viy) = (@: (z,9) €T)

1.4. Relationships between Representations: V(y), P(x) and T(x,y). The technol-
ogy set can be written in terms of either the input or output correspondence.

T ={(z,y) :x € R}, y € R}, suchthatx will produce y} (1a)
T ={(z,y) € R{*" 1y € P(x), € R} (1b)
T ={(z,y) € RI™ .z €V(y), yc R} (10)

We can summarize the relationships between the input correspondence, the
output correspondence, and the production possibilities set in the following propo-
sition.

Proposition1. y € P(x) & xec V(y) < (xy) €T

2. PRODUCTION FUNCTIONS

2.1. Definition of a Production Function. To this point we have described the
firm’s technology in terms of a technology set T(x,y), the input requirement set
V(y) or the output set P(x). For many purposes it is useful to represent the re-
lationship between inputs and outputs using a mathematical function that maps
vectors of inputs into a single measure of output. In the case where there is a single
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output it is sometimes useful to represent the technology of the firm with a math-
ematical function that gives the maximum output attainable from a given vector
of inputs. This function is called a production function and is defined as

f (@) = maxly: (o,y) € )

= max[y: w € V(y) 2)
=Y

Once the optimization is carried out we have a numerically valued function of
the form

y:.f(xlax27"'7'rn) (3)
Graphically we can represent the production function in two dimensions as in
figure 1.

FIGURE 1. Production Function

£ (x)

In the case where there is one output, one can also think of the production func-
tion as the boundary of P(x), i.e., f(x) = Eff P(x).

2.2. Existence and the Induced Production Correspondence. Does the produc-
tion function exist. If it exists, is the output correspondence induced by it the same
as the original output correspondence from which f was derived? What properties
does f(x) inherit from P(x)?
a: To show that production function exists and is well defined, let x € R}.
By axiom P.1a, P(x) # ). By axioms P.4 and P.5, P(x) is compact. Thus P(x)
contains a maximal element and f(x) is well defined. NOte that only these
three of the axioms on P are needed to define the production function.
b: The output correspondence induced by f(x) is defined as follows

Pr(z) = [y € Ry : f(x) = yl, z € RY 4)
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This gives all output levels y that can be produced by the input vector
x. We can show that this induced correspondence is equivalent to the
output correspondence that produced f(x). We state this in a proposition.

Proposition 2. Py (x) = P(z), Vo € R’}.

Proof. Lety € Pf (x), x € R} . By definition, y < f(x). This means that y <
max {z: z € P(x)}. Then by P.3.5, y € P(x). Now show the other way. Let y
€ P(x). By the definition of f, y < max {z: z € P(x)} = f(x). Thus y € P (x).

O

Properties P.1a, P.3, P4 and P.5 are sufficient to yield the induced pro-
duction correspondence.

2.2.1. Relationship between P(x) and f(x). We can summarize the relation-
ship between P and f with the following proposition:

Proposition 3. y € P(x) & f(x) >y, Vx c R}
2.3. Examples of Production Functions.

2.3.1. Production function for corn. Consider the production technology for corn on
a per acre basis. The inputs might include one acre of land and various amounts
of other inputs such as tillage operations made up of tractor and implement use,
labor, seed, herbicides, pesticides, fertilizer, harvesting operations made up of dif-
ferent combinations of equipment use, etc. If all but the fertilizer are held fixed,
we can consider a graph of the production relationship between fertilizer and corn
yield. In this case the production function might be written as

y = f(land, tillage, labor, seed, fertilizer, . ..) (5)

2.3.2. Cobb-Douglas production function. Consider a production function with two
inputs given by y = f(x;, x2). A Cobb-Douglas [4] [5] represention of technology
has the following form.

— a1 a2
y = Axy' xy

P (6)
=5z x5

Figure 2 is a graph of this production function.
Figure 3 shows the contours of this function.

With a single output and input, a Cobb-Douglas production function has the
shape shown in figure 4.

2.3.3. Polynomial production function. We often approximate a production function
using polynomials. For the case of a single input, a cubic production function
would take the following form.

Yy =a1xr + a2x2 + agzc?’
@)
=10z + 202% — 0.602°

The cubic production function in equation 7 is shown in figure 5.
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FIGURE 2. Cobb-Douglas Production Function
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FIGURE 3. Contours of a Cobb-Douglas Production Function
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Notice that the function first rises at an increasing rate, then increases at a de-
creasing rate and then begins to fall until it reaches zero.



6 PRODUCTION FUNCTIONS

FIGURE 4. Cobb-Douglas Production Function with One Input
y

FIGURE 5. Cubic Production Function

£(x)

2.3.4. Constant elasticity of substitution (CES) production function. An early alterna-
tive to the Cobb-Douglas production function is the constant elasticity of substi-
tution (CES) production function [1]. While still being quite tractable, with a min-
imum of parameters, it is more flexible than the Cobb-Douglas production func-
tion. For the case of two inputs, the CES production function takes the following
form.
-1
y =A [51x;p + 52x;p] °
. (®)
=5[0.62;" + 02257 ] 7
The CES production function in equation 8 is shown in figure 6. The production

contours of the production function in equation 8 are shown in figure 7. If we
change p to 0.2, the CES contours are as in figure 8.

2.3.5. Translog production function. An alternative to the Cobb-Douglas production
function is the translog production function.
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FIGURE 6. CES Production Function
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FIGURE 7. CES Production Function Contours - p=2
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Iny =ailnz; + azlnas + Biilnat + Biolnxylnze + Boglnas
1 1 2 , 1 2, 0
=3 Inx1 + Elnazg — mlnazl + Elnazl Inxy — o Inzs
The translog can also be written with y as compared to Iny on the left hand
side.
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FIGURE 8. CES Production Function Contours - p=0.05
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Figure 9 shows the translog function from equation 9 while figure 10 shows the
contours of the translog function.

