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An Algebraic Theory of Portfolio Allocation

Summary. Diverdfication, acentrd issue in the study of capitd dlocation, has much to do with
symmetries and asymmetries in the digtribution of asset returns. A diversfied portfolio imposes
symmetry on the alocation vector in order to balance out much of the asymmetries in the returns vector.
Using group and mgjorization theory, we explore what can be established about the alocation vector
when the asymmetries in the returns vector are carefully controlled. The key insght isthat preferences
over dlocations can be partialy ordered via mgorized convex hulls that have been generated by group
eements. It isshown that trangtive permutation groups, rather than the more structured permutation
symmetric group, suffice to ensure complete portfolio diversfication. Point-wise stabilizer subgroups
admit separability in the alocation of funds across sectors. When, together with imperfect symmetry in
the sources of randomness, asset returns differ by heterogeneity in location or scale parameters then we
bound the admissible dlocation vector by a set of linear condraints. For a distribution that is symmetric
under reflection groups, the linear congraints may be further strengthened whenever there exists an

hyperplane that separates convex sets.

Keywords and Phrases. dlocation vector, convex hull, group mgjorization, permutation group, point-

wise stabilizer subgroup, reflection group, separability, trandtive group
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1 Introduction

It has long been noted that symmetries can be exploited to learn more about optimdity in portfolio
dlocation decisons. Symmetries can be employed in many ways when specifying the problem. For
ingance, independence among returns imposes avery restrictive form of symmetry on stochastic
interactions. The classca CAPM model, due to Sharpe (1964) among others, imposes the assumption
of multivariate normdity so thet dl uni-dimensiond marginas are symmetric up to location and scde
parameters and al stochadtic interactions are dso linear in form. Samuelson (19673, 1967b), Brumelle
(1974), Hadar, Russdll and Seo (1977), McEntire (1984), Landsberger and Meilijson (1990), Kijima
and Ohnishi (1996), Kijima (1997), and Lapan and Hennessy (2001) have dl identified symmetries of
various forms and strengths that are necessary, sufficient, or both when seeking to assert something
about the optimal alocation vector for arisk averse expected utility maximizing investor.

Our concern with this literature is that, while ingghtful, rigorous, and ultimately of undoubted
assistance to financia practitioners, the literature has not broached the issue of symmetry head-on.
Mathemeatics has developed a variety of tools, particularly those arising from group and maorization
theories, that are wdl suited to modding symmetry and departures from symmetry. These tools have
found widespread usesin other disciplines, such as physics and chemidry.

In economics explicit use of group theory has been confined to a few topics, such as Saari’s (eg.,
20003, 2000b) work on voting theory, and studies by Sato (1976), Russell and Farris (1998) and
others on dudity in production and consumption. Mg orization tools, which have a somewhat indirect
group theoretic underpinning, have found a limited but growing variety of usesin economics. The
basdline form of mgorization has been gpplied in work by Atkinson (1970) on socia equity, work by
Rothschild and Stiglitz (1970) on the welfare and comparative statics effects of risk, and work by
Sdant and Shaffer (1999) on heterogeneity in oligopoly. Chambers and Quiggin (2000) have engaged
agenerdized weighted extenson of mgorization in avariety of contexts concerning the theory of the
firm when facing endogenous production uncertainty.

Given the naturd symmetries embodied in the structure of the portfolio alocation problem, it would

seem that the problem should be as amenable, if not more so, to the mathematica tools that have been



designed to modd symmetries. This paper will demondrate that, even using basic concepts in group
and mgjorization theories, much can be established about optimal fund alocation vectors. After first
characterizing our specification of the portfolio problem, we will present the tools that will be used. The
firs analyss section, Section 4, gpplies a variant of mgorization to identify the property of trangtivity in
a permutation group as sufficient to motivate complete diversfication in arisk averter’s portfolio. Given
the wide variety of investment opportunities that are now typicaly available to investors in devel oped
economies, it would be convenient to understand when a partid anayss, i.e,, involving a subset of
those opportunities, does not mis-represent the problem. Section 5 shows the utility of point-wise
dabilizer groupsin thisregard.

Sections 6 and 7 introduce location and scale asymmetries, in addition to incompletenessin the
symmetries among the sources of risk. By way of mgorization under group operations and use of
revealed preference arguments, we develop sets of linear inequalities that an optimal alocation vector
must satisfy. We show how the resulting linear programming problem might be of useto practicing
financia professonas. Section 8 demondirates the particular convenience of reflection groups when
applying reveded preference arguments. It is shown that, regardless of what else a group does, if a
group element folds the distribution of risks back onitself such that the only difference between one set
of assets and the reflected set is given by location parameters along aray then the alocations are
ordered asintuition would suggest. A corresponding inference is dso valid when the source of
differentiation arise from scale, rather than location, parameters. The paper concludes with some

conjectures on strengthening our findings.

