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1 Introduction

In a wide range of economic situations, individuals make decisions without being fully in-
formed about the rewards from different options. In many of these instances the decision
problems are of a recurring nature and it is natural that individuals use their past experi-
ence and the experience of others in making current decisions. The experience of others is
important for two reasons: one, it may yield information on different actions per se (as in
the case of choice of new consumer products, agricultural practices, or medicines prescribed),
and two, in many settings the rewards from an action depend on the choices made by others
and so there is a direct value to knowing about other’s actions (as in the case of which credit
card to use, or which language to learn, or whether to buy a fax machine or not). This
suggests that the precise way in which individuals interact can influence the generation and
dissemination of useful information and that this could shape individual choices and social
outcomes. In recent years, these considerations have motivated a substantial body of work
on learning in economics, which takes explicit account of the structure of interaction among
individual entities. The present paper provides a survey of this research.

I will consider the following simple framework: there is a set of individuals who are located
on nodes of a network; the arcs of the network reflect relations between these individuals. At
regular intervals, individuals choose an action from a set of alternatives. They are uncertain
about the rewards from different actions. They use their own past experience as well as
gather information from their neighbors (individuals who are linked to them) and then choose
an action that maximizes individual payoffs. I start by studying the influence of network
structure on individual and social learning. In this part the network is taken as given. In
the second part of the survey I explore learning in a setting where the network itself is
evolving due to individual choices on link formation. Here, the focus will be on the way that
individual incentives shape the evolution of structure as well as economic performance.!

The above framework allows for a rich set of interpretations and I provide some examples to
illustrate this:

n this survey I will be mostly concerned with learning in models where agents are either fully rational
or the departures from full rationality are relatively minor. Moreover, the focus of the survey is entirely
on analytical results. I will therefore not be discussing the large literature on agent based modelling and
computational economics which studies similar issues. For surveys of this work see Judd and Tesfatsion
(2005), Kirman and Zimmermann (2001)).

For surveys on static models of network formation see the accompanying papers by Jackson (2003) and van
den Nouweland (2003) in this volume.



e Adoption of consumer products: Consumers make decisions on brand choice without
complete knowledge of the alternatives. They try out different brands and also gather
information from market surveys and their friends and acquaintances to make more
informed choices.

e Medical innovation: Doctors have to decide on new treatments for ailments without
complete knowledge of their efficacy and side-effects; they read professional magazines
as well as exchange information with other doctors in order to determine whether to
prescribe a new treatment.

e Agricultural practices: Farmers decide on whether to adopt new seeds and farming
packages without full knowledge of their suitability for the specific soil and weather
conditions they face. They use the experience of neighboring farms and extension
services in making decisions.

In the above examples individuals use their links with others primarily to gather useful
information on product characteristics or suitability. In the following examples, there is
strategic interaction between individuals and the rewards from an action depend on the
actions of others.

e Adoption of new information technology: Individuals decide on whether to adopt fax
machines or a new computer operating system without full knowledge of its useful-
ness. This usefulness is related to the choices of others with whom they would like to
communicate.

e Language choice: Individuals choose which language to learn at school as a second
language. Here the rewards depend on the choices of others with whom they expect to
interact in the future.

e Credit card choice: Individual consumers choose a credit without full knowledge to
the benefits of the card, since they do not know how often the card can be used. The
benefit in turn depends on the credit cards adopted by shops that they frequent. The
shopkeepers face a similar decision problem.

e Social norms on punctuality: Individuals decide whether to be on time for their ap-
pointments or to arrive a bit late. The returns from being to time and the costs

associated with being late depend on the choices of others whom they are going to
meet.



