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Homewor k

1. Afirm uses two inputs to produce a single atigrcording to the production
function: y = f(xl, xz), wherey denotes the quantity of output ard x, denote the

guantities of the two inputs. Both marginal prdﬁutg—f and;—f are strictly positive
Xl X2

throughout input space. Output is sold, and inpuspurchased, at parametric prices

denotedp, w,, andw, .

a.) Set up the firm's profit maximization problesanequality-constrained
maximization problem. Write down the first-ordenditions. State the second-order
sufficient conditions and derive their implicaticios the production function.

b.) Assuming that the second-order sufficient cbads are satisfied, and using and
x for i =1,2 to denote profit maximizing output and employmientls, show that

.oy

i.) —>0.

@i.) o

(ii.) aiz—%.
ow, op

Notes: This problem can also be formulated asnaonstrained optimization problem.
But setting it up as a constrained optimizatiorbpgm makes it somewhat easier to get
the results in path. The result in path, ii is called a "reciprocity relation.” It is alsaué
* ax*
that » -—=,
ow, op



2.Note: Thisproblem isvery similar to the Homework from Fall 2007. The main
goal of thisproblem isto get you to carefully review the solution outline for the FO7
assignment, which is available on the cour se web page.
Given differentiable functions:

F(xa):0"xO0™ - O, g(xa):0"xd™ -~ O, and h(xa):0"xd™ - O,

consider the following optimization problems:

(i) min F(xa) subjectto g(xa)=0

w.rit.x, givena

(i) min  F(xa) subjectto g(x;a)=0 and h(xa)=0

w.rt. X, givena

In these problemsx[00" (wheren > 2) is a vector of choice variables aad] A, a

subset of 1™, is a vector of parameters. Assume that eacHerohas a regular global
solution for eacha O A implying that the optimal values of the choiceiahles and the
equilibrium values of the Lagrange multipliers drferentiable functions otr :

X (@), X (a) for problem () and X(a), A(a), ix(a) for problem {i).
Define the value functions for the two problems:
F'(o)=F(x (a);z) and F(a)= F(X(a);a).
For a given value of the parameter vectoy[] A, assume thdn(x* (ao);ao) =0. (That

is, the additional constraint in problem) (s satisfied at problem)(s solution for
a =a,.) Further assume that:

99

> (¥ (a,);a,) and %(x*(ao);ao) are linearly independent.

a.) As in the FO7 Homework, it is obvious thi{er, ) = X (a,) and F(a,) = F (a,).
Review the FO7 Homework's proof that

and convince yourself that the proof goes throungthis case as well.



b.) Review the FO7 Homework's proof of a second orélation involving value function
derivatives and convince yourself that that praf be adapted to show, for this case:

2= —
%(ao)—%(ao) is positive semi-definite. *)

(Hint: You don't actually have to write anythingwah for partsa andb. [ just want you
to study the solution outline for the FO7 Homewarkl to understand it.)

c.) A firm produces a single output using threeutsp Two inputs are "variable" (in
both the short- and long-run) and one, called "plas "fixed" (in the short-run but
variable in the long-run). Use the framework a$tbroblem to prove the following
proposition:

At a given output level, long-run marginal cosh@ssteeper than short-run
marginal cost in the plant that is the optimal darethat output level.

To do this, you'll have to specify the nature @xtand a vectors, the forms of the
F( 9(1), and h(J] functions, and the restriction on thg vector to insure that

h(x* (a'o);ao)= 0. Then you'll have to explain how (*) can be use@rove the
proposition.