2 Portfolio allocation problem

A von-Neumann & Morgengtern expected utility maximizing investor has afixed amount of wedlth, say
$1, avalabletoinvest at time 0. Shedlocatesit between n available investment assets that provide
time 1 grossreturns $x; per $invested in opportunity, 10 {1,2,...,n} * O,. Theoptimization
problem (P) may be represented as



Max. E[U(p)], p " &R, st. aif = 1, (2.1)

witha* (a;,a,,...,a,) and S* {a:@-R-1, a,0[0,1] Gi00,}.! The'f" notation refersto the
usual inner product operation. At present we assume that the vector of grossreturns, ®, isnon-
negative, i.e, RO a;o. The expectation operator, E[f], iswith repect to the probability measure of R
over thedidribution F(R). The conditionson S suffice to ensure the existence of asolution to (P).
Our exclusive concern is with developing inferences on the ordina and cardina properties of solution
vectors, &¢, to problem (P). Weidentify by Ul( the set of agents solving (P) who have amonotone
non-decreasing utility function U(p). And the subset of U1( such thet the utility function isweskly
concave is denoted by Uz( 2 Thislatter st of decisonmakerswill be the main focus of our attention.

The types of problems that we intend to study might best be illustrated when there are just two
assets. If i asset location and scale parametersare given r, and s, respectively, then the

maximization problem may be written as

w2 w?2 -
Maaé(smu( L.ar % i.1aisixi)dF(x1,x2), st. aif " 1. 2.2)

For this problem, we will pose three readily confirmed conjectures. If r, " r,, s, " s,, and F(x,,x,)
is symmetric in the sensethat F(x,,x,) / F(x,,x,) then one might expect thet al = a$ G U(}) 0 US.
Ifr,>r,, 5, " s, and F(x;,X,) / F(X,,X,) then one might expect that al$ al G U(E) 0 US,
Fndly,if r, " r,, s, >s,, and F(x,,X,) / F(X,,x,) then one might expect that al #

al G U0 Uf.

However, problems such as these become consderably more involved when n> 2. To gart with,

! Throughout, we will write vectors horizontally in order to conserve on space and notation.

2 Emphasizing the algebraic nature of our approach, our analysis will have no need for the usual
smoothness assumptionson U(p).



there are n! ways of interchanging n arguments and the sorts of symmetriesthat F(x,, x,) might
possess dso increases in anear exponential manner with the vaue of n. More importantly, unlike the
symmetry assumption F(x,,X,) /7 F(X,,X,), the sorts of symmetries that may arise when n> 2 need
not be reflections across a bisector. Thisis problematic because an andysis based on comparisons
before and after reflectionsis often the most convenient line of gpproach. Fortunately, there existisa
large body of mathematical tools that are quite well-suited for posing and systematically analyzing
generalized versons of alocation order conjectures such as the three provided above. The god of this
paper isto bring these tools to an andysis of dlocetive order in the portfolio alocation problem.

3 Methodological preliminaries

Our interest in this paper isin the implications of symmetry for portfolio choice. One of the most
general mathematical frameworks for characterizing symmetriesis group theory. A related framework,
one which places partid order on asymmetries between vectors, is generdized maorization theory.

We will employ both, and this section describes the principa tools that will be gpplied.

3.1 Groups

A group isa set of operations that satisfies four convenient properties.
Definition 3.1. A group, G, isaset G together with an operation * on G such that each of the
following axiomsis stisfied
1) closure; G isclosed with respect to *,
I1) associativity; a((b(c) * (a(b)(c U a,b,c0G, wherethe operations in parentheses occur firdt,
[11) existence of identity dement; thereisan e0 G suchthat a(e*e(a”"a ua0G,
V) existence of inverse dements; for each g0 G there exists a unique dement, labeled g% 0 G, such
that g(g*' " g*' (g~ e.

The size of agroup, the order, is given by the cardindity of st G. The sub-structure of agroup is



typicaly important when seeking to understand the group’ simplications.
Definition 3.2. A subgroup H of group G isasubset, H, of set G that generates a group under the

same operation *.

Notice that agroup is a set of operations, and should not be confused with the set of objects on
which it might act. In this paper, groups will act on a set of random variables by permuting the positions
of these random variables in amultivariate distribution function. Becauseit is, perhaps, easest to
illustrate the concept of a group with reference to how it permutes objects, and because thisis how we
intend to gpply groups, we will present the idea of a permutation group before providing some
illugtretions.

Definition 3.3. (Dixon and Mortimer, p. 5) Let O, be afinite non-empty set of objects of cardindity
n. Abijectionof O, ontoitsdf iscaled apermutation of O, . The st of dl such permutations forms
agroup under composition of mappings. Thisis caled the symmetric group of O, and is denoted by
Sym(O,). Any subgroup of asymmetric group is caled a permutation group.®

Thus, a permutation group is aformdization of the notion of a group acting on a s&; in this case the
set of objects represented by O,,. From rudimentary combinatorics we know that the order of
Sm(O,,), denoted by *Sym(O,)*, is n!.