The work discussed in this survey should be seen as part of a larger research programme
in economics which examines the role of informal institutions and non-market interaction in
shaping economic activity; for general introductions to this area see Goyal (1999), Kirman
(1997), and Young (1998). I now briefly mention some closely related strands of research.
There is a large and growing body of empirical work which studies the influence of the net-
work /interaction structure on economic outcomes.? This work documents the different ways
in which individual behaviour is sensitive to the patterns of interaction, and also illustrates
how changes in the patterns of interaction lead to changes in individual behavior and social
outcomes. There is also a significant body of experimental research on the effects of networks
and non-market interaction on individual behavior and social learning.?

The study of learning has been one of the most active fields of research in economics in the
last two decades. Different aspects of this research have been surveyed in articles and books;
see e.g., Blume and Easley (1995), Fudenberg and Levine (1999) Kandori (1997), Marimon
(1997) and Samuelson (1997). The distinctive feature of the present survey is its focus on
the role of interaction structures in learning.

I would next like to mention the early work of Coleman (1966) and Schelling (1975) and
the large body of work in economic sociology which studies the effects of social structure
on economic performance. For an introduction to some of the themes in this this body of
work, see Burt (1994), Granovetter (1974, 1985), Raub and Weesie (1990), and Smelser and
Swedberg (1994). There is also an extensive literature on network formation in mathematical
sociology; for recent work in this area see Carley and Banks (1996), Doreian and Stokman
(2001), and Snijders (2001). I would like to briefly relate the work in economics and sociology.
Traditionally, the relation between the economics research and the sociology research has
been seen as follows: In the economics strand, most of the research has a relative simple
formulation of the objective function — maximization of a payoff function — but a relatively
rich formulation of the strategic possibilities inherent in the network formation process.
On the other hand, the work in sociology endows individuals with a rich and varied set
of motivations but pays relatively less attention to the strategic aspects of the network

2See e.g., Hagerstrand (1969), Griliches (1957), Ryan and Gross (1943) on diffusion new agricultural
practices, Coleman (1966) and Taylor (1979) on diffusion and patterns of medical practices, Young (1998)
on spread of traffic norms, Elias (1978) on the history of social customs and manner, Munshi (2003) on
migration and social networks, Watkins (1991) on spread of norms in marriage and fertility, Burke and
Young (2001) on norms in contracting, and Glaeser, Sacerdote and Scheinkman (2001) on local interaction
and criminal activity. For a discussion on the technical issues arising in the measurement of local effects, see
Glaeser and Scheinkman (2001), Brock and Durlauf (2001), and Manski (2000).

3Kosfeld (2003) provides a survey of the experimental work.



formation process. In recent years as the rational choice school has become more prominent
in sociology, the research methodology in the two subjects has become more similar. A
second difference is the emphasis on the relation between individual incentives and social
efficiency in economics, something which seems to be less studied by sociologists.

Finally, I mention the rapidly growing literature in physics on the subject of networks. This
work highlights statistical regularities of actual networks such as the World Wide Web,
the Internet, the network of co-authors (in different disciplines), network of actors, among
others. The empirical work shows that these networks display small world features (the
average distance between nodes in the network is relatively short), clustering (high overlap
between the connections of connected nodes) and a scale free distribution of links. The
research has also developed simple dynamic models of expanding networks which generate
these statistical properties. For comprehensive recent surveys of this work in physics see
Albert and Barabasi (2002) and Dorogovtsev and Mendes (2002). The distinctive element of
the research in economics is the emphasis on individual incentives and strategic interaction.

A brief word on the style of the paper: I believe that the issues addressed here are of
general interest and so I have tried to make this survey accessible to readers with different
backgrounds. The main results are presented precisely and the intuition behind them is
developed in some detail. On occasion, to keep the exposition smooth, I have taken the
liberty of omitting some technical assumptions (or qualifications). To make up for this, I
have provided complete references for all the results reported, and the enthusiastic reader is
encouraged to refer to the originals for the mathematical proofs.

The rest of the paper is organized as follows. In section 2, I introduce networks and present
the basic terminology which will be used throughout the survey. I start with a presentation of
results on learning within a given network. Section 3 considers learning about optimal actions
in non-strategic environments, while section 4 considers learning about optimal actions in
strategic environments. I then discuss learning in evolving networks. Section 5 discusses
learning about optimal link decisions, while section 6 examines learning about optimal links
as well as actions in strategic games. Section 7 concludes.

