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Abstract

Growing demand for cropland products has placed intense pressure on the ability of land
resources to support nature, straining public budgets to purchase environmenta goods. Fixing
overall agricultural output, two policy options are whether to promote more extensive and nature
friendly farming practices or to produce intensively on some land and leave the rest wild.
Microeconomic models of the topic have not accommodated widely recognized complementary
gpatia externalitiesin providing ecological services. This article does so, identifying also athird
policy possibility. Thisisthat environmental services can follow a smoothly varying spatial path

characterized by harmonic functions.
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1. INTRODUCTION

Rising real incomes, an expanding global population and biofuel policies have increased
demand for land under crops over the first decade of the 21% century (Mitchell, 2008). With a
marked expansion of cropland and higher land rental rates, governments are posed with the
problem of how best to provide awide variety of environmental services when the price of
obtaining these has increased.> A widely noted feature of these services is that spatial contiguity
matters, and so the spatial arrangement of targeted land matters.

Services at issue include carbon sequestration where output is aglobal public good and
gpatial externaities are clearly secondary. They also include green space for outdoor amenities,
flora and fauna habitat, as well as riparian buffer zones. For riparian buffer zones to encourage
nature, reduce erosion, and filter chemical runoff, spatia effectslikely involve local substitution.
Thisis because service provision by neighboring lands may be amost as effective. Substitution
effects are aso likely when woodland is intended to control rainwater flow and so prevent
flooding. In other cases, local complementarity is likely, as with contiguity in scenery or with
existence value for an unspoiled ecosystem. Spatial fragmentation is especially harmful for
larger plant and animal species, where areduction in their presence can greatly ater the
presence, extent, and behavior of other organisms, including the risk of speciesinvasion; see for
example Terborgh et al. (2001) or Damschen et al. (2006).

In the presence of such spatial spillovers, there has been much debate on how to construct
public policy to most efficiently provide ecological public goods. One way of doing so isto buy
down farmer profit opportunities through requiring investments that increase environmental
outputs or through purchasing restrictions on agricultural practices. In awidely cited paper,

Green et al. (2005) developed on a suggestion in Waggoner (1995) that it may be optimal to load

! For example, row cropland cash rent increased by about 29% between 2006 and 2008 (Edwards
and Smith, 2008).



the buy downs on one set of acres, concentrating agricultural production on the remaining acres.
Thisistheintensification option.

Or it may be optimal to spread the buy downs across all acres so that all acres provide
roughly similar bundles of agricultural production and environmental services. Thisisthe
extensification option. Which is optimal, they suggest, depends on the relationship between
agricultural losses and environmental services. If the margina reduction in environmental
services due to an increase in agricultural outputs declines with an increase in these outputs (is
convex) then intensification is the better policy. If the relation is concave, then extensification is
the better policy. Their model does not account for spatia spillovers. The intensification policy
suggestion is controversial; see Jordan et al. (2007), De Fries et al. (2007), or Ceotto (2008). See
Tichit et al. (2007), Scherr and McNeeley (2008), or Fischer et al. (2008) for elaboration on how
ecosystem and socioeconomic context mattersin this debate.

In practice, both policies have been enacted in the past. The Conservation Reserve Program,
which buys cropland out of production for periods of a decade or more, has been the primary
policy instrument in the United States, with a 2008 budget of about $2 billion. Forestry schemes
in the European Union have sought to convert farmland into deciduous and native woodland.
Extensification-type agro-environmental policies have been more common in the European
Union. Regulation 1257/1997 schemes support such activities as hedgerow restoration,
maximum stocking rates, input use reductions, use of native species, production of organic crops,
aswell asrotation, green manure and fallowing practices, where Donald and Evans (2006)
provide areview. These schemes cover about 20 percent of EU farmland at an annual cost of
about €3.5 billion (Whitfield, 2006).

The effectiveness of agro-environmental schemes has been brought into question by Kleijn
et al. (2001) and others, especially with respect to alack of regard for scientific evaluation

(Whitfield, 2006). Many schemes may have had little or even ecologically adverse effects, a



belief that may have led to cutsin funding for such EU programs. Regarding evaluation, Wétzold
and Schwerdtner (2005) point to a dearth of expertise at the interface of ecology and economics
among those designing and implementing schemes.

Even at the level of academic evaluation, we note in particular that spatial interactions
seldom enter assessment of such schemes despite widespread agreement that land contiguity and
fragmentation are salient in any ecosystem. Recognizing the very decentralized organization of
conservation endeavors and with an eye toward strategic public policy, Albers, Ando, and Chen
(2008) consider spatial interactions between public land in conservation and private land trusts.
In Polasky et al. (2008) and papers cited therein, models with land contiguity effects have been
devel oped to answer questions about how to arrange conservation and economic activities. The
methods are, however, intended to provide practical assistance to the land manager and to draw
lessons from case study applications. The methods are not as well suited to addressing analytic
guestions on land management.

The intent of this articleisto go some way toward including spatia effectsin economic
analysis of the land use extensification debate. We provide a simple model of acircular
ecosystem that allows for spatially complementary spillovers. Under general conditions we show
that omission of such spillovers may tilt policy toward extensification when intensification might
be optimal. We also show that accommodating spatial spilloversin environmental services can
admit athird alternative, not mentioned in the debate to this point. For identical farmslocated
around adisc, thisis that an environmental buy down policy may best manage these spatial
effects by smoothly varying the provision of environmental services as one moves across space.
The provision would follow alinear combination of a sine and cosine function around the circle.
A land strip topology is also considered, leading to a markedly different optimal landscape

design. We conclude with a brief discussion.



2. MODEL

Thereare N profit maximizing farms of equal size located on adisc, called the region, with
unit radius. Apart from location, these farms are identical. Land quality, resource availabilities,
and prices are the same, while all farms have a cheese wedge shape with angle 360/ N degrees

and area 7/ N . For agricultural output q, each farm has cost function

cq, qe[0,q];

1) C(a) ={ _
00, g>dq.

Here, ¢>0 and > 0 while the market price for output is P> ¢ so that all farms produce a q

absent a policy intervention. The government seeks to buy down production in order to provide
environmental services. It is prepared to pay for a production buy down of R output in total, or

anaverageof T =R/N €(0,q) per farm. Given (1), the cost of this buy downis (P -c)R and

does not depend on which farms participate. Producers are indifferent concerning the size of buy
down they choose at auction or are allocated.

For ne{0,1, ... ,N -1} =Q asthe set of farms enumerated clockwise around the disc, the
government seeks understanding on how best to allocate R over these farms where each farmis
alocated r, €[0,q] . Environmental benefits are given by B[T,v(r),p(r)]:R?> xR — R, where
v=N ‘1Zneg (r. —T)* isthe variance of the coordinates drawn from simplex S={r:r [0,q]",
ZHEQ r.=R} with [0,q]" =[0,q] x ... x[0,q] . Variance is assumed to have domain [0,v™],
v™ >0, where v ismaximized on S whenever al but one acreis either producing g or O.
Benefits depend on T with 0B(:)/0r =B_(-) > 0. They also depend on v with B, (-) of
unassigned sign.

All other arguments fixed, including the as yet unexplained index p , if B,(-) <0 onits

domain then benefits would be maximized when v=0 and r, =T Yne Q. Thiswould occur



under the extensification policy in Green et al. (2005). This variance-is-bad situation could arise
if there were low-hanging fruit to be had from low intrusion agro-environmental schemes,
perhaps requiring slightly wider hedgerows or the use of conservation tillage in the presence of

high cultivation costs. All other arguments fixed, if B,(-) >0 onits domain then benefits would
be maximized under g-or-0, i.e., al-or-nothing, alocations. Thisis the other policy arrived at in

Green et al. (2005), intensification. This situation could reflect threshold effects whereby akey
top predator, the wolf, tiger or lynx, will not be tolerated in a neighborhood if even minimal
livestock farming occursin an area.

