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ASYMPTOTIC THEORY – Handout #1

Summary

Definition:  Converge almost surely
A sequence of random variables {Xn} is said to coverage almost surely (a.s.) to a

random variable X, denoted by Xn  X sa→ . , if

1 = X) =lim(Pr nn
X

∞→

An equivalent way of defining almost sure convergence is by
1 = n)  m all  , <  |  X - X |  Pr(lim m

 n 
≥

∞→
ε

The almost sure convergence is the mode of convergence associated with the strong law of
large numbers (SLLN).

Definition:  Converge in r’th mean

Let {Xn} be a sequence of random variables such that E(|Xn|
r) < ∞  for all Nn ∈  and

E(|X|r) < ∞  for r > 0, then the sequence converges to X in r’th mean, denoted by X, Xn → if

0 = )| X - X | ( Elim   r
n

 n ∞→

Of particular interest in what follows is the convergence in mean (r = 1) and mean square (r
= 2).

Definition:  Converge in probability
A sequence of random variables {Xn} is said to converge in probability to a

random variable X, denoted by X,   Xn →P  if

1 = )   < | X - X | (Pr  lim n
 n 

ε
∞→
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Definition:  Converge in distribution
A sequence of random variables {Xn} with distribution functions {Fn(x)} is said to converge in
distribution to X, denoted by if X Xn →D

F(x) = (x)Flim n
 n ∞→

at every continuity point x of F(x).

The mode of convergence related to the central limit theorem (CLT) is that of convergence in
distribution.

Another way of looking at the convergence in probability is:

Consider the sequence of stochastic variables

X1, X2, ..., Xn, ...

and the sequence of their distribution functions

F1, F2, ..., Fn, ...

Xn converges to X in probability if
0 > any  for  0 = )   >  |  X - X | (  Pr n εε

∞→ n 
lim

For a given e and the distribution function Fn ( ) we can find the probability      
P(Xn < X - e) + P(Xn > X + e).

The sequence of these probabilities is
a1, a2, ..., an, ...

Convergence in probability requires that this sequence has the limit 0.

Convergence in probability is stated as

X = X plimor  XX nn →P

LEMMA
Let {Xn} be a random vector sequence and g(·):  RK → R a continuous function at X, then

1) g(X)   )Xg(  X   X ..
n

..
n →⇒→ sasa
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2) g(X)   )Xg(  X   X nn →⇒→ PP

3) g(X)  )Xg( X  X  
n

 
n →⇒→ DD

This lemma can be used to prove the following results:

plim(Xn + Yn) = plim Xn  + plim  Yn = µ + ?
plim(Xn  • Yn) = plim Xn • plim Yn = µ •  ?

ξ
µ

 = 
Y  plim
X  plim

 = 
Y
X plim

n

n

n

n 








plim g(Xn) = g(plim Xn) = g(µ)

µ PP
n

P
n  = )X (plim = X plim

)A (plim = A plim -1
T

-1
T

B plim  A plim = B  A plim TTTT ⋅⋅

Definition:  Consistent estimator

θ̂ n  is a consistent estimator of ? if

θθ  = ˆ plim n

Theorem.  Sufficient conditions for convergence in probability
If   θθ  = )ˆE( lim n n ∞→

0 = )ˆV(lim and n n θ∞→

. = ˆ plimthen θθ

Otherwise convergence in probability is often proved using Chesbychef’s inequality

k

1
   )  k

2
≤⋅≥ σµ   |  - X | (Pr  

Convergence in distribution can be proved by finding the limit of the sequence of
characteristic functions

f n = E(exp(i • n • Xn))
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F   F n for   nn →⇒∞→→ Dφφ

For simple cases this is not necessary.

Example
Let Xi ~ nid(µ, s2)

Let 
n

X  
 = X

i

n

1=i
n

Σ

Then the sequence {Xn}
...  ,X  ...,  ,X ,X n21

has the following sequence of distribution functions

)
n

 ,N( ...,  ),
2

 ,N( ),
1

 ,N(
σ

µ
σ

µ
σ

µ

This sequence of distribution functions degenerates to the non-stochastic constant µ
because the variance goes to zero.

Instead we can look at Xn , or usually we look at

σ
µ - X

 n = Z n n

{ nZn } has the following sequence of distribution functions

N(0,1), N(0,1), ..., N(0,1), ...
which obviously has the limit N(0,1).

Otherwise one of the following Lemmas, the Cramer’s Theorem, or the Mann-Wald Theorem,
can be used to find the limiting distribution function.

Lemma
Let {Xn, Yn} be a sequence of pair of random k×1vectors. 

Then:

(1) :Y   Y X   X and 0  )Y - X( If nnnn →⇒→→ DDP

(2) 0  YX  0  Y and X X If nnnn →⋅⇒→→ PPD
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(3) 
CX  XY(constant)  C Y and X   X If

C  +  X  )Y + X(  (constant)  C Y and X   X If

nnnn

nnnn

→⇒→→

→⇒→→
PD

DPD

(4) X  C X  singular)non-kxk  C and Y(for -1
n

-1
nn →DY

CRAMÉRS THEOREM

Let Hn be kxm matrix, such that

(i) H = H n
 n ∞→
milp

where H is a kxm matrix with rank kxm.

Let ?n be an m element stochastic vector such that

(ii) )  N(0,  ) - ( n n Σ→Dξξ

where ? is an m element non-stochastic vector, and S is an mxm positive semidefinite matrix.

Define the k element stochastic vector ?n = Hn?n.  Then

(1) ) H'    H  N(0,  )   H - (  n n Σ→Dξη

MANN-WALD THEOREM

Let zn be a k element stochastic vector such that

(i) Q = 
n
ZZ'

 plimor    Q = ZZ  
n
1

 plim tt

n

1t-
Σ

where Q is a kxk positive definite matrix.

Assume
(ii) ut ~ iid(0,s 2)
(iii) E(Ztut) = 0

Then

(1) 0 = 
n
uZ'

 plimor  = uZ  
n
1

 plim tt

n

1=t
Σ

and
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(2) Q)N(0, )u Z( 
n

1
 = )uZ  

n
1

  ( n 2
tt

n

1=t
tt

n

1=t

σ→ΣΣ D

Using a Taylor series approximation and Cramer’s Theorem, the following theorem can be
proved.

Theorem.  Asymptotic Distribution of a Nonlinear Function

)  N(0, )  -  ˆ(  n If Σ→Dθθ

and if g(?) is a continuous function and its first and second order derivatives exist, then

))'G( )G(N(0,  ))g( - )ˆ(g(  n θθθθ Σ→D









θ∂
θ∂

θ
)g(

 = )G( where

Lemma.  plim of sample moment
Let mk be a sample moment of  µk = E(xk).
Assume that µ2k exists then plim mk = µk.

Lindberg-Feller CLT (Greene Thm 4.14)

Suppose that nxxxx ,...,,, 321 are a sample of random vectors such that [ ] [ ] ,, iiii QxVarxE == µ

and all mixed third moments of the multivariate distribution are finite. Let

.
1

,
1

1

1

∑

∑

=

=

=

=

n

i
in

n

i
in

Q
n

Q

n
µµ

We assume that

,lim QQ nn =∞→

where Q is a finite, positive definite matrix, and that for every i,
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( ) .0lim
1

=
−

∞→ inn QnQ

Then

( ) ( )QNxn d
nn ,0→− µ