2 Networks

Let N = {1,2,...,n} be a finite set of individuals/decision makers, each of whom is located
(and identified with) a distinct node of a network. An arc or a link between two individuals
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i and j is denoted by g, j, where g;; € {0,1}. Here, g;; = 1 reflects the presence, while
gi; = 0 denotes the absence of a link from 7 to j. In Figure 1, for example, there are 3
players, 1, 2 and 3, and ¢1 3 = g3.1 = g12 = 1. We shall denote a network by ¢ and the set of
all networks by G. There is a one-to-one correspondence between the set of directed network
on n vertices and the set G. We say there is a path from j to ¢ in g either if g; ; = 1 or there
exist distinct players ji, ..., J, different from ¢ and j such that g; ;, = 95,5, = ... = gj.,.; = 1.
For example, in Figure 1 there is a path from player 2 to player 3. The notation “j —2» 7”
indicates that there exists a path from 7 to 7 in g. A network ¢ is said to be connected if
there exists a path between any pair of players ¢ and j in g. The (geodesic) distance from
player j to player i in g is the number of links in the shortest path from j to ¢, and is denoted
d; ;(g). We set d; j(g) = oo if there is no path from j to 7 in g.

I now define neighborhoods of players in a network. Let N%(i;g) = {k € N|g;, = 1} be the
set of individuals with whom 4 has a direct link in network g. We shall refer to N%(i; g) as
the set of direct neighbors of i in network g. Let N(i;g) = {k € N|k —% i} be the set of
individuals whom 7 can directly or indirectly access in network g. Let u¢ : G — {0,.....,.n—1}
be defined as pd(g) = |N(i;g)|. Here, ud(g) is the number of individuals with whom i is
directly linked in network g. The term p;(i; g) is defined correspondingly. Thus in Figure
1 below, N(1;9) = {1,2,3}, N(2;9) = {2}, N(3;9) = {1,2,3}, while N¢(1;9) = {2,3},
NY(2;9) = ¢, and N(3;g) = {1}

3

1/ 2

Figure 1

A component of g, is a subset C' C N and the set of all links between the members of C
in g, with the property that for every distinct pair of players i and j in C' I have j - i,
(equivalently, j € N(i;¢g)) and there is no strict superset C’ of C' in ¢ for which this is
true. A network g is said to be minimal if the deletion of any link increases the number of
components in g. We can also say that a network g is connected if it has a unique component.
If the unique component is minimal, ¢ is called minimally connected. A network which is
not connected is referred to as disconnected. A network is said to be empty if N(i;¢g) = {i}
and it is called complete if N%(i;g) = N\{i} for all i € N. We denote the empty and the
complete network by ¢¢ and ¢¢, respectively. A star network has a central player i such that
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gij = g5, = 1 for all j € N\{i} and there are no other links. A wheel network is one where
the players are arranged as {i1, ..., %, } With g;,;, = ... = ¢i i 1 = Gir.in, = 1 and there are
no other links. The wheel network is denoted g“. Figure 2 presents these networks for a
society with 4 people.

== ?

Figure 2a Figure 2b Figure 2c
Complete Network Star Wheel

Two networks ¢ € G and ¢ € G are equivalent if ¢’ can be obtained by a relabelling of
the players in g. For example, if g is the network in Figure 1, and ¢’ is the network where
players 1 and 2 are interchanged, then g and ¢’ are equivalent. The equivalence relation
partitions G into classes: each class is referred to as an architecture. For example, there
are n possible ‘star’ networks, all of which come under the equivalence class of the star
architecture. Likewise, the wheel architecture is the equivalence class of (n — 1)! networks
consisting of all permutations of n individuals in a circle.

