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Homework solution outline

1. a. Lagrangians for the two problems:
L(xa;d)=F(xa)-1g(xa)
L.(x;o50, 1) = F(x;a) - A g(;a)— peh(x; )
FONCs for solution to (i) with & = &, include:

aL * * 8F * * 8 *

a—’(x (0‘0)30503/1 (0[0 )): —(x (0[0 );0(0)— A (ao)_g(x (0[0 )3a0): 0
X ox ox

FONCG:s for solution to (if) with & = «, include:

oL,

8_): ()ﬁ(ao ); q; /i(ao )a ,[1(0!0 )) = aa_i ()E(Olo ); %o )

ety Y (3 bty ) - lers V5 (et ) =0

Rewriting (**) and using #(a, )= x"(e,):

o (X*(ao ); ao)_ X (0!0 )Z_i (X*(ao ); ao)

o
- (’i(ao)_ x (ao ))g_i (X* (ao ); @, )_ ,[1(0!0 )% (X* (ao );ao ) =0
Using (*) this implies:

(i)~ 2 (@ VB v ety ) ey ) 5 (e By )= 0

g
8x( X

(*)

(**)

x"(a, ) ao) and ? (x* (e ); ao) linearly independent = A(a, )= A" (e, ), i1(er,)=0.



By the envelope theorem:

()= s ) = S v (g e - 2 ) ()

and

% (ao ) = % (’Ac(ao ); Qs /i(ao )a /[‘(ao )) = Z_Z (’E(ao ); a, )
-ty ) 2 (ilarg b )= ler ) o (il )

= 88F* (ao) (using: fc(ao): x (a, ), /i(ao): (e, ), [,(ao): 0) Q.E.D.
a

b. Proof: Given z € ‘R”, want to show:

Z{ﬁ(ao)_ O'F (ao)jz <0

oo’ oo’

Consider a =, +tz for te R,t #0. a # a, and, because 4 is open, o € A for ¢
sufficiently small.

A

F (a) <F’ (a) (Imposing an additional constraint cannot increase the optimal
value of F(-).)

Writing Taylor series expansions about ¢ :

2 A

F(ao)"'%(aoxa_ao)"'%(a_ao)’;le(ao +Hl(a—a0))(a—a0)

5F*(ao)"'a(ao)(a_ao)"'%(a_ao) W(ao +Hz(a_ao))(a_ao)

where 6,, 6, €(0,1). Using F(a,)=F"(a,) and Z—F(ao): aai(ao) from part a:
a a
2 1 2 %
Lo O G voa-a <222 E (a,+0,(a-a,):

2 oa’



*

(0*F 0°F
o o P ol a)- S s ofama <o

Taking the limit at  — 0 (& = «, ):

(0% F O'F"

2. The long- and short-run problems are:

max_ pf (x,,x,) = wx, —w,x,

W.rL X, Xy

max  pf(x,,x,)—wx, —w,x, subjectto x,—cx,=0

W.rL X, Xy

where ¢ =71 (a% and @, = (p,, Wy Wy )-
X ( 0)

2

Lagrangian: L(x; p,w,,w,;4) = pf(x,,x,)— w,x, —w,x, — A(x, —cx,)

2 A *
From problem 1: 8057; (ao)— Szz (ao) is negative semi-definite. This implies non-
positive diagonal elements, which implies, for i =1, 2:

07 (@,)<0 (+5%)
By the envelope theorem:

on’ O ( « )
ow, (0!0)=5(x (a");ao):_xi ()

i i

()= 2 el by e ) = 5 )

i i

Substituting into (***): Fori=1, 2:

S CHERNCY (sew)



0’7 o*n’
f(ao)a z

Because p 5 (ao ) >0 (For example, see Problem #2, Homework, F06),
W, i
X : L Ox, ox;
ﬁ(050), ai(ao)ﬁ 0 So (****) implies: i(0:0 < i(0:0
ow, ow, ow, ow,

(SR factor demands no more elastic than LR factor demands.)

b. Now the SR problem is

max  pf(x,,x, ) —-wx, —w,x, subjectto wx, +w,x,=C

WL X, Xy
where C = w,,x, (@, )+ wyx,(a,).
Lagrangian: L(x; p,w,,w,; 1) = pf (x,,x, )= wx, = w,x, + A(C —wx, —w,x, )

(***) is still valid, but now:

O ()= 2 ot e e, )=l e, ).

ow,

Although A(, )= 0, we typically won't have 8/i/ ow, (a,)=0 so:

O () -t
ow? " ow,

1

Restrictions on the curvature of the value function no longer relate directly to the slope of
factor demands.