2.4. Properties of the Production Function. We can deduce a set of properties on
f that are equivalent to the properties on P in the sense that if a particular set holds
for P, it implies a particular set on f and vice versa.

2.4.1. f.1 Essentiality. £(0) = 0.

2.42. f.1.S Strict essentiality. f(xi,x2,...,0,...,X,) =0 for all x;.

2.4.3. f.2 Monotonicity. ¥ x € R, f(0x) > f(x), § > 1.

2.44. f.2.S Strict monotonicity. ¥ x, X" € R% , if x > x" then f(x) > f(x’).
2.4.5. f.3 Upper semi-continuity. fis upper semi-continuous on R’}.
2.4.6. £.3.5 Continuity. fis continuous on R’}.

2.4.7. f.4 Attainability. If f(x) > 0, f(Ax) — +00 as A — +o0.

2.4.8. f.5 Quasi-concavity. fis quasi-concave on R'}.

2.4.9. f.6 Concavity. fis concave on R'!.

2.5. Discussion of the Properties of the Production Function.
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FIGURE 9. Translog Production Function
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FIGURE 10. Contours of Translog Production Function
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2.5.1. f.1 Essentiality. £(0) =0.
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This assumption is sometimes called essentiality. It says that with no inputs,
there is no output.
2.5.2. f.1.S Strict essentiality. f(x;,x2,...,0,...,%;,) =0 forall x;.
This is called strict essentiality and says that some of each input is needed for
a positive output. In this case the input requirement set doesn’t touch any axis.
Consider as an example of strict essentiality the Cobb-Douglas function.
y = Acag? an
Another example is the Generalized Leontief Function with no linear terms
y =Pz + 20127122 + Po2 2 (12)
2.5.3. f.2 Monotonicity. ¥ x € R , f(6x) > f(x), 6 > 1.
This is a monotonicity assumption that says with a scalar expansion of x, output
cannot fall. There is also a strong version.

2.5.4. f.2 Strict monotonicity. ¥V x, X" in R ,if x > x" then f(x) > f(x").

Increasing one input cannot lead to a decrease in output.

2.5.5. f.3 Upper semi-continuity. fis upper semi-continuous on R} .

The graph of the production function may have discontinuities, but at each
point of discontinuity the function will be continuous from the right. The prop-
erty of upper semi-continuity is a direct result of the fact that the output and input
correspondences are closed. In fact, it follows directly from the input sets being
closed.

2.5.6. £.3.5 Continuity. fis continuous on R’!.
We often make the assumption that f is continuous so that we can use calculus

for analysis. We sometimes additionally assume the f is continuously differen-
tiable.

2.5.7. f.4 Attainability. If f(x) > 0, f(Ax) — +oco0 as A — +oc.

This axiom states that there is always a way to exceed any specified output rate
by increasing inputs enough in a proportional fashion.

2.5.8. f.5 Quasi-concavity. fis quasi-concave on R}.
If a function is quasi-concave then

fl) = f@@%) = fQAo+(1-X)2") = f@) (13)

If V(y) is convex then f(x) is quasi-concave because V(y) is an upper contour

set of f. This also follows from quasiconcavity of P(x). Consider for example the

traditional three stage production function in figure 11. It is not concave, but it is
quasi-concave.



PRODUCTION FUNCTIONS 11

FIGURE 11. Quasi-concave Production Function
Yy

If the function f is quasi-concave the upper contour or isoquants are convex.
This is useful in problems of cost minimization as can be seen in figure 12.

FIGURE 12. Convex Lower Boundary of Input Requirement Set
X2

X1

2.5.9. f.6 Concavity. fis concave on R'}.
If a function is concave then

fQz + (1 =Na2") = Af(z) + (1 =Nf(") (14)

Concavity of f follows from P.9 (V.9) or the overall convexity of the output and

input correspondences. This means the level sets are not only convex for a given

level of output or input but that the overall correspondence is convex. Contrast the

traditional three stage production function with a Cobb-Douglas one. Concavity is

implied by the function lying above the chord as can be seen in figure 13 or below
the tangent line as in figure 14.

2.6. Equivalence of Properties of P(x) and f(x). The properties (f.1 -{.6) on f(x) can
be related to specific properties on P(x) and vice versa. Specifically the following
proposition holds.
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FIGURE 13. Concavity Implies that a Chord Lies below the Function
Y

FIGURE 14. A Concave Function Lies Below the Tangent Line
Y

Proposition 4. The output correspondence P: R — 2%+ satisfies P1 - P.6 iff the pro-
duction function f : R — R satisfies f.1 - f.4. Furthermore P.8 < f.5 and P.9 < f.6.

Proofs of some of the equivalencies between properties of P(x) and f(x).

2.6.1. P1 & f1. Plastatesthat0 e P(x) Vx € R} ; y € P(0),y > 0. Let x € R} so
that 0 € P(x). Then by Proposition 3 f(x) > 0. Now if y > 0 then y ¢ P(0) by P.1b.
So y > £(0). But f(x) > 0 by Proposition 3. Thus let y — 0 to obtain f(0) = 0.

Now assume that f.1 holds. By Proposition 3 it is obvious that 0 € P(x), V¥ x €
R". Now compute P(0) = [yeR,: f(0) > y ]. This is the empty set unless y = 0. So
ify >0, theny ¢ P(0).

2.6.2. P2 < f.2. P2statesthatVx e R, P(x) C P(0x), 8 > 1. Consider the definition
of f(x) and f(fx) given by

~

roum)
8

S~—
I

max[y € Ry 1y € Px)lz € R}
max[y € Ry :y € P(0x)]x € R

~

~—
>
8

S~—
I
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Now because P(x) C P(6x) for § > 1 itis clear that the maximum over the second
set must be larger than the maximum over the first set.

To show the other way remember that if y € P(x) then f(x) > y. Now assume
that f(6x) > f(x) > y. This implies that y € P(6x) which implies that P(x) C P(6x).

