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Exam #1 Solution Outline
1. a. True. b. False. Change “if and only if” to “if.”

c. False. Change “positive semi-definite” to “positive definite.” (And then could also
strengthen the claim by changing “local minimum?” to “strict local minimum.”)

d. True. e. True.

2. Claim: F:U — R is quasi-convex.

Given arbitrary u, ve U and % [0, 1], need to show:
F (hu+@Q-h)v)< max{F*(u), F*(v)}.

F(hu+1—h)v)= F(x*(hu + (L= h)v); hu+(1- h)v)ﬁ
maX{F(x*(hu +(@—-n)v); u), F(x*(hu +(@—-n)v); v)}

(by the quasi-convexity of F(x; a) in a forevery xeR™)

Fx (hu+@=n)v); u)< Fx"(u); u) (oecause x"(u)=arg max F(x; u))

Likewise: F(x* (hu + Q- h)v); v)S F(x* (v); v)

So



3. a. L(x,, x,; A)=ax, +a,x, + A(c—glx,, x,))
FONC:

g—j(xf, x;; i*):c—g(x;, x;):O

a—L(xf, X f)zal —/l*gl(xf, x;)zo

Xy

a—L(xf, x;; f)zaz —/l*gz(xf, x;):O

Xy

Note: The fact that the SOSC is satisfied at any point that satisfies the FONC means that

0 &1 8>
det H =det| g, —Ag, —4gu, <0.
g, —/Agn —Agn (

o x
X1, X3 A)=\xg, xg5 A

Note also that the FONC imply 1" > 0.

b. The Jacobian of the system of FONC is H with factors of -1 in the first row and first
column, and thus has the same determinant as A . Satisfaction of the SOSC therefore
implies that the hypotheses of the implicit function theorem are met and the FONC
implicitly define x;, x,, and £ as differentiable functions of a, and a, locally.

Differentiating the FONC with respect to a, (and using “(*)” to denote evaluation at
starred values of the arguments):

*

8i
0 - gl(*) -8 (*) Zal 0
_gl(*) _Igll(*) _fglz (*) 5% =[-1].
— &> (*) - X g (*) ~ 28y (*) axi 0
oa,



Solving by Cramer’s rule:

0 -& (*) — &> (*)
det|-1 —Zg,(*) —Xg,®
or __ 10 —7gul) —Fenl)]_ 2(6()gn()-2,(95.() _ o

oa, det H det H

Differentiating the FONC with respect to a, :

a

0 _gl(*) _gz(*) sz 0

- & (*) - Igll (*) - fglz (*) 671 =0

_gz(*) _iglz(*) _igzz(*) aif -1
oa,

Solving by Cramer’s rule:

0 —gl(*) - & (*)
det| 0 —Agy(*) —Agy,(*)
o -1 —7gul) —Fenl)]_ -1(a(en)-g.(eut) 4

oa, det H det H