Example 3.1. Pick an arbitrary distribution function representing three random variables, F(R)
F(X;,X5,X3). The symmetries, or invariances, of this function may form agroup with order between 1
(the identity map) and 3! * 6 where the latter would be the symmetry group of 3 objects* To

characterize a digtribution with that order of symmetry, start with any primitive distribution

3 It isfor no other reason than presentation that the tilde is omitted when referencing the symmetric
group, Sym(O,).

4 In fact, by the Lagrange theorem, the order of any subgroup must divide the order of the group. And
o a subgroup of the symmetries of F(x,,X,,X;) cannot be of an order other than 1, 2, 3, or 6.
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F(R) * F(X,,X,,X,). Then define’

1 2 1~ 1.~
FOR) " = & F(X_ iy, Xy Xom) ™ =F(X;,%X,,X2) % =F(X,,Xq,Xz)
690@%(03) 9(1)’ *9(2)' "9(3) 6 172”3 5 V2717
(3.1)
% iIf()(gi)(21)(:|_) % llf(xl,ng,xz) % EFA(XZ,Xg,Xl) % lI:A(Xs,Xl,Xz)
6 6 6 6
Representing the elements of the group in cycle notation, we have e as the identity eement,

9,7 (1,2),09,7(1,3), 9,7 (2,3), 9,7 (1,2,3), g " (1,3,2).
The group may be written in the form of a Cayley table as follows®

> Here, (1,2) means that the first argument maps to the second and the second back to the first.
Argument 3 is omitted because it is the convention in cycle notation not to list arguments that are fixed
under the group element. Similarly, g, " (1,3,2) isto be read as the statement that the first argument

maps to the third, the third to the second, and the second back to thefirst. Generaly, g(i) isthe map of
the i object in O under g0 Sym(O,). For example, g " (1,2,3) implies g(1) " 2, g(2) " 3, ad
g(3) " 1.

® When interpreting the table, read g, (gj as g, after ¢] whereby 9,(9, " g, ad g,(9; " 9.
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Table 1. Cayley table of Sym(O,)

redter | e g 9, O3 9 O
e € 9 9 9 O G
0, 9 € O 09 G 9
9, 9, O € 9 O 0
93 9 O O e 9% O
94 9% 9 O 9 G e
95 9% 9% 9 9 € 0

By condruction, distribution F(R) asgivenin (3.1) aboveis symmetric in any one of the group
operations. Now let ustake the cyclic subgroup of Sym(O,), so called because it cyclesthe three
objects. Labeled 63, itiscomprisedof e, g, " (1,2,3),and g; " (1,3,2). Wemay construct a
digtribution function that is symmetric, or invariant, under its dements as

S « 12 1- 1-
F(®) 3@0](:3 F(X42) %92 Xg3)) -§F(X1,X2,X3) % -§F(X2,X3,Xl) % '§F(X3’X1’X2)'(3.2)

where F(x,,X,,X,) isan abitrary distribution. The Cayley tableis

Teble 2: Cayley table of C,

*=odter | € g, O

e e 9, GO
04 9, 9 €
Os g5 € O

A function that is symmetric under the dements of group G is said to be G-invariant so that
function F(R) in(3.2) is és—invariant. Clearly, 63 isasubgroup of Sym(O;) because F(R), asgiven

in (3.1), isinvariant under 63 while 63 is of lower order than Sym(O,). This particular subgroup



retains a property of the symmetric group that will be of some importance in the present work. In both
cases, the objects of the set orbit through thewhole st, i.e., for any of the x, there exists an element
of the group that will map the x; into any other X That is, both groups are trandtive.”

Definition 3.4. (Dixon and Mortimer, p. 8) A permutation subgroup of Sym(O,,) issaidto be
transitiveif thedementsof O, have only one orbit. A permutation subgroup that is not trandtive is

said to beintransitive

Example 3.2. Excluding the group itself, there are four transitive permutation subgroups of Sym(O,)) -
These include the cyclic group of order four, 64. Indeed, any cyclic group istranstiveasa
congderation of 64 will illurate. Init, thefour dementsare e, g, " (1,2,3,4), 9, " (1,3)(2,4),
and g; " (1,4,3,2).% To confirm transitivity, consider the second argument in afunction. The group
maps e(2) " 2, 9,(2) " 3, 9,2 " 4,and g,(2) " 1.

Thegroup withdlements e, g, * (1,2)(3,4), g, " (1,3)(2,4),and g, " (1,4)(2,3) such
that the Cayley tableis

Table 3: Cayley table of atrangtive subgroup of Sym(O,)

* = after e 9 0, 0
e e 0 9 G
0, 9, e O O
9, 9% 9 € 0
95 9% 9 9 €

isdso trangtive. It isimmediate from ingpection of the group permutations that there exists a group

" Throughout this article, we rely heavily on Dixon and Mortimer (1996) for characterizations of
trangitive groups.

& In cycle notation, g, " (1,3)(2,4) isto be read asthe pair of digoint cycles 1= 3and 2 : 4.
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element that carries any object onto the position of any other object. For example, 26 2 under e,
26 1 under g;, 26 4 under g,, and 26 3 under g,.