The third statistic entering the benefits function is spatial index p . Thisindex accounts for
local spatia spilloversin environmental policy and may be viewed as an index of cohesion, i.e.,

an inverseindex of fragmentation. It is obtained by viewing the production reduction r, on the
n" farm as providing environmental benefit AT 5T Ty ) = 0.5(1, oy —T)(r, —T) +
0.5(r, —=T)(Ipy —T), NeQ, where

LT neQ, nxN-1
n+1] —

[ n=N-1
@ i
i _{rn_l, neQ, n=z0;
™ ., n=0.

The conditionsin (2) are just the modular arithmetic maps required on the disc to ensure that the
0" and N —1" farms are neighbors. The derivative sign of 0°A()/dr, _,0r, =8> A(-)/ar,or,.,; =
0.5> 0 isintended to capture farm-level contiguity effectsin the provision of environmental
services. Thereislocal complementarity so that marginal environmental benefits on a given farm
increase with an increase in production buy down on neighboring farms.

Index p isobtained from averaging A, 1,1 ,,y) OVer the set:

(3) p(l’) = N_lZneg A(r[n—l]'rn'r[ml]) = N_lZHGQ(r[n—l] —T)(I’n _T)'



Notefirst that p(r) isthelag 1 spatial covariance. The index can have a positive or negative
value and has upper bound v(r). To observe how it captures cohesion, let N =6 and R=3
while assuming that the r, must take integer values O or 1. Then there are only three distinct
arrangements of the reductions. Thesearel) {0,0,0,111 with p(r)=1/3,11) {0,0,1,0,1,1} with
p(r)=-1/3,and 111) {0,1,0,1,0,1} with p(r)=-1. Weholdthat B () >0 so asto capture

concerns about the loss in environmental services arising from fragmentation.

We seek to understand the nature of
4 argmax, s B[T,v(r), p(r)].
Policy options will be characterized as follows:

DEFINITION 1: Extensification is said to be optimal if argmax,_¢ B(-) =71, where 1, isthe

vector of 1sin R" . Partial intensification is said to be optimal if argmax,_ B(-) hasone or

more ordinates with valuesO or q.

Intuitively, our interest in partial intensification arises from the fact that if B () >0 thena
landscape arrangement involving r, =0 and .., =q orinvolving r, =q and r, ., =0 will
suffer abenefits penalty. If we do not restrict the size of B (), and we do not, the penalty may

be large. We will develop on this point in some detail .

3. INDEX PROPERTIES

Notefirst that p(r) ispossessed of strong symmetry properties. In particular for r =
(1ys Ty Ty oo s Ty _oh Ty y)' s SUPErsCript t the transpose operation, write L'(r) = (1,1, ly, - , Ty, )"
and in general write L' (r) = (Fipo iy o T2y o 1 Nizyo i yy)” Where modular arithmetic has been

applied to the subscripts. We say function f (x) isinvariant under rotation if f(x)= f[L (X)]



for all integers i . Also, write M (r) = (1, 4,y o - 1, 1)" @Sthe vector reflection operation
and we assert that afunction f(x) isinvariant under reflection if f(x)= f[M(x)]. Finally with
o asthe composition operation, function f(x) issaid to beinvariant under reflection and
rotation composition if f(x)= f[M oL (x)]= f[L o« M(x)] for all integers i .

PROPERTY 1: Index p(r) isinvariant under A) rotation, B) reflection, and consequently C)

reflection and rotation composition.

We turn next to one possibility of gleaning inferences from these symmetries. Uniform
curvature in conjunction with symmetry provides the potential for exploitable structure on level
sets.? We will see next that any such opportunities will be qualified. Although qualified, we will

show later that such opportunities do exist. The Hessian for the index is given by

010 01
1 01 00
010 00
5) S|
000 01
100 .--10

Thisisacirculant matrix in that the second row is obtained from applying arotation operation on
the first row, the third row is obtained from applying the same operation on the second row and
so on. The eigenvalues of circulant matrices are highly structured, allowing us to obtain:
PROPERTY 2: The index is neither concave nor convex. The eigenvalues of its Hessian matrix are

A, =2coq2r(n—-1)/N]e[-2,2], neQ. They are negative whenever N +4<4n<3N +4, zero

whenever n=(N+4)/4 or n=(3N +4)/4, and positive otherwise.

% For example, when f(x):R — R isconvex then Zneg f(x,) ispermutation symmetric such
that any transfer ¢ >0 toincrease x by ¢ and decrease x; by ¢ increases the value of the sum



For N =6, then 2cog[27(n—-1)/N] e{-2,-1,1,2} where someroots are repeated. For N =
9, then 2cog27r(n—1)/N] €{-1.879,-1,0.347,1.532,2} . While 2 isaways an eigenvalue, -2 is
an eigenvalue only when N iseven. All other eigenvalues arise twice whenever they arise at all.
The eigenvalue symmetries together with Property 1 suggest that symmetric structure will be
important to the analysis. Property 2 also suggests that trigonometric, or harmonic, analysis
should prove useful in understanding how best to allocate buy downs. Throughout the analysis

we will give content to these speculations.

4. OPTIMIZATION PROBLEM
For our first result we fix the valuesin vector r but allow them to be arranged at will across
the farms. Let T(f) bethe set of all N! rearrangements of vector r =f e R" where, for
convenience in presentation only, we assume the r. are distinct.

PROPOSITION 1: Let 1, ,, bethe n" least value of r. When N is

A) even then the arrangement r e T(f) maximizing p(r) issomerotation L' (r"®) of

*,ev _ ’ ™ A A N A A A t
6 Y =(fy fo fo " fus fuy fwa o fy o)
i an integer, or some rotation of reflection M (r"*) where the largest value finog 1N r® isat

faaimn=N/2in Q.

B) odd then the maximizing arrangement is some rotation L' (r”*) of

*YOd = r f f oo 3 F F oo F f t
(") r —(r(o) fy g fin-gy Tineny Tines) fa) r(z))’

* od

or some rotation of the reflection M (r**') where the largest value fing IN T isatfarmn

whenever x; <x;.



=(N+1)/2in Q.

CoROLLARY 1.1: Solutionsto argmax,_s B(-) have the spatial arrangement laid out in

Proposition 1.

This corollary tells us that even if the policy maker is restricted to rearrangements of some
r =f € S then the optimal solution will be highly symmetric. The optimal vector must be at |east
weakly decreasing over half the disc and weakly increasing over the other half. Notice too that
the solutions are entirely ordinal; rank order isall that matters.

We turn now to providing further rationalization of the cohesion index. In the next result, we

do not confine attention to the set r e T(f) but rather let the values be arbitrary on ssimplex S.

PROPOSITION 2: Consider a transfer (f,f;) =(r, +&,r, —¢), ¢ >0 but infinitesimally small, while

I'J

r,=r, for all neQ other thani andj. Then p(F) > p(r) iff r;_, + >r

li-g

Ij.qy While v(F)

[| +1] =

>v(r) iff r>r;.

COROLLARY 2.1: Environmental servicesincrease under the transfer considered in Proposition 2

A) whenever i) B,(-) 20 andii) bothof r, ,, +1,,.,, 21, +1,,, and r, > 1, apply, while they

decrease whenever both inequalitiesin i) are reversed.

B) whenever i) B,(-) <0 andii) both of . >

[i-1

+1,,, and r. <r; apply, whilethey

[| l] [|+l]

decrease whenever both inequalitiesin i) are reversed.

In particular, suppose ¢ =r; —r,. Then (F, ;) =(r;,r,) sothat switching the locations of r,

andr Whenbothr<r and r

li- 1]+r

a2 Tj_y 1.y @PPly increases the value of the cohesion

index while holding vector mean and variance fixed, implying an increase in environmental



benefits. We also note in passing that 1, _,, + 1,y 21,y + 1., reducestooneof r,_, >, or

My 21,y When the farms are not adjacent but do have a common neighbor. General condition

2T

I [i-1]

iy T +1;,,; Shows how the index captures the idea of cohesion. Regardless of the r;,
the cohesion index increases upon asmall buy down transfer from | farm to i"" farm if and only
if the farms flanking the latter have an average buy down that is higher than those flanking r; .