2.6.3. Definition of f — P.3. Remember that P.3 states V x € " , y € P(x) and 0 <
A < 1= Xy € P(x). So consider an input vector x and an output level y such that
f(x) > y. Then consider a value of A such that 0 < A < 1. Given the restrction on A,
y > Ay. But by Proposition 3 which follows from the definition of the producion
function in equation 2 and Proposition 2, \y € P(z).

2.6.4. F.3 — P4. Recall that P4 is that P(x) is bounded for all x € R* .. Let x € #7}.
The set

M(z) = {u € R :u < z} (15)
is compact as it is closed and bounded. E.3 says that f(x) is upper-semicontinuous,
thus the maximum

fw®) = maz{f(u): v € M(z)} > f(x) (16)
u* € M(x) exists. The closed interval [0,f(x)] is a subset of the closed interval
[0,f(u*], i.e, [0, f(x)] C [0, f(u*)]. Therefore P(x) = [0,f(x)] is bounded.

2.6.5. P4 — F3. Recall that f(x) is upper semi-continuous at z° iff lim sup,, _, . f(z") < f(z°) for
0

all sequences z™ — 2.
Consider a sequence {z,,} — 2°. Lety” = f(z"). Now supposethatlimsup, _, ., y" = > f(z°).

Then {y"} — y > f(z°) because the maximum value of the sequence {y"} is

greater than f(z°). Because P : R — 2%+ is a closed correspondence, y° €

[0, f(z)] and y° < f(z°), a contradiction. Thus limsup,, _, . f(z") < f(z).

2.6.6. Other equivalencies. One can show that the following equivalences also hold.

a: P6=1f4
b: P.7 follows from the definition of P(x) in terms of f in equation 4.

2.7. Marginal and Average Measures of Production.

2.7.1. Marginal product (MP). The firm is often interested in the effect of additional
inputs on the level of output. For example, the field supervisor of an irrigated crop
may want to know how much crop yield will rise with an additional application of
water during a particular period or a district manager may want to know what will
happen to total sales if she adds another salesperson and rearranges the assigned
areas. For small changes in input levels this output response is measured by the
marginal product of the input in question (abbreviated MP or MPP for marginal
physical product). In discrete terms the marginal product of the ith input is given
as
A 2 1
mMp, =22 =L Y 17)

) 2 _
Az, x; x;

where y? and x? are the level of output and input after the change in the input
level and y' and x! are the levels before the change in input use. For small changes



14 PRODUCTION FUNCTIONS

in x; the marginal physical product is given by the partial derivative of f(x) with
respect to x;, i.e.,

of (x) _ Oy

This is the incremental change in f(x) as x; is changed holding all other inputs
levels fixed. Values of the discrete marginal product for the production function
in equation 19 are contained in table 2.7.1.

MP; =

y = 10x + 202% — 0.6023 (19)
For example the marginal product in going from 4 units of input to 5 units is
given by
Ay 475 — 321.6
;= = — 2~ = 1534
MP, Az, - 53.40
The production function in equation 19 is shown in figure 15.

FIGURE 15. Cubic Production Function
y
4000

f (x) =10x+20%x%-0.6%>

3000
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TABLE 1. Tabular representationof y = 10x + 20x* — 0.60x?

. Ay
Average | Discrete Az

Product | Marginal | Marginal
Input (x) | Output (y) | y/x Product | Product

0.00 0.00 10.00
1.00 29.40 29.40 29.40 48.20
2.00 95.20 47.60 65.80 82.80
3.00 193.80 64.60 98.60 113.80
4.00 321.60 80.40 127.80 141.20
5.00 475.00 95.00 153.40 165.00
6.00 650.40 108.40 175.40 185.20
7.00 844.20 120.60 193.80 201.80
8.00 1052.80 131.60 208.60 214.80
9.00 1272.60 141.40 219.80 224.20
10.0 1500.00 150.00 2274 230.0
11.0 1731.40 157.40 2314 232.2
12.0 1963.20 163.60 231.8 230.8

13.0 2191.80 168.60 228.6 225.8
14.0 2413.60 172.40 221.8 217.2
15.0 2625.00 175.00 2114 205.0
16.0 2822.40 176.40 197 .4 189.2

17.0 3002.20 176.60 179.8 169.8
18.0 3160.80 175.60 158.6 146.8
19.0 3294.60 173.40 133.8 120.2
20.0 3400.00 170.00 105.4 90.0

We can compute the marginal product of the production function given in equa-
tion 19 using the derivative as follows

d
210 + 40x — 1.80x2 (20)
dx

At x = 4 this gives 141.2 while at x = 5 this gives 165.0. The marginal product
function for the production function in equation 19 is shown in figure 16.

Notice that it rises at first and then falls as the production function’s rate of
increase falls. Although we typically do not show the production function and
marginal product in the same diagram (because of differences in scale of the ver-
tical axis), figure 17 shows both measures in the same picture to help visualize the
relationships between the production function and marginal product.

2.7.2. Average product (AP). The marginal product measures productivity of the
ith input at a given point on the production function. An average measure of the
relationship between outputs and inputs is given by the average product which is
just the level of output divided by the level of one of the inputs. Specifically the
average product of the ith input is
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FIGURE 16. Marginal Product
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For the production function in equation 19 the average product at x=5 is 475/5
=95. Figure 18 shows the average and marginal products for the production func-
tion in equation 19. Notice that the marginal product curve is above the average
product curve when the average product curve is rising. The two curves intersect
where the average product reaches its maximum.

We can show that MP = AP at the maximum point of AP by taking the derivative
of AP; with respect to x; as follows.
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FIGURE 18. Average and Marginal Product
MP AP
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f(x)
8( x; ) 7%5; - f(=)
ox; - z?
_r(of @) (22)
= i (MP;, — AF;)
£

If we set the last expression in equation 22 equal to zero we obtain

MP; = AP, (23)

We can represent MP and AP on a production function graph as slopes. The

slope of a ray from the origin to a point on f(x) measures average product at that

point. The slope of a tangent to f(x) at a point measures the marginal product at
that point. This is demonstrated in figure 19.