The group of order 8 with dlements e, g, " (1,2,3,4), 9, " (1,3)(2,4), 9; " (1,4,3,2),
9," (1,3),9;"(2,4), 95" (1,4)(2,3),and g, " (1,2)(3,4) isdsotrandtive. Noticethat,
since C , iIsasubgroup, the group must be transitive. The only other transitive subgroup of Sym(O,,) is

what is cdlled the aternating subgroup, A,. It hastwelve dements, and C,, isnot asubgroup of A,.
Example 3.3. An example of anintransitive subgroup of Sym(O,) isgivenin Teble 4:

Table 4: Cayley table of an intrangtive subgroup of Sym(O;)

* = after e g

e e g

9; 9; e

Here the non-identity group elementis g, * (1,2), asin Example 3.1. Theintrangtivity isdueto the
absence of subgroup eements for the maps x, 6 X, X, 6 X5, X3 6 X, or X;6 X,. Theorbitsof x;

and X, are common, but this orbit is digoint from that of x,.

3.2 Majorization

Our concern iswith redizations of vectors 80 ST U" and R0 U". Mudholkar (1966) introduced
the concept of group majorization pre-orderings of vectorsin U".
Definition 3.5. (Marshall and Olkin, p. 422) Let G be agroup of linear transformations mapping 0"
to U". Then B2 isgroup majorized by B® with respect to group G, written as B2 O B®,if B? lies
in the convex hul of the orbit of 2* under G.

Toillustrate, consider G * 63 with dements e, g,, and g, asgivenin Teble2. For B2 *



(0.5,0.3,0.2), the convex hull comprises of convex combinations of the vector set {B:, 254 ?gi}

" {(0.5,0.3,0.2),(0.3,0.2,0.5),(0.2,0.5,0.3)} sothat (0.4,0.25,0.35) isin the convex hull while
(0.6,0.2,0.2) isoutsde the convex hull. In the particular case where G- Sym(O,,) , the group
magorization pre-ordering is equivaent to the mgorization asit is generaly understood.

Definition 3.6. (Marshdl and Olkin, pp. 67-68) For vectors 80 U" and ?0 U", denote the
respective k™ largest components as Uy, and v, Write 80 9 if g ~ - WUng # T - 1Vyg G0

w wi

Opg,andb) “y.qUyg ™ "y-1Vyg. Thenvector ¥ issaid to majorize vector @.
4 Diversfication
Before we establish our first main result, alemmawill prove to be both useful and insightful.®

Lemma4.1. Let U()0 UL, If F(R) is G-invariant, then 8(0 & G &0'S.

The lemma assarts that the optima alocation vector of arisk averter isin the convex hull of the
orbit of any 80 S under the group of symmetries of the digtribution function. Choosing an arbitrary
80 S, we may diminate any Béé & without further consderation as a candidate for optimality. Note
that the larger the order of the group the more discriminating the pre-order tendsto be. For example,
with n quite large suppose that the only symmetry on F(R) isthetransposition x, = X,. Thenthe
lemma can be viewed as generating convex hullson an (' subset of the ™! dimensond Smplex S.
Consequently, little can be related about asset alocations other than about al and a$. Whenthe
order of the group increasestowards n! then more Structure can be placed on the rankings throughout
a0sS.

The lemma proves to be particularly insightful when the orbit of O, under the group is connected
in the sense of being trangtive.

Proposition 4.1. Let U(})0 Uzg. If the G-invariant group for F(R):(" 6 G istransitiveon O, then
a = /n)f.

° Proofs are provided in the appendix.
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Observe that the Proposition does not assert 8¢ ¢ (1/n) R for intransitive permutation groups.
Under an arbitrary intransitive group, 8¢ * (1/n)R remains a possibility. But the existence of two or
more orhits provides degrees of freedom for asymmetriesto exist in &¢.

Example 4.1. With F(R) * F(x,,X,,X3,X,), if the group of invariance is given by any of the four
Sym(O,) subgroups outlined in Example 3.2 then Proposition 4.1 appliesfor al U() 0 Uz(.
However, with F(R) * F(x,,X,,X;) invariant under the Sym(O,) subgroup as given in Example 3.3,
then one may not be surethat 8¢ * (1/n)R under al U() 0 US. Al that can be ascertained from
symmetry isthat al = a{.*°

5 Separability in allocation

The question that we address in this section is the nature of the stochastic environment such that we can
be sure how an optimizing agent dlocates funds among a subset of dl available opportunities. To do
this, we need a sort of symmetric connectedness within the subset and, again, transitivity will do. We
aso need aform of conditional independence between subsets. The point-wise stabilizer subgroup
aufficesin thisregard.

Definition 5.1. (Dixon and Mortimer, p. 13) Let G be a permutation group on O,,, and consider

? £ 0,,. The point-wise stabilizer of 2, asasubgroup of group G, isdenoted by G,,, and is given
by the subgroup of G such that each dement of ? isheld fixed.

Example 5.1. Direct product groups have immediately identifiable subgroups that are clearly point-
wise dahilizers of setsin a partition.
Definition 5.2. (Hungerford, p. 59) Let G,io {1,2,...,1}, beasat of permutation groups with

respective orders n,. Form the Cartesian product ><i'. 1C§i with order ’7: . Then G- xi'. 1(§i

10 The equality arises from a simple application of the group mgjorization implications for concave
functions that underpins Proposition 4.1.

11 1t isreadily demonstrated that é(,_,) is a subgroup of G.
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forms a group under component-wise composition. Thisis caled the direct product group.