Our findings above point to considerabl e structure on what increases environmental services.
Both propositions 1 and 2 suggest some sort of buy down agglomeration on a segment of the
circle might be best. Concentration is an issue elsewhere in economics, as with income inequality
and market power. There, such statistics as Gini coefficients and variance have been found to be
relevant, where well-known references are Atkinson (1970) and Bergstrom and Varian (1985).
But these statistics do not account for spatial effects and so are inappropriate in our context.

One way of alowing for spatial effects, and also providing opportunities for econometric
study, isto present the chosen buy downs in spectral form. In our case, an additional advantageis
the suitability of harmonic analysis for the circular topology. With Q° ={1,2, ... ,N -1} , specify
the spectral sum
(8) h—F=> &Cos(2znk/N)+>" .bsin(2znk/N).

Since 2N — 2 orthogonal functions have been used to fit N > 2 buy down values, this together

with some constant a, provides an exact representation of the parameters.

PROPOSITION 3: Let r be represented by a spectral sumwith parameters {a, U (a,,b, ),k € Q°} .

Then p(r)=0.5)" _,(aZ+b?)cos(2zk/N) and v(r) =05 _,(a; +h}).

Notice next that cos(2zn/N) isreflexively symmetric around 7 or 180° in ne Q°. Thus,

cos(27/ N)=cos(22(N —1)/N), cos(4r/ N) =cos(2z2(N —2)/N) and so on. For even N there

10



will beamiddle entrant in Q°, namely n=N/2. For it, cos(2zn/N) =-1. For N odd, Q° will
not have a middle entrant. But break the set in two with Q% ={1,2, ... ,(N -1)/2} and Q°"*"
={(N+1/2,(N+3)/2, ... ,N-1} . Theintent of what isto follow isto provide exact

conditions under which the mean and variance of production buy downs are held fixed, but the
cohesion index increases.
We will first develop what we call summary coefficients. These account for the degrees of

freedom that the spectral sum alows in fitting the buy down parameters. Drawing from both sets
Q% and Q*"" so that cosine evaluations are the same, write the first summary coefficient as
¢ =a’+b’+a  +b’, andingeneral them™ coefficientas ¢, =a2 + b2 +a_ +b? _Vme
{1,2, ... ,(N=1)/2}.Foreven N, placemiddleentrant n=N/2 in Q** sothat Q*'* =

{1,2, ... ,N/2} and Q°"" ={(N+2)/2,(N+4)/2, ... ,N-1}.Inthiscase, and as before, write
the m™ summary coefficientas ¢ =a? +b> +a2 _+b? _vme{12, .. ,(N-2)/2}.Theonly
difference when compared with N odd isthat c,,, =a’,, + b} ,.

We are interested in the partial sums of these coefficients. Formally, define

a2 +b2+ad  +b3, vme{l2 ..,(N-1)/2, N odd;

c,=<:a +b>+a’ +bi_ vme{l2 .. ,(N-2)/2}, N even;

a§/2+b§|/2’ m=N/2, N even;
© Qo,m:{{Lz, v (N=D)/2} N odd;
{12, ... ,N/2} N even;

C. = Z:llcl , keQ®™
Bearing in mind that a, determines the value of T, we have
PROPOSITION 4: Let spectral representationsof r’ and r” begiven by {a; U(a/,h),k e Q% and
{ayU(a},0)),k e Q°}, respectively. Let the summary representations be {a; Uc, .k e Q**} and

{ayUc! ke Q*™}, respectively. Then

11



A) T and v(r) do not change whenever

(10) Cr>Cl vkeQ®™ with {C{NM :,C(’NM N ode
Cl=C\) N even.
B) p(r")> p(r') under condition set (10).
" ' 0,low H H H 0,low H " __ A " __ A
C) Let ¢, =c,, Vme Q™™ me{j,k} with j ke Q™™ and j<k.If c/=c{+5 and ¢ =¢ -6

with 6 >0 then p(r") > p(r').

COROLLARY 4.1: Environmental servicesare larger under r” than under r’ where these vectors

are comparable in the sense of (10) above.

COROLLARY 4.2: Among the set of spectral representations given by
(11) {aOU(ak,bK),keQO:Zkeﬂo(af+hf):l"}, I aconstant,

the value of p(r) ismaximized whenever &/ + b’ =T, requiring (a.,b ) =(0,0) Vk e Q% k #1.

Part A) of the proposition assuresthat only p(r) isaffected. Part B) then leads to Corollary
4.1inlight of the assumption B, (-) > 0. Part C) gives deeper insight into Proposition 3. The

loading of variance onto low-frequency harmonics, or cos(2zk/N) wherek islow, can be seen

as ensuring a more coherent or smoother manner of variability and so alarger cohesion index. At
the limit we obtain Corollary 4.2.
Corollary 4.2 is very important. It demonstrates part of a discrete version of Wirtinger’s

inequality, where such demonstration was first provided by different means in Fan, Taussky and

Todd (1955). In our setting thisinequdity assertsthat if r,_,, =r ;, and Z:j(rn —T7)=0 then

> - )? = 4sin?(m/N) Y. (r, —T)? . Theinequality is satisfied as an equality if and

12



only if the r, follow
(12 r. =T+ K,cos(2zn/N)+ K,sin(2zn/N),

where K, and K, arefree parameters subject to v=N ’12:;01(rn —T)?. Since we a'so know

from Proposition 3 that v(r) = 0.5K? +0.5K 2, we may write K, = im. Upon re-labeling
K =K, (12) may be written as
(13) r, =T +Keos(2zn/N) £ (2v—K?)  sin(2zn/ N).
With v =0.5min[7?,(g-T7)?], relation (13) leads us to
PROPOSITION 5: A) Solution (13) isinterior on simplex S with variance v(r) whenever
(14) v(r)<v’;

B) Inthat case,

(15) p(r)=cos(2z / N)v(r).

In some ways, equation (13) should not be all that surprising given the undulation attribute of
the solution to Proposition 1. There of course we confined attention to arrangements of a given
vector.? Of interest to us is when the path given in (13) emerges as a sol ution.

DEFINITION 2: Any solution satisfying (13) is said to be harmonic.

Now insert (15) into the benefit function to obtain
defn
(16) H(F,v) = B(F,v,cos(2z/N)v).

This function is sufficient to describe the optimal solution whenever v(r) <v".

PrROPOSITION 6: If

® Non-spatial models where the idea that identical firms should be treated asymmetrically have

13



A) H,(T,v) <0Vve[0,v™] then extensification is optimal.

B) H,(r,v)>0Vve[0,v'] then (at least) partial intensification is optimal.

C) H(r,v) isquasiconcave on v e[0,v™] with aninterior maximumon v e[0,v'], then
harmonic solution (13) is optimum.

D) H(r,v) isquasiconvexon ve[0,v™] with H(F,0) < H(F,v"), then (at least) partial

intensification is optimal.

To obtain a better sense of Part C), consider the additively separable form
(17) B(T,v,cos(2z/N)v) = BY(T) + B*(v) + B(p),
whereall of B} (v)<0, B3(p)>0,and B, (v)+cos’(2z/N)B’ (p) <0 apply on ve[0,v™]:
COROLLARY 6.1: For objective function (17), any interior solution v' to
(18) H, (F,v) = B} (v) +cos(2z / N)B}[cos(2z / N)v] =0
is the unique harmonic solution while if HV(T,V)|V:0 < 0 then extensification is optimal and if

HV(T,V)|V:V+ >0 then at least partial intensification is optimal.

Notice that the solution to (18) would have v’ =0 where the spatial spillovers are ignored.