2.7.3. Elasticity of ouput. The elasticity of output for a production function is given
by

3. ECONOMIES OF SCALE
3.1. Definitions. Consider the production function given by
Yy = f('rla T2, CCn) = f(CC) (25)

where y is output and x is the vector of inputs x;...x,,. The rate at which the
amount of output, y, increases as all inputs are increased proportionately is called
the degree of returns to scale for the production function f(x). The function f is
said to exhibit nonincreasing returns to scale if forallx€ R} ,A>1,and x <1,

fAx) < Mf(x)and pf(x) < f(px) (26)
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FIGURE 19. Average and Marginal Product as Slopes

f(x
() = Marginal Product

_.--Slope = Averaggq Product

Thus the function increases less than proportionately as all inputs x are in-
creased in the same proportion, and it decreases less than proportionately as all
x decrease in the same proportion. When inputs all increase by the same pro-
portion we say that they increase along a ray. In a similar fashion, we say that f
exhibits nondecreasing returns to scale if forallx € R ,A >1,and 0 < o < 1.

fAx) = Mf(x) and pf(x) = f(px) (27)

The function f exhibits constant returns to scale if for all x € R’} and 6 > 0.

f0x) = 0f(x) (28)

This global definition of returns to scale is often supplemented by a local one
that yields a specific numerical magnitude. This measure of returns to scale will
be different depending on the levels of inputs and outputs at the point where it is
measured. The elasticity of scale (Ferguson 1971) is implicitly defined by

~ Oln f(A\x)
 9ln A
This simply explains how output changes as inputs are changed in fixed pro-
portions (along a ray through the origin). Intuitively, this measures how changes
in inputs are scaled into output changes. For one input, the elasticity of scale is

A =1 (29)

_ of(x) = (30)

Oz f(x)

We can show that the expressions in equations 29 and 30 are the same as follows.
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0 In f(A\x) Of(Ax) A
D) fOx

)
(3_fx> A |
“\oxe ) fOw) M1
_of1 A |
T 9z A fOax) =1

|A=1

(1)

So the elasticity of scale is simply the elasticity of the marginal product of x, i.e.

. Of (@) = 9y x _ dlny

or f(r) Oz y  Olnx

In the case of multiple inputs, the elasticity of scale can also be represented as

(32)

-2 @)

This can be shown as follows where x is now an n element vector:

0 ln f(Ax) _ af(Ax) A

oInx = ox  fOa)

(34)




20 PRODUCTION FUNCTIONS

Thus elasticity of scale is the sum of the output elasticities for each input. If €
is less than one, then the technology is said to exhibit decreasing returns to scale
and isoquants spread out as output rises; if it is equal to one, then the technol-
ogy exhibits constant returns to scale and isoquants are evenly spaced; and if ¢ is
greater than one, the technology exhibits increasing returns to scale and the iso-
quants bunch as output expands. The returns to scale from increasing all of the
inputs is thus the average marginal increase in output from all inputs, where each
input is weighted by the relative size of that input compared to output. With de-
creasing returns to scale, the last expression in equation 33 implies that MP; < AP;
forall i.

3.2. Implications of Various Types of Returns to Scale. If a technology exhibits
constant returns to scale then the firm can expand operations proportionately. If
the firm can produce 5 units of output with a profit per unit of $20, then by dou-
bling the inputs and producing 10 units the firm will have a profit of $40. Thus
the firm can always make more profits by expanding. If the firm has increasing
returns to scale, then by doubling inputs it will have more than double the output.
Thus if it makes $20 with 5 units it will make more than $40 with 10 units etc. This
assumes in all cases that the firm is increasing inputs in a proportional manner.
If the firm can reduce the cost of an increased output by increasing inputs in a
manner that is not proportional to the original inputs, then its increased economic
returns may be larger than that implied by its scale coefficient.

3.3. Multiproduct Returns to Scale. Most firms do not produce a single product,
but rather, a number of related products. For example it is common for farms to
produce two or more crops, such as corn and soybeans, barley and alfalfa hay,
wheat and dry beans, etc. A flour miller may produce several types of flour and a
retailer such as Walmart carries a large number of products. A firm that produces
several different products is called a multiproduct firm. Consider the production
possibility set of the multi-product firm

T = {(x,y): x € R}, y € R} xcan produce y}

where y and x are vectors of outputs and inputs, respectively. We define the mul-
tiproduct elasticity of scale by

em = sup{r: thereexists a d > 1 suchthat (Ax, \y") € T for 1 <X < 4§} (35)

For our purposes we can regard the sup as a maximum. The constant of pro-
portion is greater than or equal to 1. This gives the maximum proportional growth
rate of outputs along a ray, as all inputs are expanded proportionally [2]. The idea
is that we expand inputs by some proportion and see how much outputs can pro-
portionately expand and still be in the production set. If r = 1, then we have con-
stant returns to scale. If r < 1 then we have decreasing returns, and if r > 1, we
have increasing returns to scale.



PRODUCTION FUNCTIONS 21

4. RATE OF TECHNICAL SUBSTITUTION

The rate of technical substitution (RTS) measures the extent to which one input
substitutes for another input, holding all other inputs constant. The rate of techni-
cal substitution is also called the marginal technical rate of substitution or just the
marginal rate of substitution.

4.1. Definition of RTS. Consider a production function given by

y=flx1, 2 ..., xp) (36)
If the implicit function theorem holds then
oy, x1, 22, ..., x,) = y— flxr,22 ..., 2,) = 0 (37)
is continuously differentiable and the Jacobian matrix has rank 1. i.e.,
9¢ of
- = =L 0
ox; Oz 7 (38)

Given that the implicit function theorem holds, we can solve equation 38 for xi
as a function of y and the other x’s i.e.

