Borel’s Poker (based on Binmore’s book)

The Bayesian game is given by (N, Q, (4;, p;, Pi, u;)icn) where
N ={1,2}

Q=10,1]?

A; = {Fold, Raise}, Ay = {Fold, Call}

PZ‘(’lA]hf)Q) = {(Ul,UQ) eQ:v; = ’lA)Z}

wi((v1,v2) < (01,02)) = 01 X Va.

-1 if a; = Fold
u1((ay,a2), (v1,v2)) = 1 if a; = Raise and az = Fold
1(ar,a2), (v, v2)) = 2 if a; = Raise, ag = Call and v; > vy

—2 if a; = Raise, as = Call and vy < v

uz((a1,a2) , (vi,v2)) = —u1((a1,a2) , (vi,v2)).
A strategy for player 7 is a function g; : [0,1] — A; that tells him what to do as a function of his card.
An equilibrium is a pair of strategies (g7, g5) such that

E [uy (97 (vi), 95 (v3)) , (vi,v5)) lvi =v] > E [y ((95(vi), g} (v5)) , (v5,05)) Jv; = 0]
for all v € [0, 1] and for all g; : [0,1] — A;

where the expectation is conditional on the information inferred from the actions of the players too.
In our search for equilibrium we are going to restrict attention to strategies of the following form:

) = Fold ifv <z

g(v) = Raise ifv >z
B Fold ifv <y

g2(v) = { Call ifv>y

Therefore, a pair of strategies is succinctly denoted by a pair of numbers (z,y).

Assume (z,y) is an equilibrium, What can we know about it? Let’s analyze player 2 first. Suppose
player 1 raises and player 2 has v. Then player 2 knows that the card of player 1 satisfies v; > x. If player
1 folds, he gets -1 with certainty. If he raises, he gets 2 with probability w, and -2 with the complementary
probability, where w is the probability of winning given that v; > z. That is

w = Prlv <vlv; > a]

v
1 _ v— .
fﬂdvl—ﬁ)ii lf.'I,'S’USl
x

0 ifv <z

Consequently, player 2 should call if 2w —2 (1 — w) > —1, namely if w > 1/4, and it should fold if w < 1/4.

This implies that
143z

4 : (1)

Consider player 1 now, who has a card u. Assume that v < y. In this case, if he folds he gets -1. If

he raises he gets 1 if player 1 folds and he gets -2 if player 2 calls. And he knows that player 2 folds with
probability y.Therefore

player 1 must raise if y—2(1—-y) > —-lory>1/3
player 1 must fold if y—2(1—y) < —lor y<1/3
player 1 is indifferent if y—2(1—y) = —-lory=1/3.

This means that if y > 1/3, player 1 who has card u < y must raise no matter what card he has. In other
words, x = 0. But then, by (1) y = 1/4 < 1/3, which is a contradiction. Also, if y < 1/3, player 1 who has
card v < y must fold no matter what card he has. In other words, x = 1. But then, by (1) y =1 > 1/3,
which is also a contradiction. Therefore there is no choice but y = 1/3, which implies that = 1/9. This



means that if there is an equilibrium with the assumed strategies, player 1 must raise only if he gets a
card higher than 1/9 and player 2 must call only if he gets a card higher than 1/3. This means that player
1 with a card higher than y = 1/3 should be willing to raise. This is something that needs to be checked.

Consider player 1 with a card v > y = 1/3. In this case, if he folds he gets -1. If he raises he gets 1 if
player 1 folds, he gets 2 if player 2 calls and u;v, and he gets -2 if player 2 calls and ujv. Player 1 knows
that player 2 folds with probability y. Therefore

player 1 must raise if y+2(u—y) —2(1 —u)

which, given that y = 1/3 holds whenever u > 1/3 = y. Therefore, given y = 1/3, player 1 with a card
u >y = 1/3 raises.
Question: What is the probability that in equilibrium player 1 folds the better hand?

Answer:
1/9 w

//dvdu:i.
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Question: What is the probability that in equilibrium player 2 folds the better hand?

Answer:
1/31/3

2
//dvdu— 3

1/9 u

0.1 Von Neumann’s poker game

The Bayesian game is given by (N, Q, (A;, pi, Pi, ui)icn) where
N ={1,2}
Q=10,1)?
A; = {Check, Raise}, As = {Fold, Call}
Pi(’f}l,f)g) = {(1)1,1}2) ceQ:v; = ’lAjl}
ui((vl,vg) < (171,132)) = ’[}1 X 172.