As cos(2z/N)>0 when N >4 and as Bj(p) >0, inclusion of spatial effects increases optimal

variance. Ignoring spatial complementarities may tilt the identified optimum toward alower
variance, or more extensive, policy choice. This has policy implicationsin light of i) the
tendency to ignore these effects in policy assessments, and ii) previously mentioned concerns

with the effectiveness of implemented agro-environmental schemes.

arisen include works by Salant and Shaffer (1999) and Long and Soubeyran (2001).
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5. BETWEEN CITY AND WILDERNESS
Finally we ask how the production buy downs should be arranged under an alternative
topographical setting. So as to be explicit, suppose that the optimization problem is to choose

r e S to maximize

2
Zne{l,Z, N o, — O.SQ(ZHEQ e+ TZHEQ [ x>0, 7>0,
subjectto ry=f,, Ty, ="Ffyq;

(19)

where y —2r >0 isassumed to ensure concavity. Here the boundary values are to capture
external effects arising from, say, i) acity located on acircle so that no environmental services

areprovided and f, =f, , =0, or ii) acity a oneend of aline, f, =0, and a National Park at the

other end so that f, , islarge. Parameters o, areintended to capture farm-specific benefit
heterogeneities due to locational idiosyncracies, perhaps arising from geographic features such as
rivers, wetlands, or geological formations. These parameters are net of the shadow cost of raising
taxes so no explicit constraint on the sum of buy downs has been included.

The assumption is made that (19) is concavein r. Sowere a, =a YneQ onthedisc
topology studied to this point then extensification would be optimal. Consequently, there should
be atendency for the buy downs to be similar across farms in this setting too. This we call the
cohesion force, and the resulting levels of r, will depend on the opportunity cost of tax dollars.
A simple calculation shows that setting r, =a /(y —27) Vne{1,2, ... ,N -2} isoptima whenever
o,=a foradlnand f, =1, , =al(y —27). However, thereis a second force at play. Low f, and
fy_, values should tend to depressthe values for r, near to the boundaries when compared with

farms near the center of the line. Thiswe call the boundary action force or the edge effect.

The first-order optimality conditions are:*

* We have used terminology that may bring physical problemsto mind. System (20) isan
example of a Sturm-Liouville difference equation. Sturm-Liouville systems are widely
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r: o, —xn+tfy+7r,=0;
(20) r: a,—xr+tr,,+7r.,=0, ne{2,3,..,N-4N-3;
fnoo! On_p— XMoo +Tlys+7f,=0.

Thus, asymmetries arise due to imposed boundary values. The system may be written as

1+26 =& 0 0 0 r a, +7f,
& 1+28 =€ 0 0 r, a,
1) 0 e b= S N TR
. . . . . . K
0 0 0 1428 =& |1, Ay
0 0 0 & 1+28)(r, Oy_p + Tl

where k = y —2r >0 and £ =7 /x > 0. Noticethat theroots ¢ and ¢, of the characteristic
equation for system (21), x* —(1+28)x+E =0, are

1-A

) 1+A A
2% €(0,1);

h=di=1+T S =g+ o>

22) ¢ =1
(22) ¢ =1+ 2% :

A= 1+4¢ € (L1+28);
and are both positive. We have

PROPOSITION 7:A) With W =1/[A(4) " — 4" )] , theinverse matrix P of the (N —2) x (N —2)
matrix in (21) hasrow i, column j entries

(dn—a ) (a0 —dig" )Y, i<i;

(23) Pi=y,. o
(0 =" ) (0 —nd™ ) ¥,

1]

B) Theentriesare all strictly positive.

C) Theentriesare all symmetricinthat p; = p;; Vi, j€{12,...,N -2}, and furthermore,
centro-symmetricinthat p ;= Py, vy = Py jnas Vi je{l2,... ,N-2}.
D) The entries satisfy the unimodality properties p_,; <p ; Vi<], p;2p,,; ViZj, B,

>p,;Vi<j,and p;,,=p;Vi>|.Thismeansthat p,; isdecreasingin j,vje{l .. ,N-2},

encountered in physics when modeling a variety of phenomena from sound waves to quantum
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while p _, isincreasingini,Vie{l,.. ,N-2}.

E) 1T N isodd then Py syiok.n-172 = Pinoayz kivnyre = Pen-nranayre = Pacov oz YK E
{1, ..,(N-3)/2.

F)If N isoddthen p; increasesonie{l2,...,(N-1)/2} toattain maximumvalueat i =
(N-1)/2 and decreaseson i e{(N-1)/2,(N+1)/2,...,N-2} . If N iseventhen p
increaseson i €{1,2,...,(N—-2)/2} toattain maximumvaluewhenat i e{(N -2)/2,N/2} and
decreaseson i e{N/2,(N+2)/2,...,N-2}.

G)For N oddthen p,+p y,<P.:+Pn,0nie{23..,(N-1)/2} and p,+p ., >
P+ Py, ONie{(N+D/2(N+3)/2,..,(N-2)}.For N eventhen p.,+p ., <P,
+P_ino ONie{2,3,..,(N-2)/2} and p,+ P y,> P+ Py ONiE
{(N+2)/2,...,(N=2)},with p.,+ Py, =Prgs+ Priy, ati'=N/2.

H) With P :Z:_ifplj ,then P=PR,_,,.If N isoddthen P increaseson i e
{1,2,...,(N-1)/2} toattain maximumvalueat i = (N —1)/2 and decreaseson i €
{(N-D)/2,(N+D/2,...,N-2}.If N iseventhen P increasesonie{12,..,(N-2)/2} to
attain maximumvaluewhen at i e{(N —2)/2,N/2} and decreaseson i

{N/2,(N+2)/2,..,N-2}.

Asan example, when £ =1 and N =7 then the inverted matrix is

mechanics.
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0.382 0.146 0.056 0.021 0.007
0.146 0.437 0.167 0062 0.021
(24) 0056 0.167 0.444 0.167 0.056 |.
0021 0.062 0167 0437 0.146
0.007 0.021 0.056 0.146 0.382

Positivity and symmetry are clearly satisfied while centro-symmetry can be seen from observing
reflectionsin the off diagonal. Unimodality is confirmed by observing that the largest entry in
any row is on the main diagonal while the entry values decline monotonically as one moves
away from the diagonal along arow. Symmetry ensures that unimodality is true for columns as

well asrows. As N =5, odd, we can observe a cross pattern around the central entry p,, =
0444 . SO p2,3 = p4,3 = p3’2 = p3‘4 = 0167 Wh'le p1,3 = p5,3 = p3’1 = p3’5 = 0056 . AS fOI’ row
sums, they are P, =R, =0.612< P, =P, =0.833< P, = 0.89. That F) appliesin this case can be

seen from unimodality along the main diagonal.

We have aso from the proposition that sensitivity to edge values decreases with
displacement and that, all else equal, edge values can create a variety of optimal buy down
arrangements.

COROLLARY 7.1: O<dr, _,/dfy<...<dr, /df, <..<dr /df, and dr,_,/dfy , >..>dr /df > ..

>dr, /df, >0.

COROLLARY 7.2: Supposethat o, = Vie{l2,...,N-2}.
A) For f, =1, >alx then r, formsa U shape. That is, r, decreasesin n for small n, reaches

a minimum and increasesin n for large n.

B) For f,=f, , <a/x then r, formsaninverted U shape. That is, r, increasesin n for small n,

reaches a maximum and decreasesin n for large n.

C) For fy<a/x and fy_, >a/x then r, is monotoneincreasing.
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D) For f,>alx and f , <a/x then r, ismonotone decreasing.

The proposition’s economic content is best illustrated through the corollaries. Corollary 7.1
shows how the complementary spillovers diminish over space. All else equal, a nature reserve at
one end of astrip should encourage relatively large buy downs over neighboring farms when
compared with more distant farms. Parts A) and B) of Corollary 7.2 identify two opposing

forces. For low values of f, and f_,, aswhen there are cities at both ends of a strip, then buy

downs should rise when moving from the edges toward the center. Thisis just as viscous fluids

dip toward the sides of aglass. Thereverseistrue for high values of f, and f,_,. When the edges

are wilderness, then buy downs should taper off so that the most intensively farmed land lies at

the center of the strip.

6. DISCUSSION

Working with asimple spatial model on adisc, this paper has sought to clarify some issues
in agri-environmental policy. For farmsidentical in all ways, we find it may be optimal to treat
them asymmetrically in order to avoid loss in ecosystem services due to fragmentation. In doing
so, atrade-off can ariseif eco-service benefits on any given farm are concave. This trade-off
leads to the possibility of athird policy option, one not considered in the formal literature to this
point. A smoothly varying buy down policy around the disc may be best, where we find a closed-
form trigonometric solution for the optimal policy.