CCZ = 1/%(501, T2y ooy Tho1y ThA1s - - y) (39)
Thus it will be true that
Oy, X1, To, ...y Th—1, Thy Thgly ---s Tn) = 0 (40)
or that
y = f(x1, o, ooy Th—1, Thy Tht1s ---y Tn ) (41)
Differentiating the identity in equation 41 with respect to x; will give
af af Oxy
0 = — —_— 42
8$j 8xk 8xj ( )
or
P _ of
T T
Tk — %% — RTS = MRS (43)
8£Cj 3_Ijk

Or we can obtain this directly as

8¢(y7 L1y, L2y -« -y Th—1, wka LTh41y - - .’,En) % _ _8¢(y7 L1, L2y -y Th—1, wka LTh41y - - .’,En)
8CCk 8CCj - 8£Cj
09 Oz _ 9%
ory dr; Oz
of
vk~ B2y _
(44)

The above expression represents the slope of the projection of the boundary of
the input requirement (or level/contour) set V(y) into xy, X; space. With two in-
puts, this is, of course, just the slope of the boundary. Its slope is negative. It is
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convex because V(y) is convex. Because it is convex, there will be a diminishing
rate of technical substitution. Figure 20 shows the rate of technical substitution.

FIGURE 20. Rate of Technical Substitution
X2

X1

4.2. Example Computation of RTS.

4.2.1. Cobb-Douglas. Consider the following Cobb-Douglas production function

1

y = b} xé (45)

The partial derivative of y with respect to x; is

dy 5 =2 1 (46)

0 5 1 =8
- 1 x3 xyt (47)
The rate of technical substitution is

_ or 5

8352 . Ox1 3
0x1 of 5
Oxa 1
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4.2.2. CES. Consider the following CES production function

-

y =5[0627% + 0225°]7 (49)
The partial derivative of y with respect to x; is
Ay -5 _ o132 _
il [0.627% + 0.225%] 2 (—6/5)z;° (50)
The partial derivative of y with respect to x; is
Sy _ 5 [0.627° + ozx*Q]%S (—2/5) x5 > (51)
e B 0Ty 4y 2
The rate of technical substitution is
9 _ af _5 —2 2% -3
5 B S [0.627% + 0.225%] 2 (=6/5) z]
ay. of )
01 s =2 [0.627% + 0.22,°] 7 (=2/5)x5°
_ o (52)
5 a2
()

5. ELASTICITY OF SUBSTITUTION

The elasticity of substitutionis a unitless measure of how various inputs substi-
tute for each other. For example, how does capital substitute for labor, how does
low skilled labor substitute for high skilled labor, how do pesticides substitute for
tillage, how does ethanol substitute for gasoline. The elasticity of substituion at-
tempts to measure the curvature of the lower boundary of the input requirement
set. The most commonly used measure of the elasticity of substitution based on
the slope of an isoquant is due to Hicks [13, p. 117, 244-245],[17, p.330]. He defines
the elasticity of substitution between x, and x; as follows.

_od(xe/x1)  (f1/f)
dfi/f2)  (x2/x1)
This is the percentage change in the input ratio induced by a one percent change
in the RTS.

(53)

5.1. Geometric Intuition. We can better understand this definition by an appeal
to geometry. Consider figure 21. First consider the factor ratio of x5 to x;. Along
the ray labeled 4, the ratio 2 is given by the tangent of the angle 6. Along the ray
labeoled b, the ratio 2* is given by the tangent of the angle ¢. For example at point
d, % = tan ¢ along the ray b.

Now consider the ratio of the slopes of the input requirement boundary at two
different points. Figures 22 and 23 show these slopes. The slope of the curve at

point ¢ is equal to minus the tangent of the angle v in figure 22. The slope of the
curve at point d is equal to minus the tangent of the angle ¢ in figure 23.
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FIGURE 21. Elasticity of Substitution (Factor Ratios)

X, a

1 Xl

Consider the right triangle formed by drawing a vertical line from the inter-
section of the two tangent lines and the x; axis. The base is the x; axis and the
hypotenuse is the tangent line between the other two sides. This is shown in fig-
ure 24. Angle o measures the third angle in the smaller triangle. Angle « + angle
v equal 90 degrees. In figure 25, the angle between the vertical line and the tan-
gent at point d is represented by « + 3. Angle 3 + angle a+ angle § also equals 90
degrees, so that « + v = « +8 + 0 or v = # + 0. This then means that 3, the angle
between the two tangent lines is equal to v - 6.

FIGURE 22. Elasticity of Substitution (Angle of Tangent at Point c)

X,

X1
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FIGURE 23. Elasticity of Substitution (Angle of Tangent at Point d)

X,

X1

FIGURE 24. Elasticity of Substitution (Angle Tangent at Point d)

X,

If we combine the information in figures 22, 23, 24 and 25 into figure 26, we can
measure the elasticity of substitution. Remember that it is given by

d(xe/x1)  (f1/f2)
d(fi/f2)  (x2/x1)

The change in 2 is given by the angle { which is ¢ - ¢. The marginal rate of
technical substitution is given by the slope of the boundary of V(y). At point d the
slope is given by § while at c it is given by «. The change in this slope is 5. The
rate of technical substitution is computed as
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FIGURE 25. Elasticity of Substitution Measuring Slope Change

X,

ox -2

RTS = =2 = 90
P of

Oxo

Therefore we can say that the ratio of the change in the input ratio and the
change in the slope of the lower the boundary of V(y) is given by

£

o

B
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FIGURE 26. Geometric Interpretation of the Elasticity of Substitution

Xy
a
C
b

a\f d

oy R e T
S
% d Xy s
x D X1

5.2. Algebraic Expression for o1,. In the case of two inputs, the elasticity of sub-
stitution is given by

_ —fi fa(x1 L + 22 f2) (54)

z1 @2 (f11 f3 — 2f12 f1 fo + fo2 f3)

5.3. Derivation of the Algebraic Expression for o1,. By definition

d(za/z1)  (fi/f2) (55)

~d(fi/fe)  (22/x1)
First compute d (i—f) This is a differential. Computing this differential we