We shall say that a network graph is regular if all individuals have the same number of
neighbors, N%(i; g) = k, for some k € {0,1,2...,n — 1}. In this case the number of neighbors
is referred to as the degree of the network.

The above description is for directed networks, i.e., networks in which there is an explicit
direction to the arc between two nodes. In particular, in directed networks the presence of
a link g;; = 1 says nothing about the status of the link g;;. By contrast, in undirected
networks, a link has no orientation/direction and g¢; ; = ¢;;. In some parts of the survey,
I will discuss undirected networks; the concepts and terminology for these networks can be
developed in an analogous manner.



3 Non-strategic interaction

In this section I study learning about optimal actions in a setting where the rewards from
an action do not depend on the actions chosen by other individuals.

I consider the following general framework. There are many decision makers, each of whom
faces a similar decision problem: to choose an action at regular intervals without knowing the
true payoffs from the different actions. The action chosen generates a random reward and also
provides information concerning the true payoffs. An individual uses this information as well
as the experience of a subset of the society, her neighbors to update her prior beliefs. Given
the updated beliefs, an individual chooses an action that maximizes one period expected
utility. I study the dynamic process of individuals’ beliefs, actions and utilities. Our interest
is in the influence of the structure of neighborhoods on the actions that individuals choose
and the transmission of information. I first present the analysis of learning in fixed networks
and then discuss random networks.

3.1 Learning from neighbors

The nature of neighborhood influence on individual choice has been studied in early papers
by Allen (1982) and Ellison and Fudenberg (1992). In this section I first present the papers
by Bala and Goyal (1998, 2001), as these papers fit in more naturally within the general
framework of the survey — which involves a finite number of individuals located in a deter-
ministic network structure, finite actions, and myopic best response decision rules — that is
used throughout the survey. I will discuss the papers by Allen, and Ellison and Fudenberg
later in this section.

Decision Problem: Time is assumed to be discrete, and indexed by t = 1,2,.... There are
n > 3 individuals; an individual 7 chooses an action from a finite set of alternatives, denoted
by S;. In this section, I assume that S; = S; = A, for every pair of individuals 7 and j. I
denote by s;, the action taken by individual ¢ in time period ¢. The payoffs from an action
depends on the state of the world @, which belongs to a finite set ©. If 8 is the true state
and an individual chooses action a € A then he observes an outcome y € Y with conditional
density ¢(y, a;0) and obtains a reward r(a,y). To simplify matters, I will assume that Y is
the real line and that the reward function r(a,.) is bounded.

Individuals do not know the true state of the world; their private information is summarized
in a prior belief over the set of states. For individual ¢ this prior is denoted by ;1. The set
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of prior beliefs is denoted by P(©). I assume that priors of all individuals are interior, i.e.,
wia(f) >0,V 6, and Vi € N. Given belief i, an individual’s one period expected utility
from action a is given by

ula.p) = 3 () [ r(a,y)oly, i )dy. 1)

0co

I assume that individuals have similar preferences which are reflected in a common reward
function r(.,.). I will consider the role of heterogeneity later. Let G : P(©) — X be the one
period optimality correspondence:

G(p) ={a € Alu(a, ) 2 u(d’, p), Va' € A} (2)

Let 0y represent point mass belief on the state 0; then G(dy) denotes the set of optimal
actions if the true state is f. I now provide an example (of a two arm bandit problem) which
is a special case of the framework outlined above.

Example 1: Suppose A = {ag,a;} and © = {0,,0;}. In state 6;, action a; yields Bernoulli
distributed payoffs with parameter = € (1/2,1), i.e., it yields 1 with probability 7, and 0
with probability 1 — 7. In state 6,, action a, yields a payoff of 1 with probability 1 —, and 0
with probability 7. Furthermore, in both states, action a, yields payoffs which are Bernoulli
distributed with probability 1/2. Hence action a; is optimal in state 61, while action a, is
optimal in state 6,. The belief of an individual is a number p € (0,1), which represents the
probability that the true state is #;. The one period optimality correspondence is given by