We aso alow for farm-level heterogeneities in the provision of eco-services. In order to
better understand the implications of topological structure, we do so for astrip of land rather than
for aclosed disc. While the setting is very different, spatial spilloverslead to a preference for
smooth variation in this situation too. If the boundaries are wilderness and the land between is

homogeneous then the buy downs should largely be near the bounds and will decrease steeply
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toward the center whenever the opportunity cost of tax fundsis high. If the bounds are urban and
the opportunity cost of tax fundsis low then the buy downs will be at the center of the land strip.

Beyond the problem at hand, we see other uses for our approach. One is to better understand
gpatial effects within city residency patterns where positive neighborhood spillovers can be seen
in equilibriathat involve family wealth gradients. Somewhat more abstractly, parents worry
about the friends children keep, perhapsin part arising from beliefs about behavioral norms, peer
effects, and mutual re-enforcement. Public health studies lend credence to these concerns. For
example, Christakis and Fowler (2007) have identified social effectsin the propensity to become
obese where these effects are not entirely explained by the endogenous formation of socia ties
by people of different body massindices. If agroup of individuals are arranged in acircle and
each person is viewed as being friends of just the contiguous neighbors on either side, then our
model may be able to say something about equilibrium behavior concerning diet, social

deviancy, and personal discipline.

APPENDIX: OMITTED PROOFS

PROOF OF PROPERTY 1:

. _ -1 -2 —_ . . . . .
Since p(r)=N Zneﬂ Moyl —T° and T isinvariant to reflection, rotation or their
composition, we need only consider the effect on 6(r) = ZHEQ Moy - FOr part A), note that

D Tinah =2 Tl Vi €Q. Parts B) and C) follow from

o+ 00+ o+ + ol T val

n-1'n

(AD =0y o+ ol t o F g T o F0G + 10

= r[N—lJri]r[OJri] + r[N—ZJri]r[N—lJri] tot r[N—nJri]r[N—n+i+1] +ot r[l+i]r[2+i] + r[0+i]r[1+i];

i.e., impose reflection and composition permutations on the argumentsof 6(r). [
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PROOF OF PROPERTY 2:
Eqn. (3.1.5”) on p. 68 and eqn. (3.2.6) on p. 73 in Davis (1994) provide the eigenvalue

formulafor circulant matrices
(A2) =3 ¢ x(cos[Zﬂn( i 1)/ N]+(v=1)sin[2zn(j -1)/ N]),

where (c,,c,, ... ,Cy_,) Isthefirst row of the matrix. In our case, for egn. (5), ¢, =c, , =1 and
all other entries are zero so that
A, =cos27( —1)/N]+(\/—_1)sin[27r(j ~1)/N]

(A3) +cos[27(N -1)(j —2)/ N]+(V=1)sin[2z(N - 2)(j - 1)/ N]
= 2coq27(j -1)/N],

as cog27(j —1)/N] = cog 27(N - 1)(j —~1)/N] and sin[2z(j —1)/N] =

—sin[27(N -=1)(j —1)/ N] . The other statements follow from cosine function properties. [

PROOF OF PROPOSITION 1:

r[n+1] -

Theorem 10 in Chao and Liang (1992) shows that r™® = min, Zneg f (

) when

. *od _ oAt
N isevenand r = mlnrem) ZneQ f (

Fogy — T ) for f(-):R—R aconvex function and ||

the absolute value function. Let f(x) = x* and note that Zneg( Mo — T

2
_ 2
) - Zzneﬂ rn
—ZZHEQ Ml - SINCE Zneg r? isinvariant for r e T(f), it follows that these vectors must

maximize p(r) over domain reT(f). [

PROOF OF COROLLARY 1.1:

Rearrangements of any r do not affect T or v(r), while B () >0. Sotheoptimal r in

some set T(f) will bethe one maximizing p(r) . Asit istrue of any vector, it is true of
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T (argmax,.sB(-)). [

PROOF OF PROPOSITION 2:

Again, we need only consider the effect on 6(r) = ZHEQ Myl - There are two cases: either

thei™ and j™ farms are adjacent or they are not. Suppose they are adjacent, or j =[i +1] where

symmetry ensures that consideration of j =[i —1] isidentical. Then

(Ad) O(F)=ryr + ... + r[i—l](ri +e)+(r + 8)(r[i+1] —-&)+ (r[i+1] _g)r[nz] + o yabh
=O(N)+ 1 _ye—Te+1 16 —6° =T ,&,

with ¢ derivative OH(F)IagL:O =l gy = + 0y — Ty Wherei=[j-1] and [i +2] =[] +1].
Suppose instead the farms are not adjacent. Then

(A5) o(r)=0(r)+ g€ T i€ — 1€ — 1jmés

with & derivative 00(F)/ 0| _ =1y + iy =51y —F oy -

Asfor variance, T does not change so we need only consider the effect on the sum of

sguares. The expression
(A6) o+ o+ (6 +E)° + . +(—e) + . 10

has ¢ derivative 2r, —2r; when ¢ =0. [J

PROOF OF COROLLARY 2.1:

This follows from the assumed sign on B, () inadditionto B () >0. [

PROOF OF PROPOSITION 3:

Insert (8) into (3) and expand to obtain
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p()=N"> I3 eacos2rnk/N)Y" . acos(2r(n+1)k/N)]
NTY IS eacos2ank/N)Y, o hsin(2r(n+1k/N) ]
NS TS ohSn@ank/N)Y, a,cos(2n(n+D)k/N) ]
NS TS bsn(ank/N)Y,  hsin(2a(n+Dk/N) ]

(A7)

Consider each of these four right-hand termsin turn. For the first, use
(A8 cos(2z(n+1)k/N) = cos(2znk/N)cos(27k/N) —sin(2znk/ N)sin(2zk/N),
to write
Yol DoenC0S(2enk/N)Y" L acos(2r(n+1)I/N)]
(A9) =Y ol Do ACos2rnk/N)Y & cos(2znl /N)cos(2zl /N) |
Yol DpdCos(2enk/N)Y" L asin(2rnl /N)sin(2zl /N) |
But multiplication of the first inner product of sums and then use of the orthogonality property

(A10) ZHEQ cos(2nkz / N)cos(2nlz/N) =0 for kand | = k integers,

onthesumover neQ leadsto

> ol DonCOS(22nk/N) Y acos(2znl / N)cos(2z1 /N) |
(A11) = ol Do A0S’ (27nk / N)cos(2rk/ N) |
= pacos(2zk/N)Y cos’(2znk/N).

Multiply out the remaining inner product of sumsin (A9) and apply orthogonality property

(A12) zneg cos(2nkz /N)sin(2nlz/N) =0 for k and | integers,

to confirm

(A13) > ol DrC0S(2enk/N)Y"  asin(2znl /N)sin(2z1 /N) |=0
so that

Do L BLOS2TTKIN) Y, o yc0s(2(n+ DI /N) |

Al4
A9 = ZKGQO a’cos(2rk/ N)ZHEQN cos’(2znk/N) =0.5N Zker a’cos(2zk/N),
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where Zneg cos’(2zrnk/N) =0.5N VN > 3 simplifies. With the additional use of

sn(2z(n+1k/N)=sin(2znk/N)cos(2zk/N) + sin(2zk/ N)cos(2znk/ N);
(A15) Zneﬂsin(ann/N)sin(anyr/N) =0 for kand | # k integers,
D, Sin’(2znk/N)=05N VN >3,

it can be shown that

D e L BCOS2TKIN) Y, Bsin(2(n+Dk/N) |
=05NY" _.absin(2zk/N);

Y el Lo BNk IN)Y, o acos(27(n+Dk/N) |
=-05NY .ahsin(2zk/N);

2 et Lo BNk N) Y, o Bsin(2z(n+ DK/ N) |
=05NY" . bfcog(2zk/N).