For digtribution function F(R) * F(X;,X,,...,Xg), suppose that the symmetries of the first four
arguments are as given in Example 3.2, Table 3 and labdl this group G. Als, let the last two
arguments permute and label this group H with dements e, and h,. Thedirect product group

Q" GxH haseight dements, thesebeing €, ™ (€,6,), 0, ™ (01,€1), G, ™ (0.64), G ™ (95.6,),
q," (e,;h)), 05" (9;,hy), 95 " (9,.hy), a; " (95, h;). Thesubgroup éer fixes x; and X4. The
fixing is point-wisein thet x, and x, do not permute in the subgroup.

An gpplication of Lemma 4.1, together with Proposition 4.1, provides aform of weak separability
onapartitionof O,.
Proposition 5.1. Let U(-)0 Uz(. For the group of symmetries, G, on distribution function F(R),if
Gio(o istransitivewith respect toset O;, then al * 8¢ Uj 00;, Gk 0O,

Direct product groups are possessed of many well-structured point-wise stabilizer subgroups. In
particular, asin Example 5.1, form asubgroup of G * x!.,G' by choosing the identity in each G'
exceptforsome i " j0{1,2,...,1}. And sowe have acollection of stabilizer subgroups of G, one
foreach G/, 10{1,2,...,1}. These subgroups are isomorphic, i.e., identical in structure, to the
respective G' itsdlf. Thisobservation admits an extension of the proposition to generate aform of
strong separabiility on apartition of O,,.

Corollary 5.1. Let U(:)0 Uz(. Form the partition {Oi}i'.l of O, where Sym(O;) isthe symmetric
group of thei'" set in the partition. Let G' be asubgroup of Sym(O,). If the group of symmetries, G,
on digribution function F(R) isgiven by xi'.léi, andif each G' istrangtive with respecttoset O,,
thenaC"al Gj0O, Gk0O, Gi0{1,2,...,1}.

Example5.2. For O, let O, " {1,2} and O, " {3,4,5} . If G = Yym(0,) xC, where C, isthe

12



cydicgroupon O, , then al ™ a$ and a$ = af * af.

6 Location shifts

By contrast with the preceding sections, where asymmetries involved incompletenessin the symmetries
of F(R), this section and the section to follow will introduce and parameterize a second source of
asymmetries between asset returns. In this section each of the random variablesin R isheld to have
zero mean, but thetrue returnisgiven by R% P, PO l:I;/l. Thus, location asymmetries are given by
differencesin the coordinate values of P. There remain dso asymmetries that arise due to asmall
order, i.e, lessthan n!, on the permutation group invariances of F(R).

While attention in this section will be confinedto U(:) O Ul( investors, and while we are now
dedling with anew source of asymmetry, the notion of a convex hull remains centrd to our approach
and to an understanding of our findings.

Proposition 6.1. Let U()0 U, andlet z " r,% x, G0 O, wherethe r, arescdarsand G isthe
group of symmetrieson F(R). Then (8{ & &)iP#0 1 g0G.

Example 6.1. Supposethat distribution F(x,, X,,X3) isinvariant under group Sym(O,), with r,

<r, <r,. For the group operation (1,2),i.e, transposition X, = X,, we have @l & af)(r, &r,)

$ 0. For thegroup operation (2,3),1.e, x, = X,, wehave (az( & as() (r,&r;) $0. Consequently,
r,<r,<r,impliesal#al #a$. Ingenerd, if r <r,<...<r, and F(x,,...,X,) isinvariant under
ymM(0,), then al# al #...# al. Theinstance of Proposition 6.1 when F(x,, ... ,x,) is

Sym(O,,) -invariant has been established by L gpan and Hennessy (2001).

Example 6.2. Consder the cyclic group (53 ondidribution F(x,,X,,Xg) with P* (r ,r,,rg) "

(1,2,3). Using the budget constraint, al % a$ % a§ ™ 1, together with revealed preference condition
(ﬁé & &O(P# 0 U1g0G, we havethe portfolio alocation bounds

13



as$al, bs$anal (6.1)

Example 6.3. A comparison of Examples 6.1 and 6.2 isingtructive. Observethat *C,* " 3<6 *
*ym(O,)*. Thereisless symmetry to exploit in the cyclic group than in the corresponding symmetric
group, and so the deductions concerning the optima alocation vector should be no stronger.
Constraint set (6.1) does not alow us to assert that al # af, and the partia nature of the ranking under
63 would persist regardless of the values of (r,,r,,r,) solong asthe r, aredigtinct. By contrat,
group Sym(O;) generates atotal ordering on the alocation vector. Notice too that, whatever Gin
Proposition 6.1, the generated inequalities must bound the candidate allocation &8¢ = (1/n)R. Thisis
because the infinitely risk averse investor isin Ul(.

The comparison between the examplesis graphed in Figure 1. Inequdity a2( # as( pertains under
group Sym(O,), and thisisleast redtrictivewhen af = a$. This generatesthe bound al % 2a$ = 1.
And we adso have the bound af # a$. Together with the non-negativity constraints, these bounds
define the inner hatched region. The larger hetched areais given when the distribution function is 63-
invariant. 1t can be seen that completing the symmetries shaves off two parts of the feasible set; namely
below the diagonal but where al < a, and above the diagonal but where 1& a{ <al%a{<b.

