Definition 1 Let G = (N, (4;)ien, (u;)ien) be a strategic game. A correlated
equilibrium of G consists of

e A finite probability space (2, 7)
e For each player i € N a partition P; of

e For each player i € N a function o; : Q — A; which is measurable with
respect to P;

such that for everyi € N and every function 7; : Q — A; which is measurable
with respect to P;,

Y mwuilo—i(w), 0i(w)) = Y w(w)ui(0-i(w), 7s(w))

weN weN

The value v; = Y w(w)u;(o—;(w),0;(w)) is player i’s correlated equilibrium
weN
payoff.

Definition 2 Let ((Q, ), (Ps,0:)icn) be a correlated equilibrium of G. Its in-
duced probability distribution over action profiles is given by p : A — [0,1] such
that for all a € A,

p(a) = prob({w € Q : o(w) = a}) = Z m(w).

{weQo(w)=a}

Proposition 3 Let G = (N, (A;)ien, (ui)ien) be a strategic game, and let

x = (2b,---,2") be a mized strategy Nash equilibrium of G. Then, there is

a correlated equilibrium (2, ), (Pi,04)ien) whose induced probability distribu-
tion over action profiles is the same as x’s distribution.

Proof. Let ((2,7), (P;,04)ien) be defined as follows:
e N=A
o 7(a)= IJ =i,

iEN

e Pi(a)=4{be A:b; =a;}

® J; (CL) = Qa;

We claim that ((Q, 7), (P;,0:)ien) is a correlated equilibrium whose proba-
bility distribution is the same as x’s distribution.

Let ¢ € N. Since x is a mixed strategy Nash equilibrium, we know that for
all a; € A;
> 0 then U'(z) = U'(x|a;)
0 then U'(x) > U'(z|a;).



Consequently, for all a; € A;
mf“Ui(w|ai) > a:flUl(ac\bl) for all b; € A;. (1)

Let now 7; : A — A; be a function that is measurable with respect to P;. Letting
b; = 7;(a), equation (1) implies that for all a; € A;

zl, U'(z]a;) >z, U'(z|ri(a)) for all a € A.
Adding over all a; € A;,
> oal Ulzla) > Y ah Ul(zlni(a).
a;€EA; a;€EA;

Taking into account the definition of U?(x|a;) and U'(z|7;(a)), we get

Zl’i Z ( H o) Jui(a_i a;) > Z zl, Z ( H ) Jui(a_i; mi(a))

a; €EA; a_;€A_; jeN\{i} a; €A; a_;€A_; jeN\{i}
S (T @) wilaia) = > (]] 24, wilai mi(a)
a€A jEN a€A jEN

D wlauilaia) > Y w(a)ui(ai,mi(a)).
acA a€cA

This shows that ((2,7), (P, 0:)ien) is a correlated equilibrium of G. Its induced
probability distribution over action profiles is

pla) = prob({b€ A:o(b) =a})
= prob{be A:b=a})
= 7(a)
ieN
]

Proposition 4 Let G = (N, (4;)ien, (u;)ien) be a strategic game. The set of
correlated equilibrium payoffs of G is convex.

Proof. Let v = (v1, - -+, vp) and w = (wy, - - -, wy,) be two correlated equilibrium
payoffs. Then there are two correlated equilibria <(Ql,7rl), (P},Gil)ieN> and
((9%,7%),(P?,0%)ien) such that for all i € N, for all 7} : Q! — A; that is
measurable with respect to P}, and for all 72 : Q% — A, that is measurable
with respect to P?

vio= Y muieliw),oi W) = Y w@uilol;w), 7 (W)

weN?! weN!
wi = Y w02 (w),0f (@) = Y mP(w)uio?;(w), 77 (W)
weN? weN?

Let o € (0,1). We need to show that av + (1 — @)w is a correlated equilibrium
payoff of G. Cousider the following correlated strategy ((2, ), (P;, 0;)ien):



H(w)
° mw) = { (1-a)ri(w) ifwe Q2

¢ (w) ifweQ?
Note that
Yo rwui(oi(w),0iw) = D wwuiolw), 0l @)+ Y w(wui(o?;(w), 07 (w))
weN we! weN?
= > arl@ui(eli(w), o (W) + Y (1 —a)r?(w)ui(0?(w), o7 (w))
went weN?2

= av; + (1 — a)w;

Let 7; : Q — A; be a function that is measurable with respect to P;. Then,
its restrictions 7} : Q! — A; and 77 : Q% — A; to Q',and Q? are measurable
with respect to P} and P2, respectively. Consequently,

K3 7

avi+(L-a)w = Y ar'(Wulolw),o} W)+ Y (1 —a)r(Wui(o?;(w), of (w))

we! weN?

> Y w@u(oliw), 7 W) + Y P w)uio?; (W), (W)
weNt weN?

= D mwui(o-i(w), Ts(w))-
weN

Proposition 5 Let G = (N, (A;)ien, (ui)ien) be a finite strategic game. FEv-
ery correletaed equilibrium probability distribution over action profiles can be
obtained in a correlated equilibrium of G in which

e N=A
° ”Pi(a):{beA:bi:ai}.

Proof. Let (¥, 7"), (P!,0%)icn) be a correlated equilibrium of G. Consider

3

the following correlated strategy ((Q, ), (P;, 0i)ien):
e O=A
o 1(a) =7"{w e Q:0'(w) =a}) foreacha € A

e Pi(a)={be A:b; =aqa;} for each i € N and for each a € A



e g;i(a) = a; for each i € N.

It is obvious that this correlated strategy induces the required distribution
over action profiles. Indeed,

pla) = prob({w e Q:o(w)=a})
prob({a € A:a =a})
= =(a)
m({weQ: o' (w) =a}).
It remains to show that it is a correlated equilibrium.

> rwhui(o (W), 0iw) = Y w(a)uiai,a)

weN a€A

= Z Z 7' (w)u;(a_;, a;)

a€A {weQ:o’ (w)=a}

_ Z Z 7 (w)ui(o_;(w), oj(w))

a€A{weQ 0’ (w)=a}

= Y dwuilo! (), 0)(w))

weY

Take a function 7; : A — A; that is measurable with respect to P;(a).
Define 7/ : Q' — A; by 7/(w) = 7;(0}(w)). The function 7/ is measurable
with respect to P;. Indeed, if w’ € P}(w), then o(w’) = o} (w) by measurability

of g; with respect to P/, and therefore 7/(w') = 7;(c}(w’)) = 7i(0}l(w)) = 7/ (w).

> whui(o—i(w),mi(w) = Y w(a)ui(a_i,7i(a))

weN acA

= Z m(a)u;(a—i, 1i(ai))

a€cA

= Y > 7' (w)ui (o’ (w), T(a;))

a€A {we 0’ (w)=a}

=YY A @ulel @), W)

a€A {weQ 0’ (w)=a}

= D wui(o_i(w), 7 ().

weR!
Since (', 7"), (P!, 0l)icn) is a correlated equilibrium,
Z ' (W)ui(0-i(w), 0i(w)) = Y 7 (W)ui(o—i(w), 7/ (w))
weY we)!

and therefore

3 r@ilo—i(w), 0i(w) = 3 w(w)ui(0_i(w), 7i(w)).
we

weN