(A16)

Thesumin (A7) therefore resolvesto
(A17) p(r) =0-5Zkego(af +b} )cos(27k / N).
Asfor variance, insert (8) into the expression for variance to obtain
v(r) = N’lzneﬂ[zkegoakcos(&rnk/ N)D. _ o&cos(2znk/ N)]
NS Y eacos(2enk/N)Y"  bsin(2znk/N) |

N Y ohsnenk/N)Y  ca.cos(2znk/N) |
N Y ohsn@enk/N)Y bsin(2nk/N) |

(A18)

The orthogonality conditions laid out above, i.e., where the sum of a product equals O, readily

leadsto v(r)=05) (a7 +bf). [

PROOF OF PROPOSITION 4:

Part A): For mean, it isreadily shownthat > cos(2zn/N) =" _sin(2zn/N)=0 so that

ZHEQ r. = NT regardless of how values of the spectral sum coefficients are rearranged. On
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variance, v(r) = O.SZKEQO (@ +Bb?) in Proposition 3 may be viewed in terms of partial sums. The

condition that C, ,,,, =C/y_,,,, When N isodd and C{,, =Cy,, when N iseven ensures that

varianceis hald fixed.

Part B): Use Proposition 3 and summation by partsto write

p(r)=05Y" .G cos(27k/N)

=0.5¢, cos(27 / N) +0.5c, cos(4n /N) + ... +0.5¢y 4, cos(w(N —1)/N)
=0.5C, [cos(27r / N) — cos(4r / N) ]+ 0.5C, [cos(4r / N) — cos(67 / N)]
+0.5C,[cos(67 / N) —cos(87 / N) |+ ... +0.5Cy_;,,, cos(z (N —1)/N),

(A19)

when N isodd and replace the last term by 0.5C,,, cos(zN/N)=-0.5C,,, when N iseven. If

buy down vectors r' and r" are represented by vectors ¢’ and ¢”, respectively, then

>0 >0

(" = p(r') = o.5(cl"_— Cl')[cos(ZfrlN)_—cos(47r/ N)]
>0

>0 >0 >0
(A20) +0.5(C}-C;)[cos(4x/N)—cos(6z/N)]+0.5(C —C;)[cos(6z/N) —cos(8z / N)]
=0 <0

+ e +0.5(Cly 2 = Clupyz )C0S(m(N =1)/ N)

when N isodd and replace the last term by 0.5(Cy,,, — C,,,,)cos(z) =-0.5(C;,, —C\,,,) when
N iseven. Clearly, condition set (10) together with cos(x) decreasingon x € (0,7) ensure that
p(r)=p(r’).

Part C): The transfers in question ensure satisfaction of condition set (10). [

PROOF OF PROPOSITION 5:

Part A): We seek the extremes on (13) to establish when a K exists such that the r, arein

theinterior of S given variance value v. Differentiate (12) and set equal zero as the necessary
condition for a maximum or minimum:

(A21) —K,sin(2zn/N) + K,cos(2zn/N) = 0;
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with solution set n” €[0,N) where the solutions need not bein Q. Re-write as

(A22) n = %tan‘l(K2 IK,).

Consideration of the shape of the inverse tangent function shows that there are two solutions
on n" €[0,N). Furthermore, trigonometric periodicity ensuresthat —K,sin(2zn/N) +
K,cos(2zn/N) = K,sin[(2n+ N)z /N |- K,cos[(2n+ N)z /N], implying that the two solutions
are n radians apart. Since (12) is continuousin n, one of the solutions must be the unique
maximum and the other must be the unique minimum. So any candidate optima satisfy
(A23) r,—T = K,cos| tan™ (K, /K, ) |+ K sin[ tan* (K, /K,) |.

Now

K, . Ky .
where the signs must match. Consequently the knowledge v(r) = 0.5K? + 0.5K? provides
(A25) r—T =+ K2+ K2 =+/2v(r)
as maximum and minimum. Thus for interior solutionson S weneed 0<T — \/T(r) and
r+ \/T(r) <q,or

(A26) v(r)<0.5min[F2,(Q—F)2}EV+;

(A24)  cos| tan™(K,/K,)|=+ sin| tan™ (K, /K,)]=+

Part B): Use Wirtinger’s inequality and specification (12) to re-write Z::_:(rn —r )=

N-1 »

4sin2(7r/N)Z:';01(rn -T) a2y 1 —Zzsjrnr[n_l] =4sn?*(z/N)Nv or (Z::_:rnz —Fz)—
(z::_:rnr[nfl] —F2)=25in2(7r/N)Nv or Nv—Np =2sin?(z/N)Nv or

(A27) p =V—2sn’(r/N)v=cos(2z /N)v,

as cos(2r/N)=1-2sn’(r/N). [
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PROOF OF PROPOSITION 6:

Part A): Clearly, setting v=0 maximizesthevalue of H(r,v) on ve[0,v™].

Part B): Setting v=Vv" maximizes the value of H(r,v) on ve[0,v']. The only solutions
that have not been ruled out involve at |least partial intensification.

Part C): Quasiconcavity rules out asolutionon ve (v",v™] given an interior maximum on
vel[OVv'].

Part D) Quasiconvexity with H(F,0) < H(r,v") ensuresthat the solutionisin [v*",v™]

while all solutionson ve[v",v™] must involve at least partial intensification. [

PROOF OF PROPOSITION 7:
Part A): Thisis an adaptation of Remark 2, p. 110, in Yamamoto and Ikebe (1979). Note,

from (22) that ¢,¢ =1, so that (23) can be rewritten as:

R I A ) PR R b
28) ) - (- a0) (o =4
(#_ﬂj)(%N—l—l_ﬂN—l—l)\{;, P> ]
Part B): Since A>0 and ¢ > ¢, therefore ¥ > 0. Since ¢, > ¢,i >0, j >0, and
N-1-i>0, N-1-j>0 fordl i, je{l,..,N-2},itimmediately follows that all termsin

parentheses in (A28) are strictly positive, proving the assertion.

Part C): For symmetry, arbitrarily assumethat i < j. Using (A28), p,; and p,; are:

Py = (¢ha _ﬂa)( hN—l—b _ﬂN—l—b)\P, a<b;

(A29)
Poa =(85—4°) (40" -4""")¥,  bxa

Centro-symmetry follows from inspection of (A28); e.g., i < j impliesN-1-i>N-1-j s0

that p; = (¢~ ' —¢" ") and
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Pn-1in-a-j :( N N )(¢hN —1~(N-1-i) ﬂN—l—(N—l—i))
(th— ﬂNl—)(% ﬂ)

Part D): Thisis also immediate from inspection of (A28). For i < j,and ¢, >1>¢ =¢.* then

(A30)

the top line of (A28) isincreasing in i, whereas the bottom line is decreasing in i, implying that
p.; isincreasinginifor i< j and p, ; isdecreasingini for i > j, thus proving the conjecture.
The second part of the statement, how p, ; varieswithj, follows from the symmetry p, ; = p;; in
part C).

Part E): Note from centro-symmetry in part C) that py_55.; = Pin_2)2n-1.j - ThENSet j =
—k+(N-1)/2 sothat py_s)2 -1z = Pin-2yzn-1-n-nrzek = Pn-2yz(n-tyrzek -

Part F): From (A28),
(A31) = (A ) ) = (- (T )

Sp&“fy”]g Ai = pi+1,i+l - pi,i ' It fOHOWSthat

{ (¢h % )(¢hN—1—i _¢h—N+1+i )+(¢ri1+l _¢h—i—l)(¢hN—2—i _%—N+2+i )}‘P
{_¢hN—l+¢h—N+l+2i +¢hN—l—2i _¢th+1 +¢hN—1 _¢h—N+3+2i _qihN—S—Zi +¢th+1}\},
{_¢h—N+l+2i (¢hz _1) n hN—3—2i (¢hz _1)}\{, _ {%N—?:—Zi (%2 _1)(1_#1“4—21\1 )}‘P

Since ¢, >1, A, hasthesignof 2N -4i—-4,i.e, A, 20 ifandonlyif i <(N-2)/2. Fori even

(A32)

and i'=(N/2)-1then p; isincreasinginiwheni<i’, p.;, = P4, ad p; isdecreasingin
i wheni>i". Forioddand i"=(N-1)/2, p; increaseswhen i <i”, reachesamaximum at

i =1" and decreaseswhen i >i" .