012

012

obtain
p (g) _m dxo —2 To dxy (56)
X1 Ty
s
Then compute the differential d ( 5 ) .
i
2t o) o)
ox fl f2 fa
1 = 2 = _ J27 7
’ (522) ! (f2> R 7)

With the level of y fixed as along the boundary of V(y), we have via the implicit
function theorem or equation 43



28 PRODUCTION FUNCTIONS

Ox - 27
2 Oz
o g—j (58)

Rearranging equation 58 (and being a bit sloppy with differentials and partial
derivatives) we can conclude

dra _ —h
d.fCl f2 (59)
- (%)
= dxg = f— dzy
2
and
f1
This then implies that
J o B X1 (3{1) d.fCl — T2 d.fCl
() -—"
' (61)
(ZCl (3{1) — .CCQ) d.fCl
= pe
and that
o, 9 (41 o4 /-
0x1 o ﬁ _ fa fa fl
d<§sz> _d<f2> o 02 (f2>d1
62
(2@ 9@ (—A)) 4 “
o Oxy Oxa f2 !
1
Now compute %.
J1
9 (fz) _ fohe = fi for 63)
O f22
and agf_f)
J1
9 (fz) _ - hifa (64)
01 f22

o (%)

B
Now replace —5:2+ and —;;*~ in equation 62 with their equivalent expressions
from equations 63 and 64 in equation 65.

o f
dxy _ ﬁ o f2.f11 - f1f21 f2 f12 — f1f22 __fl ;
d<§’—’> B d(h) B ( 7B ( 2 ))d L (69)
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We now have all the pieces we need to compute o2 by substituing from equa-
tions 61 and 65 into equation 55.

d(zz/z1)  (fi/f2)

T d(fi/f2)  (w2fa)
(o1 () — ) dn

012

_ B ~ (f1/f2)
(f»2 j»u;gj»l 1 4 2 j»lzféj»l I (%) ) doy  (¥2/71)
() - .

x% f2 To (fz f11 ;22 f1 fa1 + f2 f12 ;22 f1 fo2 (*j{l) )

(fiz = foma) f1

f2
1 T f2 (fz f11 ;22f1 fo1 + f2 f12;22f1 fa2 (%) )
—fi(frzn + foxs)
1T .f22 (fz f11 ;22 f1 for + f2 f12f*2f1 fa2 (%) )

2

Consider the expression in parentheses in the denominator of equation 66. We
can rearrange and simplify it as follows

(f2f11—f1f21 + J2 fi2 = fife (—_f1>> _ fifu = fifafa + —fif2fi2 4 1 f2

I I 2 73 3
_ f3fi1 — fifafor — fifafiz + fifeo
7
2 2
_ fafn - 2f1J{§f12 + fife by Young’s Theorem
i (67)
Now substitute equation 67 into equation 66
- —hH iz + foxr)
Ty To f22 (f2f11*2f1;‘§f12+f1 fao )
’ (68)
_ —fife(fizi + fox)
1w f3 (fu fs —2fiafifa + foa f)
5.4. Matrix Representation of 01>. In matrix notation o5 is given by
F
012 = —(xl fl + f2 xQ) — (69)
Xr1 ITg F
where
0 fi fo
F=1fiA fu fiz = det (Hp) (70)

f2 f21 f22
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where H g is the bordered Hessian of the production function. F,» is the cofactor
of f15 in the matrix F, i.e.,

0
fo = COF | = DA = i f @)
.f2 f21
The determinant of F computed by expanding along the first row is given by
0 fi f
F=|fi fiu fiz|=0-(firfoo = fia) = fi- (frfor = fafr2) + fo - (f1 for = fofu1)
2 fa fa2
= —fi foo + 2f1 fo 2 = f3 fua
(72)
Substitute equations 71 and 70 into the last expression of equation 69 to find £
F _
2o N . (73)
F Iife2 — 2f1 f2 iz + f§ f1n
Now substitute £2 from equation 73 into equation 69.
oy = LA+ f222) —f fa 78)

1 T2 Ii o2 — 2/ fo frz + f3 [

Then compare with equation 68

—fife (fizi + fox2)
w22 f3 (fufi —2fi2fife + f2 ff)

Note that from equation 74, 15 is symmetric. We can also show that for a quasi-
concave production function that £22 is always negative so that the elasticity of
substitution is also negative. This also follows from the fact that quasi-concave
functions have convex level sets.

012 =

6. HOMGENEITY

6.1. Definition of Homogeneity. A function is homogeneous of degree k in x if

fOa, z) = Nf(z, 2), VA > 0,Va € R},Vz € R} (75)

6.2. Some Properties of Homogeneous Functions. If f(x;, ..., x,) is homoge-
neous of degree k in x, then with suitable restrictions on the function f in each
case,

a:
gj is homogeneous of degree k-1,i=1,2,...,n (76)
b:
k Ty T2 T
= —_, — 1, xit1 —
f(ZC) € (xi’xi’ , Ly Tit1, ,ZC1>’ (77)



PRODUCTION FUNCTIONS 31

6.3. An Euler Equation for Homogeneous Functions. f is homogeneous of de-
gree k if and only if

; Pe; i = k(@) (78)
Proof of Euler equation. Define the following functions g(}, x) and h(x).

ghz) = fOhz) — N fz) =0 (79a)

hiz) = Y gi z; — kf(z) (79b)

=1

Now differentiate g with respect to A using the chain rule

o9\ x) _ ~ 9f(Az) 9(Azi) -
I\ _Z; 20w an A )
& 050w o
= i~ kN ()
Now multiply both sides of 80 by A to obtain
060 1) |\ [y OOW)
)\T =A |:2i_1 e, L R0 f( )}
= [Ei_l Y Ax; — kY f( )] 81)
f(A\x
= [Z?_l gg\xl) Az, — k f(A x)]
= h(\x)

The last two steps follows because f(Ax)= A* f(x). By assumption g(), x) = 0 so
w = 0. Now set A =1 in the equation 81 obtain

0 = hxa) s = (5 B s~k f(o)|
! 82
g O )
=1 8561 v
O

A more complete disussion of homogeneity is contained in Eichorn [6, p. 69-
77],Sydsaeter [20, p. 125-131] and Sydsaeter and Hammond. [21, p. 432-442].