-1 if a; = Fold and v1 < vy
1 if a; = Fold and v; > vo
u1((a1,a2), (v1,v2)) = 1 if a; = Raise and as = Fold

2 if a; = Raise, as = Call and v; > vg
—2 if a1 = Raise, ay = Call and v; < vy
uz((a1,a2) , (v1,v2)) = —u1((ar,az) , (v1,v2)).
A strategy for player i is a function g; : [0,1] — A; that tells him what to do as a function of his card.
A behavioral strategy for player i is a function g; : [0,1] — [0, 1] where g;(v) is the probability with which
player i raises (or calls) if he has the card v.

Suppose (p, q) is an equilibrium. What can we say about them?

Consider player 1 with a card u.What is his expected payoff? It is the average of the payoff he would
get against each of the possible types of player 2. If player 2 has v < u then with probability p(u)q(v)
player 1 gets 2, and with the complementary probability it gets 1. Therefore, the expected payoff in this
case is

1= p(u)g(v) + 2p(u)g(v) = 1 + p(u)a(v).

If player 2 has v > u then player 1 gets -1 with probability 1 — p(u), 1 with probability p(u)(1 —¢(v)), and
-2 with probability p(u)g(v). Therefore, the expected payoff in this case is

— (1 =p(uw)) +p(u)(1 = q(v)) — 2p(u)q(v) = 2p(u) — 3p(u)q(v) — 1.



The expected payoff of player 1 is therefore

Epg(unlu) = / (1+ p(w)q(v)) do + / (2p(u) — 3p(w)g(v) — 1) dv

v>

(/< 1dv+/v>u—1dv> </< dv+Lu (2—3q(v))dv)

T3 (u) + p(u) 1 (u).

Similarly for player 2,

Epy(ugly) = — / pla) = 3p(u)a(v) ~ 1) / (1 + p(u)q(v)) du

= </u<v (1—2p(u))du+ /wv ldu) :Z:v) (/KU 3p(u)du — /u>v p(u)du)

= Do(v) + q(v)Sa(v).

Note that these payoff functions are linear in the probabilities p(u) and g(v). Therefore, the only important
thing from the strategic point of view is the signs of Sy (u) and Sz(v). We can conclude the following:

Si(uw) >0 = plu) =1, Sa(v) >0 = gqv)=1
Si(u) <0 = p(u) =0; Sa(v) <0 = q(v)=0 (2)
0<plu)<l = 5i(u)=0; 0<gqv)<1l = S3(w)=0.
Consider Ss.
v 1
Sy = /Sp(u)d /p
0
Taking derivatives we get
05,
o 4p(v). (3)

So we have S5(0) < 0, S3(1) > 0, and S} > 0. Therefore Sy is non decreasing and equal to 0 at least at
one point. Let [¢,7)] be the largest interval of values at which S3(v) = 0. Therefore, So(v) < 0 for v < &,
and Sy(v) > 0 for v > n. Consequently,

dw={ 7 5t (@

ifv>n

Now we can get some information about p. Since Sz(v) = 0 for v € [£,7n], we must have 9S3/0v = 0.
Therefore, it follows from (3) that p(u) = 0, for v € (§,n). And p(u) cannot be 0 in an open interval
that contains (£,7) because otherwise Sy would be constant on that interval and we chose (£,7) to be the
largest interval in which Sy = 0.Therefore, it follows from (2) that since p # 0 immediately before £, we
must have S;(u) > 0 immediately to the left of £. Similarly, since p # 0 immediately after 7, we must
have S7(u) > 0 immediately to the left of 1. Since

u 1
S1(u) = / / (2 —3q(v
Differentiating Sywe get
95 _ 4q(u) — 2
ou 1 '

It follows from (4) 051/0u < 0 for u < &, and 9S7/0u > 0 for u > 7. So Sy decreases in (0,¢) and
S1(u) > 0 immediately to the left of £.This means that S;j(u) > 0 in (0,£). Similarly, Sjincreases in
(n,1) and Sy (u) > 0 immediately to the right of n.This means that Si(u) > 0 in (1, 1). Therefore, by (2)
we have that

1 ifu<é
pluy=4q¢ 0 ifue(n)
1 ifu>mn



Now we can find the values of £ and 7.

S2(8)

Similarly,
3
S1(¢)

o

m—_

n
Which implies that [ g(v)dv =n— 2¢ —
13

n
which implies [ g(v)dv=1—17
3

/ (2 —3¢q(v))dv +
3
2dv —

3n—26—-1-3

Since S1(€) = S1(n) = S2(§) = S2(n), we have

jp(u)du
3

3p(u)du —

0du+/(2—3q(v))dv+/(2—3)dv
3 n

(—1)dv

/

S—__

3q(v)dv+ [ (—1)dv

m\:
m\:

Wl

7
So, letting = [ g(v)dv we have three equations with three unknowns:
13

3+n—-1 = 0
2 1
HKE A
z+n = 1
whose unique solution is [x:f’—o,fz%o,nzl%]