Part G): This requires writing out the relevant terms,

P =Y —) (" —g" )

(A33) o o
PBno= ‘P(# _ﬂl )(¢hN_l_(N_2) QN o ) (¢h ﬂ )(¢i|1 _ﬂl )
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Thus we may define

(A34) A=p ., +P s z\P(¢h —4 )[(%Nflfi _ﬂNflfi)+(¢% —ﬂi)]-
Similarly, with

Pau=Y(h-a)(A"-4"") P =¥(h-d7) (A -4);
(A35) _ _ . _

B= Pt Bogne = IP(% _ﬂ )[((bh B _QN_I)"'(%_l_@I_l)];
then

AN()=A-B= {[ Pat pl,N—Z] _I:pi—l,l + pi—l,N—Z:I}
— (4 — hN—l—i N1 i i\ (NS N= Y (il il

"3 (dh =LA =) (dh =gl ) = (A =g ) = (47—l )]

V() (A (1-4) - 4" (1-4)) + 47 (A 1)+ (1) |
‘P(¢h ) )(¢h _l)|:(_¢hN—1—i _ﬂN—l—i¢gl)+ﬂ:—1+ﬂi—1ﬂ1—lj|’

where (1-¢) =" (¢, —1) has been used. Factorize further to obtain

M) =¥ (B~ =D (A =)+
(A37) = (4 =4 - D[4 (1" ) - ' (4 -1)]
=¥ (- 4) (& -D( " -1 (4" 1),

For Neven, let i'=N/2. Then A,(i) isnegativeon i <i’ and positiveon i >i’, implying
P+t Pno<PitPanOnie{23 .., (N/2)-1, p,+Pn2o=P st Py, Wheni=
N/2and p,+Py.>Pgs+ Py, 0nie{(N/2)+1..,N-2}. For Nodd, the same
reasoning implies P, + Py, <P .+ Py, ONie{23 ..,(N-D/2},and p,+p ., >
P+ Py, Onie{(N+1)/2,..,N-2}.

Part H): From part C), p,; = Py_,.in_» ;- SUmeach over j to concludethat P =F , ;.

Rewrite (21) in the text as:
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1+26 ¢ 0 0 0
£  1+2& £ 0 0
0 - 1+2 0 0
0 0 0 1+26 ¢
0 0 0 - 1+2
(A38) A ¢ g
r a, +7l
r, a,
I
r= 2| b= 1 %
K
M'n-3 Oy_3
'no2 Ay, +7h

P 1
P, 1
(A39) © |=T'U  where U=|:|
P_s 1
P2 1
Also,
1+¢ S
1 0
(A40) rv=| : |=U+E where E=|:
1
1+¢ S
Thus:
(A41) U=T'TUu=T"(U+E)=P+TI"E.

Now pick off thei® row in U and writeit as U, . From (A4l)itisU, =1=P +

(p;+ P.n_2)SE - Since part B) of the proposition has p, ; >0, therefore

(A42) P=1-(p,+Py,)E<L.
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Hence:

(A43) F|) - Fi)—l 25{( Pt pi—l,N—Z)_(pl,l + pi,N—Z)}:i{pl—l,l R SETVEC R ¢ Pl pu,N—z}'

From part G) of the proposition, if N is odd, the expression on the right-hand side of (A43) is
positivefor i €{2,3,...,(N-1)/2} and negativefor i e{(N+1)/2,...,N-2}, implying P
increasesfor i <(N —-1)/2, attainsitsmaximum at i = (N —1)/2 and decreases thereafter.
Similarly, for N even, the expression on the right-hand side of (A43) is positivefor i €

{2,3,...,(N/2)-1}, zerowhen i = N /2 and negativefor i e{(N/2)+1,...,N -2}, implying P

increasesfor i <(N —2)/2, reachesamaximum at B, _,,, = F,,, ahd decreases thereafter. [

PROOF OF COROLLARY 7.1: From (21) and (23), dr,/df, = p,,7/x . Parts D) and C) of the
proposition havethat p,, = p,, isdecreasing inthevalueof n. Similarly, dr /df_, =

P,/ while parts D) and C) havethat p,_, = py_,, isincreasinginthevaueof n. [J

PROOF OF COROLLARY 7.2: From inverting (21) in the text we can write
(A44) [ =Ra+t(pafy+ Pashus)=a +{p,’l(r}, —%j+ plsz(le —%ﬂ
where, in (A44), we use the result from the proof of part H), Proposition 7, that:
(A45) R=1-(P.*tPn.)s &=t/

Part A): For f, =1 , >a/x, (A44) becomes:

(A46) ¢ =a+r(fo—%j(p.,l+ Pn-z)

Since part G) of Proposition 7 establishes that the sequence p,, + p, _, isU-shaped, with

minimum in the middle of theinterval {1, ... ,N -2} ,and since f, =f , > a/x, it immediately
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follows from (A46) that the sequence r, isaso U-shaped with r ;. > o .
Part B): Thelogic isthe same as part A), except that since f, —a/x <0, the sequence r,
formsan inverted U, with maximum r,,, <a inthemiddle of the interval, and relative minima

at the end points.

Part C): Note that, from Proposition 7, part D), p,, ismonotonicaly decreasing ini and that
P n_, ISMonotonically increasingini. Thus, for f,—<0<f_, —a/x, it follows that
p.(fy—alK)+p ., (fyy —al/x) ismonotonicaly increasing in i, proving the assertion.

Part D): Proof of D) isidentical to C), except that since f, —a/x >0>f, , —a/x,

p.(fy—alK)+p y,(fyy—alx) -and hence r, - is monotone decreasingini. [

32



REFERENCES

ALBERS, H. J.,, A. W. ANDO, AND X. CHEN, “Spatial-econometric Analysis of Attraction and
Repulsion of Private Conservation by Public Reserves,” Journal of Environmental
Economics and Management 56 (July, 2008), 33-49.

ATKINSON, A. B., “Measurement of Inequality,” Journal of Economic Theory 2 (3, 1970), 244
263.

BERGSTROM, T. C., AND H. R. VARIAN, “When are Nash Equilibria Independent of the
Distribution of Agents’ Characteristics?” Review of Economic Studies 52 (October, 1985),
715-718.

CEOTTO, E., “Grasslands for Bioenergy Production. A Review,” Agronomy for Sustainable
Development 28 (January-March, 2008), 47-55.

CHAO, C.-C., AND W.-Q. LIANG, “Arranging n Distinct Numbers on a Line or a Circle to Reach
Extreme Total Variations,” European Journal of Combinatorics 13 (September, 1992), 325-
324.

CHRISTAKIS, N. A., AND J. H. FOWLER, “The Spread of Obesity in a Large Social Network over
32 Years,” New England Journal of Medicine 357 (July 26, 2007), 370-379.

DAMSCHEN, E. I., N. M. HADDAD, J. L. ORROCK, J. J. TEWKSBURY, AND D. J. LEVY, “Corridors
Increase Plant Species Richness at Large Scales,” Science 313 (1 September, 2006), 1284
1286.

Davis, P. J., Circulant Matrices (New Y ork: Chelsea Publishing 1994).

DEFRIES, R., A. HANSEN, B. L. TURNER, R. REID, AND J. L1U, “Land Use Change Around
Protected Areas. Management to Balance Human Needs and Ecological Function,”
Ecological Applications 17 (June, 2007), 1031-1038.

DoNALD, P. F., AND A. D. EVANS, “Habitat Connectivity and Matrix Restoration: The Wider

Implications of Agri-Environment Schemes,” Journal of Applied Ecology 43 (April, 2006),

33



209-218.