Example 6.4. For a4-variae distribution function, suppose that the only symmetry is given by the
reflection through the pair of hyperplanes x, * X; and X, * X, sothat F(X,;,X,,X3,X,) "
F(Xg,X4,Xq,X,)- FOr (r,ry,r5,1,) " (1,3,4,5) then, together with the non-negativity congtraints,
the only nor+trivial bound is 2% a$§ $ 5af % 4as.

Combining techniques employed in propositions 5.1 and 6.1, some work reveals the separability
result

Proposition 6.2. Let U() 0 US, and let z"r.%x 0i0 O, Forthegroup of symmetries, G, on

14



F®),if Gio(q) " YM(O,) then (al&ad)(r;&r,)$0 Gj0O,, Gk0O,.

Example 6.5. Consider group 0 asgivenin Example5.1, and let O, " { 5,6} . Then subgroup
6(0(0 ) ex H isisomorphic to ym(O,) o that the proposition yields (a$ & a§) (r & r) $ 0.

7 Scale effects

Wheress the focus of the last section was on the first moments of asset returns, we now seek a better
understanding of how asymmetriesin the second central moments of asset returns affect the alocation
vector. To do so, we assume that mean returns are asset invariant, i.e, r; " r 4i0 O, and we
represent the magnitude of univariate risks faced by a vector of disperson coefficients, B. Univariate

reunsaregivenby z " ra % s;a;%;, i0 O,. Delining ¢, " s;a;, we may write portfolio returns as

P griTa% grysax "% eR (7.1)

To exploit any group symmetries, G, on F(R), we define the vector

, 90G. (7.2)

g, |2 S@ Cew
N S1 S Sh

The congtruct is of interest because the weightings 1/s; normalize to generate an iso-risk contour for

returns distributions thet are invariant under G. To seethis, let 9 (S,X,,5,%,, ---,S,X,) ad write

E[U(T % & ,f§)] ~ E[U(T % 'i“.lsg(i)ag(i)xi)] " E[U(T % 'i”.lsiqxg&l(i))]
(7.3)
" E[U(T % ".sax)],

where the lagt inequdity is dueto the G invarianceof F(R). But 8, ,» When viewed as an alocation

vector, may not be feasible.

To develop an understanding of what 8, , ae and are not feasible, and what choices reved about
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feasibility, observe that, by construction, [& /(8 ,-R)]-B/ 1 isfeasible. For future reference,
define d " 1/(&, ,-1) with df - 1/(8f ,-1). Returningto (7.2), and evaluating a the group identity,
itiscleer thet & -2 * = a " 1, andin particular thet 8% * 1. To ensurefeesibility, re-scale the
risk in (7.3) and evauate a optimum choicesto obtain

E[U(T % d$&$ i9)] = E[U(r % d{ ™ s,a5x)]. (7.4)

Because U(-) O Uz( and portfolio mean isinvariant to the group operation, we must have dg $ df
Ug0G,ie, &, R#1 Gg0G. Rdaion df $ d assertsthat no other alocation vector on the
orbit of EB( . iIsaswdl diversfied as agﬁe. Were this inequdity not true, then the risk averse portfolio
alocator would have optimized over available choices.

Proposition 7.1. Let U()0 US, let 7 * Fia % s;a;x; 410 O,, and define 8 , asin (7.2) above.
For the group of symmetries, G, on F(R), the optimal allocation vector must satisfy &S -R# 1
ug0G.

Example 7.1. Suppose that G admits the smple trangposition X I Xy The propogition then asserts:.
if s,>s,, then als$ a]-( (sj Is)$ a]-(. This particular case was demonstrated by Lapan and Hennessy
(2001). For didtribution F(x,,X,,X,), If G" SyM(O;) and B * (s,,S,,S5) " (1,2,3) then
application of the budget congtraint delivers the congtraint set al $ 2a$, 3al% 5a$ $ 3, and

4al% 3a{$ 3 together with the non-negativity assumptions,

Example 7.2. Consder, asin Example 6.2, the cyclic group (53 ondigribution F(X,,X,,X;). This
time however, let P* TxR and (S4:5,,S3) " (1,2,3). Employing budget congtraint

al% a % a$ " 1, aswell asthe two inequalities generated by the revealed preference deduction
aég R# 1 090G, wehave the portfolio alocation bounds
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12 # 15al % 14a$, 3 # 7af & 3af. (7.5)

Together with the assumption that a§ > 0, these bounds are depicted in Figure 2. It isreadily
demondtrated that the bounds in Example 7.1 are tighter in that the admissible set for the optimal
dlocation vector is a subset of that identified in Figure 2. Asin Example 6.3, thisis because (33 isa

sub-group of Sym(O,).

It isadso possible to establish a separability anaog to the propostion.
Corollary 7.1. Let U()0US, let z " Fa % s,a,x 10O, and define 8, , asin (7.2) above.
From the group of symmetries, G,on F(R), establish the point-wise stabilizer of O (O, é(o(oi).
The optimal allocation vector must satisfy ™ 5085 Sq()/Si# "io0@’ 180G ).