Joa ifp>1/2
G(“>_{ao if p < 1/2

Dynamics: For each i € N, let g; : P — A, be a selection from the one period optimality
correspondence G. In period 1, each individual chooses g;(p;1) and observes the outcome;
individual 7 also observes the actions and outcomes of each of her neighbors, j € N%(i). I
assume that individuals use this information to update their prior p;;, and then make a
decision in period 2 and so on. In particular, I assume that an individual does not take
into account that the actions of his neighbors may give him information about what these
neighbors have observed about their neighbors. There are two reasons for this assumption.
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The first reason is descriptive realism: I feel that agents either do not have the computa-
tional capacity to work through these inferences or do not find the computations involved
worthwhile. The second reason is tractability of the model. This assumption as well as the
assumption of myopic optimization helps me to simplify the model and allows me to focus
on the role of interaction structure directly.

I need some additional notation to describe the dynamic process. For a fixed 0 let (2, F, P?)
define the probability triple where €2 contains all the sample realizations of all the individuals

over time and P? is the probability measure induced over the sample paths by # € ©. For a
subset B C © and H a measurable subset of €2, let P;(B x H) be given by

PBx H) =Y i1 (0)P'(H). 3)

0eB

for each individual i« € N. A typical sample path is of the form w = (#,w’), where 6 is the
state of nature and w' = ((¥f'))acien; (Ui'o)acAienN, - (Ui't)acAien ), Where yf, € Y5 =Y.
Let C; ¢ = gi(1ti) denote the action of individual 7 in period ¢, Z; ; the outcome of this action,
and let U;;(w) = u(Ciy, pie) be the expected utility of ¢ with respect to her own action at

time t. Given this notation I can now write down the posterior beliefs of individual 7 in
period t + 1 as follows:

_ HjeNd(i)U{i} ¢(Zj,t; Cits e)ﬂi,t(e)
Soeco ljenamuy @(Zje; Che, 0)pie(0)

/M,t+1(9) (4)

Our interest is in studying the influence of network structure on the evolution of individual
actions, beliefs, and utilities, (a; 4, ftit, Uit)ien, Over time.

The following result, due to Bala and Goyal (1998), shows that the beliefs and utilities of
individuals converge, in the long run.

Theorem 3.1 The beliefs and utilities of every individual converge: limy_oopti1(w) = i o0(w)
and limy_ooU; 1(w) = U, oo(w), for every i € N, with probability one.

The first part of the statement follows as a corollary of the Martingale Convergence Theorem
(see e.g., Billingsley, 1985). Let A;(w) be the set of actions that are chosen infinitely often by
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individual ¢ along sample path w. It is intuitive that each of these actions must be optimal
with respect to limit beliefs and must yield the same utility in each of the states that are
in the support of the limit belief 14; (w). The result on limiting utilities follows from this
observation.

I now examine whether all information is communicated efficiently in a connected society.
There are different ways of addressing this issue. One way would be to ask if different persons
get the same payoffs in the long run. This would suggest that they each possess a similar
amount of ‘useful’” information. The following result, due to Bala and Goyal (1998), is in
this spirit.

Theorem 3.2 FEvery indiwidual in a connected society gets the same long run utility: U; o =
Uj. for everyi,j € N, with probability one.

We note that this result obtains in a setting where all individuals have the same reward

function. The idea behind the above result is as follows: if 7 observes the actions and
outcomes of 7 then he must be able to do as well as j in the long run. Next note that this

must be true by transitivity for any person & who observes j indirectly. The final step is to
note that in a connected society there is an information path from any player ¢ to any player
J. This result shows that in a connected society information transmission is good enough to
ensure that every person gets the same utility in the long run. The above results lead me
to the question: do beliefs converge to the truth and are individuals choosing the optimal
action and earning the maximal possible utility in the long run?