EDWARDS, W., AND D. SMITH, “Cash Rental Rates for Iowa, 2008 Survey,” Ag Decision Maker,
File C2-10, lowa State University Cooperative Extension, Ames |A, 2008.

FaN, K., O. TAUSSKY, AND J. TODD, “Discrete Analogs of Inequalities of Wirtinger,” RAND
Monatshefte fir Mathematik 59 (1955), 73-90.

FISCHER, J., B. BROSI, G. C. DAILY, P. R. EHRLICH, R. GOLDMAN, J. GOLDSTEIN, D. B.
LINDENMAYER, A. D. MANNING, H. A. MOONEY, L. PEJCHAR, J. RANGANATHAN, AND H.
TALLIS, “Should Agricultural Policies Encourage Land Sparing or Wildlife-Friendly
Farming?’ Frontiers in Ecology and the Environment 6 (September, 2008), 380-385.

GREEN, R. E., S. J. CORNELL, J. P. W. SCHARLEMANN, AND A. BALMFORD, “Farming and the Fate
of Wild Nature,” Science 307 (28 January, 2005), 550-555.

JORDAN, N., G. Booby, W. BROUSSARD, J.D. GLOVER, D. KEENEY, B.H. McCownN, G. McCISAAC,
M. MULLER, H. MURRAY, J. NEAL, C. PANSING, R.E. TURNER, K. WARNER, AND D. WY SE,
“Sustainable Development of the Agricultural Bio-Economy,” Science 316 (15 June, 2007),
1570-1571.

KLEIN, D., F. BERENDSE, R. SMIT, AND N. GILISSEN, “Agri-Environment Schemes Do Not
Effectively Protect Biodiversity in Dutch Agricultural Landscapes,” Nature 413 (18
October, 2001), 723-725.

LONG, N. V., AND A. SOUBEYRAN, “Cost Manipulation Games in Oligopoly, with Costs of
Manipulating,” International Economic Review 42 (May, 2001), 505-533.

MITCHELL, D., “A Note on Rising Food Prices,” Policy Research Working Paper 4682,

Devel opment Prospects Group, The World Bank, July 2008.

PoLAskY, S., E. NELSON, J. CAMM, B. CsuTl, P. FACKLER, E. LONSDORF, C. MONTGOMERY, D.

WHITE, J. ARTHUR, B. GARBER-Y ONTS, R. HAIGHT, J. KAGAN, A. STARFIELD, AND C.

TOBALSKE, “Where to Put Things? Spatial Land Management to Sustain Biodiversity and


http://apps.isiknowledge.com/DaisyOneClickSearch.do?product=WOS&search_mode=DaisyOneClickSearch&doc=1&db_id=&SID=4F8go5C9cFcBApEH6i8&name=Jordan%20N&ut=000247239900023&pos=1&cacheurlFromRightClick=no
http://apps.isiknowledge.com/DaisyOneClickSearch.do?product=WOS&search_mode=DaisyOneClickSearch&doc=1&db_id=&SID=4F8go5C9cFcBApEH6i8&name=Boody%20G&ut=000247239900023&pos=2
http://apps.isiknowledge.com/DaisyOneClickSearch.do?product=WOS&search_mode=DaisyOneClickSearch&doc=1&db_id=&SID=4F8go5C9cFcBApEH6i8&name=Broussard%20W&ut=000247239900023&pos=3
http://apps.isiknowledge.com/DaisyOneClickSearch.do?product=WOS&search_mode=DaisyOneClickSearch&doc=1&db_id=&SID=4F8go5C9cFcBApEH6i8&name=Glover%20JD&ut=000247239900023&pos=4
http://apps.isiknowledge.com/DaisyOneClickSearch.do?product=WOS&search_mode=DaisyOneClickSearch&doc=1&db_id=&SID=4F8go5C9cFcBApEH6i8&name=Keeney%20D&ut=000247239900023&pos=5
http://apps.isiknowledge.com/DaisyOneClickSearch.do?product=WOS&search_mode=DaisyOneClickSearch&doc=1&db_id=&SID=4F8go5C9cFcBApEH6i8&name=McCown%20BH&ut=000247239900023&pos=6
http://apps.isiknowledge.com/DaisyOneClickSearch.do?product=WOS&search_mode=DaisyOneClickSearch&doc=1&db_id=&SID=4F8go5C9cFcBApEH6i8&name=McIsaac%20G&ut=000247239900023&pos=7
http://apps.isiknowledge.com/DaisyOneClickSearch.do?product=WOS&search_mode=DaisyOneClickSearch&doc=1&db_id=&SID=4F8go5C9cFcBApEH6i8&name=Muller%20M&ut=000247239900023&pos=8
http://apps.isiknowledge.com/DaisyOneClickSearch.do?product=WOS&search_mode=DaisyOneClickSearch&doc=1&db_id=&SID=4F8go5C9cFcBApEH6i8&name=Murray%20H&ut=000247239900023&pos=9
http://apps.isiknowledge.com/DaisyOneClickSearch.do?product=WOS&search_mode=DaisyOneClickSearch&doc=1&db_id=&SID=4F8go5C9cFcBApEH6i8&name=Neal%20J&ut=000247239900023&pos=10
http://apps.isiknowledge.com/DaisyOneClickSearch.do?product=WOS&search_mode=DaisyOneClickSearch&doc=1&db_id=&SID=4F8go5C9cFcBApEH6i8&name=Pansing%20C&ut=000247239900023&pos=11
http://apps.isiknowledge.com/DaisyOneClickSearch.do?product=WOS&search_mode=DaisyOneClickSearch&doc=1&db_id=&SID=4F8go5C9cFcBApEH6i8&name=Turner%20RE&ut=000247239900023&pos=12
http://apps.isiknowledge.com/DaisyOneClickSearch.do?product=WOS&search_mode=DaisyOneClickSearch&doc=1&db_id=&SID=4F8go5C9cFcBApEH6i8&name=Warner%20K&ut=000247239900023&pos=13
http://apps.isiknowledge.com/DaisyOneClickSearch.do?product=WOS&search_mode=DaisyOneClickSearch&doc=1&db_id=&SID=4F8go5C9cFcBApEH6i8&name=Wyse%20D&ut=000247239900023&pos=14

Economic Returns,” Biological Conservation 141 (June, 2008), 1505-1524.

SALANT, S. W., AND G. SHAFFER, “Unequal Treatment of Identical Agents in Cournot
Equilibrium,” American Economic Review 89 (June, 1999), 585-604.

SCHERR, S. J., AND J. A. MCNEELY, “Biodiversity Conservation and Agricultural Sustainability:
Toward a New Paradigm of ‘Ecoagriculture’ Landscapes,” Philosophical Transactions of
the Royal Society, B-Biological Sciences 363 (12 February, 2008), 477-494.

TERBORGH, J., L. Lorez, P. NUNEZ V., M. RAO, G. SHAHABUDDIN, G. ORIHUELA, M. RIVEROS, R.
ASCANIO, G. H. ADLER, T. D. LAMBERT, AND L. BALBAS, “Ecological Meltdown in
Predator-Free Forest Fragments,” Science 294 (30 November, 2001), 1923-1926.

TICHIT, M., L. DOYEN, J. Y. LEMEL, O. RENAULT, AND D. DURANT, “A Co-Viability Model of
Grazing and Bird Community Management in Farmland,” Ecological Modelling 206
(August, 2007), 277-293.

WAGGONER, P. E., “How Much Land Can Ten Billion People Spare for Nature? Does
Technology Make a Difference?” Technology in Society 17 (1, 1995), 17-34.

WATZOLD, F., AND K. SCHWERDTNER, “Why Be Wasteful When Preserving aValuable
Resource? A Review Article on the Cost-effectiveness of European Biodiversity
Conservation Policy,” Biological Conservation 123 (June, 2005), 327—-338.

WHITFIELD, J., “Agriculture and Environment: How Green Was My Subsidy,” Nature 439 (23
February, 2006), 908-909.

Y AMAMOTO, T., AND Y. IKEBE, “Inversion of Band Matrices,” Linear Algebra and Its

Applications 24 (June, 1979), 105-111.

35