To ascertain the truth of this statement, observe that the order of the group tightens the bounds in
Propostion 7.1. Oneisfree, for the sake of convenience in analys's, to concentrate attention on
subsets of the available investment opportunities. At, possibly, some loss in the strength of the bounds,
the point-wise stabilizer subgroup can be used to draw attention to sectora alocations.

Example 7.3. In Corollary 7.1, let there be five assets where the group invariances are asin Example
5.2. The C, subgroup isthe point-wise stabilizer subgroup for O_ * {1,2} . For this C, subgroup,
the corollary assertsthat als,s4 % als_si' %as s #al wal%al and

&

twals,si #alnal%al. Forthe ym(O,) subgroup, the corollary’s

implication has dready been established in Example 7.1.

8 Réflection groups
Let?, £O,, k0{1,2} where?, ?, " i andwhere *? ** *?_* * 2. Among group operations,
g0 G,on O, thosesuchthat g2, = 2, ™ g*'?_, and such that, without further loss of generdlity, the

ordering of setsis preserved under the bijection, are particularly convenient for study. Thisis because
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reflections adlow ready comparisons of eva uations through exploiting the separating hyperplane (i.e,, a
set of bisectors) dong which the digtribution function may be folded. In what isto follow, we will
exploit such reflection subgroups for asset distributions that are differentiated by group symmetries on
the distribution function of risk sources and aso by location and scale vectors within the utility function.

Assumption 8.1. For group G on O_, let there exist asubgroup, H, of order 2with H * (e, §).

Example8.1. Group C,, on O,,,, N0{1,2, ...} doesnot have any subgroupsthat saisfy
Assumption 8.1 because no dement isitsown inverse. In fact, the group does not even have any
subgroups. However, group CZn on O,,, does have asubgroup of order 2. Writing ?, *
{n,n&1,...,1} and ?, " {n%1,...,2n}, thereexists §O C_ suchtha ?, - ?,. When n " 6, the
subgroup may be written in cycle notation as {e,(1,6)(2,5)(3,4)} , and g reflects through the set of

bisectors {X; " Xg, X, " Xg, X5 " X,} .

Example 8.2. In Example 3.2, aglance dong the principa diagond of Table 3 reved s three reflection
subgroups of order 2. Indeed, since §(§ * e in areflection subgroup the presence of the identity
(other thanfor e (e * e) on the principd diagond is both necessary and sufficient for the existence of a
reflection subgroup of order 2. Table 1 reved s three reflection subgroups for  Sym(O,) , while Table 2
shows that 63 does not have any subgroups at dl.

When there are reflection group symmetries on the digtribution of randomnessin returns, the
consequences of both Proposition 6.1 and Proposition 7.1 may be strengthened. The approach isto
apply these propaositions, and then pair off each argument with its reflection.

Proposition 8.1. From the group of symmetries, G, on F(R), let Assumption 8.1 pertain where the

subgroup reflects some index subsets ?, = ?,. If

g U(OoU{adz ra%ax ai00, then 5i0?, suchthat (a &aQ)(ry, &r) $0.
Furthermore, if ryq) &r; "a<0 (07, then ™o, a($ =y, af.
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b) U(OUSandz *ia%sax Gi0O  then 5i07?, suchthet
(sg(i)aé(i)&siq()(sg(i)&si) #0. Furthermore, if s &s; " R<0 Gi0?, then

iO?lai( # iO?zai('

The existence inferences assume greeter consequences when the cardinality of 7, (andsoof ?,)
issmall. In particular, for *?* = 1 then part b) implies if s,>s, then al$ a(s,/s;)$ al. Thus
Proposition 8.1 may be viewed as a generdization of the smple trangposition that was sudied in
Example 7.1. Example 6.1 can aso be seen to be an instance of the existence inferencein part @) of
the Proposition when *?,* * 1. The portfolio sector resultsin parts &) and b) are due to the existence
of aset of separating hyperplanes in parameter space. Thesetis {rg(i) "r%ai0?,a0ud} in
parta) and {s4;, " s; % R:i07?,, B0 G} inparth).

9 Conclusion

Theintent of this paper has been to formdize, in agenerd manner, the moddling of asymmetriesin the
asset returns environment countenanced by an investor so asto better understand the ordina and
cardina structure of the dlocation vector. We readily acknowledge that our andysisisfar from
definitive, and we conclude with some conjectures concerning extensions.

Norma subgroups alow afactoring, or decompostion, of groupsinto groups of more manageable
order. Itisprimarily for thisreason that the subgroups of this form are central to many of the most
important applications of group theory. They aso possess strong relations with stabilizer groups.
Perhaps portfolio separability results such as Proposition 5.1 and Corollary 5.1 could be extended if
relevant subgroups were assumed to be norma ?

