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1. a. Proof:   so ( )BLB∈inf
  for all  ibB ≤inf .Ii∈
            for all   This implies that ia≤ .Ii∈ ( )ALB∈inf . 
 
  for all , therefore lA ≥inf ( )ALl∈ BA infinf ≥ .   Q.E.D. 
 
b.  Proof:  First show that:  { } CIici inf:inf αα =∈ . 
 
  so  for all ( )CLC∈inf icC ≤inf .Ii∈  
    icC αα ≤inf  for all .Ii∈   So { }( )IicLC i ∈∈ :inf αα . 
 
Now suppose that Cinfα  is NOT the greatest lower bound for { }Iici ∈:α . 
Then there exists  such that *l
  for all iclC αα ≤< *inf .Ii∈   Dividing by 0>α : 

 iclC ≤< α
*

inf  for all .Ii∈  

 (This is a contradiction because  is the greatest lower bound for C.) Cinf
 
Therefore { } CIici inf:inf αα =∈ .   Q.E.D. 
(And, obviously:  { } DIidi inf:inf ββ =∈ .) 
 
Now show that  { } FEIife ii infinf:inf +≥∈+ ,  
 where { } and IieE i ∈= : { }IifF i ∈= :  are bounded below. 
 
   for all ieE ≤inf Ii∈  
   for all ifF ≤inf Ii∈    Adding: 
  for all ii feFE +≤+ infinf Ii∈ . 
 
So . { }( )IifeLFE ii ∈+∈+ :infinf
Therefore { } FEIife ii infinf:inf +≥∈+ .  Q.E.D. 
 
Finally: { } { } { }IidIicIidc iiii ∈+∈≥∈+ :inf:inf:inf βαβα   (by second result above) 
              DC infinf βα +=    (by first result above)  Q.E.D. 
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c.  Proof:  Given , want to show: [ 1,0,, ∈ℜ∈ hvu n ]
 
  ( )( ) ( ) ( ) ( )vfhuhfvhhuf −+≥−+ 11 . 
 
For h = 0 or 1, result is obvious, so take ( )1,0∈h : 
 

( )( ) ( )( ){ } ( ) ( ) ( ){ }IivfhuhfIivhhufvhhuf iii ∈−+≥∈−+=−+ :1inf:1inf1  
 
(because ( )( ) ( ) ( ) ( )vfhuhfvhhuf iii −+≥−+ 11  by concavity of ( )⋅if , and result of part a) 
 
      ( ){ } ( ) ( ){ }IivfhIiufh ii ∈−+∈≥ :inf1:inf  
       (by result of part b) 
 
      ( ) ( ) ( )vfhuhf −+= 1    Q.E.D. 
 
 
2. Proof:  Given , want to show: [ 1,0,, ∈ℜ∈ hvu m ]
 
  ( )( ) ( ) ( ) ( )vghuhgvhhug −+≥−+ 11  
 

( )( ) ( )( )( ) ( ) ( )( )( )bAvhbAuhfbvhhuAfvhhug +−++=+−+=−+ 111  
 
           ( ) ( ) ( )bAvfhbAuhf +−++≥ 1  
       (by concavity of ( ) )⋅f
            ( ) ( ) ( )vghuhg −+= 1    Q.E.D. 
 
 
3.  The function   defined by  ℜ→ℜ2:f ( ) 2121, xxxxf =   is NOT quasi-concave. 
 
Quasi-concavity means convexity of upper contour sets. 
 
 ( ) ( ) ( ){ }1:2,22,2 2 ≥ℜ∈∈−− xfxand   but the convex combination: 
 
 ( ) ( ) ( ) ( ){ }1:0,02,22

12,22
1 2 ≥ℜ∈∉=−−+ xfx . 

 
Therefore  ( ){ }1:2 ≥ℜ∈ xfx  is not convex and ( )⋅f  is not quasi-concave. 
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4.  U convex subset of .  nℜ ℜ→Uf :  concave and strictly quasi-concave. 
 
Is  necessarily strictly concave? ( )⋅f
 
NO.  Counterexample:  n = 1, U =  and 1ℜ ℜ→ℜ:f  defined by ( ) xxf =  (or any other 
linear function). 
 
Concave?:  , [ ]1,0,, ∈ℜ∈ hvu ( )( ) ( ) ( ) ( ) ( )vfhuhfhvhuvhhuf −+=−+=−+ 111 . 
  So (  is concave. )⋅f
 
Strictly quasi-concave?:  ( )1,0,,, ∈≠ℜ∈ hvuvu , ( )( ) ( vhhuvhhuf −+ )=−+ 11  
                    { }vu,min>
                   ( ) ( ){ }vfuf ,min= . 
  So (  is strictly quasi-concave. )⋅f
 
Strictly concave?:  Let :2

1,1,0 === hvu  

  ( )( ) ( ) ( ) ( )vfhufnotvhhuf −+=>=−+ 12
1

2
11  

  So (  is NOT strictly concave. )⋅f
 
 
5.  U convex subset of . 
 

nℜ
concavequasiisUFconvexquasiisUF −ℜ→−⇔−ℜ→ ::  

 
Proof:  (   Given )⇒ convexquasiUF −ℜ→: . want to show: 
     concavequasiUF −ℜ→− : . 
 
That is, for all , want to show: [ 1,0,, ∈∈ hUvu ]
  ( )( ) ( ) ( ){ }vFuFvhhuF −−≥−+− ,min1  
 
( ) ( )( ) ( ) ( ){ }vFuFvhhuFconvexquasiF ,max1 ≤−+⇒−⋅  

   ( )( ) ( ) ( ){ }vFuFvhhuF ,max1 −≥−+−  
          ( ) ( ){ }vFuF −−= ,min    Q.E.D. 
 
(. . . because { } { baba }−−−= ,min,max .  W.l.o.g., assume { }baa ,max= .  Then , so ba ≥

{ baaba −−=−⇒−≤− ,min }.  Therefore:  { } { }baba −−−= ,min,max .) 
 
Proof:   (   Similar. )⇐


