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Homewor k solution outline

l.a) max py—WwX —W,X, subjecttof(xl,xz)—y:O

WLy, X, X,

Lagrangian: L(y, x,, X,; A) = py —w,x, = w,x, + A(y = f(x,, x,))
FONC:

)=y - tlx)=0

oL .
——(*)= A =0
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... where subscripts of([J] denote partial derivatives.

The SOSC are in terms of the bordered Hessian:

0o -1 f f,
-1 0 0 0
f, 0 -Af, -Afy,
f, 0 -Af, —Af,

(vox %0, =y % 1)

In the notation of lecture, the SOSC adetH, >0 and detH, =detH <0.

0 -1 f
detH, =det-1 0 0 |=Af,>0= f,<0 (becausel <0 from FONC)
f, 0 -Xf,

detH = _A*Z(fnfzz - f1§)< 0= f,,f, —f;>0= f,, <0 (becausef,, <0)



So the Hessian of ([)] has leading principal minors that alternate imsgginning with
negative. This means that the Hessiarf (i)] is negative definite at the optimum. The

Jacobian of the system of FONCsHs with factors of -1 in the first row and column,

and therefore has the same determinarii asThus, the SOSC insures that the key
hypothesis of the implicit function theorem holdad therefore that the FONC implicitly

define A", y', x;, and x; as differentiable functions of the parameters.

b.) (i.) Differentiating the FONC with respect o

o
ap
O 1 _fl _f2 ay* 0
1 0 O 0 |[op|_|-1
—f, 0 -Af, -Af,llox| [0
-f, 0 -Xf, -Af,| op 0
op
Solving by Cramer’s Rule:
o -f -f,
: 1 -1 0 0 X
v o 1y = A (r 12 - 20,0, + 1,12).

=——/[de . N
op detH -f, 0 -Af, -Af,| detH
-f, 0 -Af, -Af,

. . f11 f12 !
The term in parentheses is of the fo z,wherez =(- f,, f,). Asa

f12 f22
quadratic form in a negative definite matrix, ttésm is negative. SinceetH andA’
are both also negative, we have the result:

6L>0.
op

(ii.) Solving the system fadx; /0p by Cramer’s Rule:

0 1 0 -f,

ox 1 1 0 -1 0 -X

— = — [de . =——(f,f,,—ff

dp detH -f, 0 0 -Af, oletH(122 2fiz)
-f, 0 0 -Af,



Differentiating the FONC with respect ig,:

o
ow,
0 1 _fl —f2 ay* 0
1 0 0 0 |low |_|O
—f, 0 -Af, -Af,llox | |1
-f, 0 -Af, -Af,| 0w 0
ow,
Solving by Cramer’s Rule:
0 -f -f,
oy’ 1 1 0 O 0 A 0x;
a_: g e - - _ =—_(flf22—f2f12):——1_
w, detH f, 1 -Af, —-Af,| detH op
-f, 0 -Af, -Af,

2. Letx, X,, andx, denote employment levels of the variable factmdgxed by 1 and
2) and the fixed factor (3), respectively. Likesjisetw,, w,, andw, denote the
corresponding opportunity costs of the factorst yL@éenote the output level and et
denote a specific “plant size.” Take the vectocldice variables to bg’ = (xl, Xy, x3)
and the vector of parameters tode= (w,, w,, W,, y, X,). The objective function is

f(x a)=wx +w,x, + WX,

And the constraint functions are
g(X; a)E f(xl’ X2 Xs)_ y and
h(x; a) = x, - X;.

Problemi is long-run cost minimization:

min WX, +W,X, +W,x, subjectto f(x,x,,%,)-y=0

Wt Xg, Xp, X3

with Lagrangian: L, = w,x, +W,x, +w,x, + A(y = f(x,, X,, X;)) and solutions:



XI(Wl’ W, , Wy, Y)’ X;(Wv W, , W, Y)’ X;(Wv W, , W, y)’ and /1* (Wl’ W, , W, Y)-
The value function for this problenf;” (w,, w,, w;, y), is the long-run cost function.
Problemii is short-run cost minimization in plant sizg = X;:

min WX, +W,X, + WX, subject to f(x, X, X,)-y=0 and x,— X, =0
W L%, X, Xg

with Lagrangian: L, = w,x, + W,X, + WX, + A(y — f(x,, X,, x;)) + (X, - x,) and
solutions:

)21(W1, W2’ WS’ y' X3)’ RZ(WI’ W2’ WS’ y' X3)' AA(Wl’ W2’ WS’ y' X3)'

and 2(w, w,, W, y, X, ).

The value function for this problen’é(wl, W,, W, Y, X, ), is the short-run cost function
for plant sizeX,.

Consider specific values for the parametems: = (w,,, W,q, Wy, Yy, Xs5). In order for
the second constraint to be satisfied at problsrsolution fora = a,, we need:

— *

Xy = X5 (Wyg, W, Wao, ¥, ). In other wordsX,, must be the long-run-optimal plant size

2F 2
for output y, at factor pricesw,,, w,,, andw,,. The fact that;TF2 (ao)—%(ao) IS

positive semi-definite implies that diagonal eletsemust be non-negative. Thus:

E(W W,o, Wsg, Yoo X )—ﬁ(w W,g, Wyg, o) 2 0
ayz 10 YV201 V301 Yo 30 ayz 100 YV201 YV301 Yo/ =
By the envelope theorem, this implies:

A

- 0 .
a_y/‘(wlo’ W20’ WSO’ yO’ XSO)_a_yA (W10’ WZO’ W3O’ yO)2 O’

where A" (Wyg, W,q, Way, ¥y) and A(wy,, Wag, Wy, Vo, Xs0) are, respectively, long-run
marginal cost aty, and short-run marginal cost g} in the plant &,,) that is optimal for

output y,. Therefore the inequality above verifies theratalL,ong-run marginal cost is
no steeper than short-run marginal cost.