6.4. Geometry of Homogeneous Functions. There are a number of ways to graph-
ically characterize a homothetic function. The first is that the points on the graph
above a ray form a smooth curve in n + 1 space. The second considers the shape
of level sets and the third the slope of level sets along a given ray.
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FIGURE 27. Graph of a PLH Function

£lx; %]

6.4.1. Graph of a homogeneous function as lines through the origin. Consider a positive
linear homogeneous production (PLH) function with two inputs. The graph of the
function is shown in figure 27.

In figure 28 we plot the points on the surface of the graph which lie above the
ray running through the point (x10, x20, 0). As can be clearly seen, the graph above
this ray is a straight line. The height of the function at this point is c. Points along
the ray through the point (x10, x20, 0) are generated as A (x10, x20, 0). The height
of the function above any point along the ray is then given by A ¢, where k is the
degree of homogeneity of the function. Figure 29 shows the straight line as part of
the graph.

Thus the graph of f consists of curves of the form z = A\* ¢, above each ray in
the hyperplane generated by A (x10,x20,0). Thus if we know one point on each
ray we know the function. If k = 1 then z = A ¢ and the graph is generated by
straight lines through the origin. This is the case for the function in this example
as demonstated in figure 30. Figures 31, 32, 33, and 34 show the same relationships
when the function is homogeneous of degree 0 < k < 1.

6.4.2. Shape of level sets. Suppose the Z and Z are both elements of the lower bound-
ary of a particular level set for a function which is homogeneous of degree k. Then
we know that

(
83
( (83)
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FIGURE 28. Graph of PLH Function as a Straight Line Above Any Ray

£lxg o]

(x10,%20,0)

FIGURE 29. Graph of a PLH Function Along with Function Value
Above a Ray

X1

fx1 %]

X

Thus the two points A & and A Z are on the same level set. In figure 35 we can see
how to construct the level set containing A Z and A Z and the one containing & and
Z. If we scale points a and b on the intial lower isoquant by 2, we arrive on the same
level setat y = 108.15. Given that this is less than twice 60, this technology exhibits
decreasing returns to scale. We can construct all other level sets from this initial
one in a similar manner. The conclusion is that if the function is homogeneous
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FIGURE 30. Graph of a PLH function Along with Function Values
Above Rays

£x1 %]

FIGURE 31. Graph of a General Homogeneous Function

flx1x2]

and we know one level set, we can construct all the others by a radial expansion
or contraction of the set.

6.4.3. Description using slopes along rays. Remember from equation 76 that the de-
rivative function homogeneous of degree k is homogenous of degree k — 1. Specif-
ically
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FIGURE 32. Graph of General Homogeneous Function as a Curve
Above Any Ray

x1x2]

(x10,x20,0)

FIGURE 33. Graph of a general homogeneous function along with
function value above a ray
x1

fx1x2]

x2

of of

Ox; 3_331

This is true for all i. Define the gradient of f(x1, x2, ..., X, ) as the vector of first
derivatives, i.e.,

Az, Azg, -, Azy) = A1

(A1, Axza, -+, Axy) (84)
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FIGURE 34. Graph of a general homogeneous function along with
function values above rays

x1x2]

FIGURE 35. Constructing One Level Set from an Initial One for
Homogeneous Functions

X2

(85)
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We can then write forall A >0andi=12,...,n

Vizy, Ao, -+, Axy) = MUV Oy, Axg, -+, Azy) (86)

So along a given ray the gradients are parallel. Gradients are orthogonal (or at
right angles) to level sets. So along a given ray if the gradients are all parallel, then
the level sets are parallel along the ray.

FIGURE 36. Level Sets for a Function which is Homogeneous of
Degree One

6.5. Returns to Scale and a Generalized Euler Equation.

6.5.1. Definition of elasticity of scale.
Ol f(Ax) 0 f(Ax) A

Ao =—Tx T Tax 70w
f(A\x) O(A\x;) A
Z odx; O fOx) 87)
of (\x) )\Jil
Z OAx; Az)

Now evaluate at A = 1 to obtain
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L (88)
= gfj) v = (1,2 f(2)
=1

The sum of the partial derivatives of f(x) multiplied by the levels of the x’s
is equal to ¢(1,x) multiplied by the value of the function f(x). Remember from
equation 24 the output elasticity is given by

. - Of@) 2 -

Replace 1 in equation 88 with A and rewrite it as follows

= Of(Az) Az
e()\,x)—; D T (90)

Now substitute equation 89 in equation 90 to obtain

eAz) = e1(Ax) + ea(A\x) + -+ + en(Ax) 91)
If A =1, then we obtain the result we previously obtained in equation 33.

€l,z) = e(x) + e2(r) + -+ + en(x) 92)
And we usually write e(x) for €(1,x).

6.5.2. Properties of returns to scale. Remember from equations 26, 27, and 28 that

1: €(x) = 1 = constant returns to scale (CRS)
2: €(x) < 1 = decreasing returns to scale (DRS)
3: €(x) > 1 = increasing returns to scale (IRS)

6.5.3. General nature of returns to scale. In general e(x) is a function depending on
x. With different levels of xj, e(x) will change.

6.6. Returns to Scale for Homogeneous Technologies. We know from equation
88 that returns to scale are given by

" 0f(z) w
e(l,z) = Z (J;:(c)
i=1 g

f(z)
. ©3)
= ; 8532?) x; = e(l,x) f(x)
For a homogeneous function (equation 78) the Euler equation implies
S ) (94)
= Om

where r is the degree of homogeneity. Combining the results in equations 93
and 94 we obtain

e(l,z)=r (95)
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Alternatively it can be shown directly by using the definition of homogeneity
and the definition of e. First note that if a function is homogeneous f(Ax) = A" f(x).
Now write the definition of the elasticity of scale, substitute A" f(x) for f(Ax) and
then take the derivative.