A second conjecture pertains to an aternative gpproach to developing asymmetriesin the returns
digtributions. Mgjorization with respect to a group provides a non-parametric treatment of asymmetries
whereas the extenson to include location and scae asymmetries in the marginas gives a parametric

flavor to the latter part of our andysis. One might view the parameter vectors as an intuitive gpproach
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to congtructing asymmetries. But there would appear to be no merit, other than the convenience of
concreteness, to parameterize asymmetries. There exigts aliterature on using groupsto “build” objects
such as functions (Brown, 1989; Ronan, 1989). In the case of a bivariate distribution, Kijimaand
Ohnishi (1996) and Lapan and Hennessy (2001) have used the most dementary group, reflection
through aline, to appended a functional asymmetry to a distribution function such that order could be
induced on the optima portfolio alocation. Perhaps, after some thought, this constructive agpproach
may be extended to the n-variate context? The key may be to recognize the reflection operation as
one that exploits the existence of a separating hyperplane, and to initiate a systematic approach to
studying the consequences of separated convex sets. These sets might be in a parameter space, asin

this paper, or where the eements are distribution functions.
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Appendix
Proof of Lemma 4.1: The main thrust of thisresult isa pecia case of afinding dueto Ledn and
Proschan (1979), which we demonstrate for the sake of completeness. Under G-invariance, the

symmetry of the portfolio problem ddlivers

E[U@Ru)] " E[U@,®)] GgO0G. (A1)

Now consider avector in the convex hull of the orbit of 8. With *G* * m, any paint in the hull may be
written as a convex combination of the m points defined by ag 9,0G" {9,.9,,.--,0,,} -
Denumerate the group elements so that each has associated with it an dement of {1,2,...,m}. For
weighting vector P (2,%,,...,2,), 2,0[0,1], ", " 1,cefine B {1,278 , 9,0 G. Now by
Jensen'sinequaity, U(-) 0 U$, and the invariances under G we have

E[UB-R)] $ E['{Tl?i U(agi-j?)] " E[U@, R)] "2 " E[U@®)]. (A.2)

Therefore, U(-) 0 U2( impliesthat B isweekly preferred over any 80 S. Next observethat ST 05)0 is

convex. Sisclosed under convex combinationsand 8¢ 0 & G 80 S. ~

Proof of Proposition 4.1: From Lemma4.1, we know that the optimum isin the convex hull of the
orbit under the group operations of dl dlocation vectors. Trangtivity impliesthat thereisjust one orbit.
Denote the convex hull of vector & under group G by C[a;é]. Now Bc‘)é al

C[B;G] f C[&; G] because B isinside the convex hull of & and & is outside the convex hull of .
Fndly, C[(1/n)R;G] ¥ C[8;G] U &0 S because C[(1/n)R;G] isasingleton and no convex hull
can beinterior toit. Therefore, 8¢ * (1/n)R. ~

Proof of Proposition 5.1: Because é'(O(Oi) fixesdl i0 O (O, wemay apply Lemma4.1, but where
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the expectation in (A.1) isaconditiond expectation over the random variables given by the index set
O, withal x;, j 0 O(O; fixed. Theresult then follows asin Proposition 4.1. ~

Proof of Proposition 6.1. Upon gpplying group e ements,

E[U@CP % @CR)] * E[U@CP % &SiR)] $ E[U@SIP% &SiR)] UgO0G, (A3)

where the equdlity is due to group symmetries and the inequdity is due to the fact that 8¢ has been
revealed to be weakly preferred over aé . But, due to group symmetries,

E[U@SiP% &SiR)] * E[U@SIP% ®((R)] GgOG. (A4)

Whence,
E[U@CiP % 8CiR)] $ E[U@CIP % (ag&a()@P% &(iR)] Gg0G. (A.5)

Since U(+) 0 Ul(, more wedth is preferred a a given risk profile and Bé@P# &GP ~

Proof of Proposition 6.2. Asin Proposition 5.1, the transitivity of G " Sym(O;) dlowsusto

(0(0)
ignore O (O, . Now because é(o(o_) isthe symmetric group on O, it contains pair-wise
trangpositions. In particular, if we choose the group operation X I Xy and we invoke the Proposition

6.1 finding that (8¢ & 8¢)iP# 0, then (a( & af) (r; &r,)$ O follows ~
Proof of Proposition 8.1.

Part a): Under the nonidentity ement § 0 H, using (A.5) above we will identify conditions under
which 8CiP$ ﬁé@P. This|atter inequality may be expressed as
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o, (@) & a0 (g, &) $ 0. (A.6)

Therefore, some i 0 7, must satisfy (a;) & a9 (ry;, &) $0. Next, if ry &1, "a<0 1i0?,
then (A.6) reduces to the assartion =, a($ =, al.

Part b): Applying Proposition 7.1 to the reflection subgroup in question, i.e., using the fact that 2, and
?, are separated to fold the reflection back on itsdlf, we have © i0Onc';yé(i)sg(i)/si # 1. Uponre-
arranging in the manner of (A.6) above, we have

B 107, (Sq) 30 &5,80 (54 &5,) # 0. (A7)

Therefore, some i 0 2, must sHtify (S, 885 & 5,89 (54, & ;) #0. Next, if 54, &s; " <0
Ui 0?, then (A.7) reducesto the assertion 'iO?Zsia1( $ 'io?zsiq(. Findly, the pogtivity of the
scale parameters together with apairing off of reflected arguments and the assumption s a0y & Si
"R<00i0?, admit the weskening of -iO?ZSiai( $ -iO’?lSia'i( to -iO?Za'i($ -i0?1a1'(-
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