~O0ln f(Ax) O f(Ax) A

‘Ao =—Tx T Tax 70w
_ON (@) A
ax N (z) (96)
r—1 . >\
R G

=r

This means that the isoquants spread or bunch at a constant rate and are paral-
lel. Figure 37 shows the isoquants for a CES production function that is homoge-
neous of degree one.

FIGURE 37. Level Sets for CES Production Function that is Ho-
mogeneous of Degree 1

I
|
,5

Figures 38 and 39 show the isoquants for production functions that are homo-
geneous of a degree less than one.

Figure 40 shows the isoquant for a production function that is homogeneous of
a degree greater than one.
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FIGURE 38. Level Sets for Production Function that is Homoge-
neous of Degree Less than 1

7. HOMOTHETIC FUNCTIONS

7.1. Definition of a Homothetic Function. A function f(x, z) is homothetic in x if
it can be written

where z € R and F is continuously differentiable to the second degree (C?),

finite, non-negative and non-decreasing. Furthermore

(@) lim F(u, z) = o0

Hn— oo

() F(0,2) = 0

(¢) ¢(z, 2) is positively linear homogeneous (PLH) in x
7.2. Alternative Definition of a Homothetic Function. Let y = f(x)= F(¢(x)) where
F has the same properties as in the original definition. Then consider the function
h(y) = ¢(x) where ¢(x) is PLH and h( ) = F~!()) and it is assumed that F~! exists.

The idea is that a transformation of y is homogeneous. Specifically the function in
equation 98 is a homothetic function.

h(y) = ¢(x), where ¢(x) is positively linear homogeneous (PLH)inx  (98)

7.3. Some Properties of Homothetic Functions.
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FIGURE 39. Level Sets for CES Production Function that is Ho-
mogeneous of Degree Less than 1

7.3.1. Rate of technical substitution for homothetic functions. Definey as follows

y = h(zx) = F(¢()) (99)
dx;

0

Using the implicit function theorem (equation 43 ), find

OF
oxr; ~ oz

. T T oF
Oz o

1 99
F ox;

1 9¢
F ox;
99
ox;
9¢
ox;

(100)

¢ is homogeneous of degree 1 so its derivatives are homogeneous of degree zero
by the results in section 6.2. The ratio of these derivatives is also homogeneous of
degree zero so that the rate of technical substitution does not change as x changes;
i.e. the isoquants are parallel because RIS is constant along a ray from the ori-
gin just as with positively linear homogeneous functions. Lau [14] also shows that
this condition is sufficient for a production function to be homothetic. This implies
that we can obtain the isoquant for any y > 0 by a radical expansion of the unit
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FIGURE 40. Level Sets for Production Function that is Homoge-

neous of Degree Greater than 1

20

isoquant in the fixed ratio h(y)/h(1). Figure 41 shows the isoquants for a Cobb-
Douglas production function that is homogeneous of degree one.

y = (527°z57) (101)
Note that the level sets are evenly spaced {20, 40, 60, 80, 100, 120}. Also notice
that along a ray through the origin the tangent lines are parallel. We can construct

the level set for all levels of output by expanding the level set for any one level of
output inward or outward.

Now let’s consider a transformation of a linear homogeneous CES production
function to create a homothetic function.

wl !
-

flx) = [0.327% + 0.1257]
y =F[f(2)] = f(2)* + f(z) (102)

172 -1

= [[0327% + 01257 ] | + [0327% + 0.1a,7]7
The function is shown in figure 42 while the level sets are contained in figure
43. The function is not concave and has increasing returns to scale. The level sets
are convex and parallel but become closer together for equal increases in output.



PRODUCTION FUNCTIONS 43

FIGURE 41. Level Sets for Cobb-Douglas Prodcution Function
that is Homogeneous of Degree 1

The spacing depends on the level of output and is not a fixed rate of increase or
decrease.

FIGURE 42. Homothetic Production Function

7.3.2. Elasticity of scale for homothetic functions. Lety = f(x) = F(¢(x)) or h(y) = ¢(x)
as in equation 98.
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FIGURE 43. Level Sets for Homothetic Function with Increasing
Returns to Scale

h(y) = ¢(z), where ¢(z) is positively linear homogeneous (PLH) in x
Differentiate both sides of the identity with respect to x;

0¢

Then write the definition of € and substitute
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o) =2 o0 F)

B z": oy m
pt ox; Yy
n le]

:Z 69?1' @i (104)
— h(y) vy
h (y) )

= by Euler's Theorem
Wy y

=¢é(y)

so € is a function only of y and not a function of x. This is clear from figure 43.

74. A Generalized Euler Equation for Homothetic Functions. Let y = f(x) =
F(¢(x)) or alternatively let h(y) = ¢(x). Then from equation 104 we know that

h(y)
= 105
T Wy (105
where
" Of w h(y)
i = € 106
2 iy "y Y (100
This implies then that
2 o, G T €(y)y (107)

So € depends on y and not on the mix of the x’s. With homogeneous functions ¢
is a constant not depending on y.

7.5. Multiplication property of homothetic functions. If h represents a homo-
thetic function then

Theorem 1.
hy) = z; - V (£> = 2; V(&) (108)
X
where T is (X1, T2, Ti—1, Tit1, , Tp) and
vy = 2 A (109)

Here h is a transform like F, in fact h(z) = F~Y(z) and V is a nondecreasing concave
function.

Proof. Lety = F(¢(x)) where ¢(x) is PLH. Then
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y =F(o(x))
=F(z; - ¢[h1, Y2 ... 1 ... ¥y]) (by PLH)

= F 'y

= T;

F(y)
A1, o o 1ahy)
hy)

vV (¥)

(110)
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