We shall assume that 6, is the true state of the world. The long run actions of a player ¢
are said to be optimal if A'(w) C G(d,). Social learning is said to be complete if for all
i € N, AY(w) C G(d,), on a set of sample paths which has probability 1 (with respect to
the true state 0;). The analysis of long run learning rests on the informativeness of actions.
An action is said to be fully informative if it can help an individual distinguish between all

the states: if for all 6, # € ©, with 6§ #£ ¢,

| 16(y:0.0) = 6(y; 0,0 dy > 0. (5)

By contrast, an action @ is uninformative if ¢(., a; #) is independent of 6. In example 1 above,
action a, is uninformative while action a; is fully informative.
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It is natural that prior beliefs have to be restricted if individuals are to learn the optimal
action. For instance, in Example 1 above, if everyone has priors such that the uninformative
action is optimal then there is no additional information emerging in the society and nothing
is going to change over time. Optimism by itself is, however, not sufficient. To see this
consider a society with a finite number of individuals, and suppose that I am in the setting
of Example 1 and that everyone has optimistic priors, ;1 > 1/2, for all @ € N. Thus
in period 1 everyone will choose action a;. There is a well defined number of realizations
of 0, say T, after which an individual will switch to the uninformative action a,. Since
individual trials are independent, the probability of such a sequence of bad realizations is
positive. Given that the number of individuals is finite there is also a positive probability
that everyone gets such a poor sequence of realizations in the first T trials. Thus there is a
positive probability that everyone chooses the uninformative action ag after a finite time 7°.4
The above argument also shows that the probability of incomplete learning is strictly positive
in any finite society. While this finding is useful, it leaves open two related questions: one,
what is the relative attractiveness of different networks for social learning in finite societies
and two, what happens to the probability of learning in different networks as the number of
players gets large and in the limit goes to infinity? I am not aware of any general results on
the first question; Bala and Goyal (1998) develop some results on question two and I report
these results now.

Consider therefore a large society where everyone is optimistic, i.e., p; 1(61) > 1/2. T explore
the role of information networks in this setting. Suppose that the decision problem is as in
Example 1 and for concreteness suppose that beliefs satisfy the following condition.

(6)

infienpg1 > ;; SUp;en i1 < 122
where x = (1 — m)/m € (0,1). From the optimality correspondence formula, it follows
that every person chooses a; in period 1. Suppose that individuals are arranged along the
integer points of the real line and that the direct neighborhood of players is as follows:
N@G) = {i — 1,5 + 1} U {1,2,3,4,5}. I shall refer to the commonly observed group of
individuals {1,2,3,4,5} as the royal family. This structure corresponds to situations in
which individuals have access to local as well as some common/public source of information.
For example, such a structure arises naturally in the context of agriculture where individual
farmers observe their neighboring farmers but all the farmers observe a few large farms and

4This line of reasoning has been developed and elaborated upon in the Bayesian learning literature; see
e.g., Rothschild (1974), Easley and Kiefer (1988), McLennan (1984).
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agricultural laboratories. Similarly, in academic research, individual researchers keep track
of developments in their own field of specialization and also try and keep abreast of the work
of pioneers/intellectual leaders in their subject more broadly defined.

Suppose that the true state is 6; and a; is the optimal action. I now argue that there is
a strictly positive probability of incomplete learning in this society. The argument is quite
simple: suppose that every person in the royal family is unlucky in the first period and gets
an outcome of 0. Consider any individual ¢ and note that this person can get at most 3
positive signals from her immediate neighborhood. Thus any person in this society will have
a minimum residual of 2 negative signals on the true state. Given the assumptions on the
priors, this negative information is sufficient to push the posteriors below the critical cut-off
level of 1/2 and this will induce a collective switch to action a, in period 2. From then
on no further information is generated and society gets locked into the uninformative and
suboptimal action. Notice that this argument does not use the size of the society and thus
I have obtained an upper bound which is less than 1, on the probability of learning for all
n. This example illustrates how a few common signals can block out and overwhelm a vast
amount of locally available information. This example also suggests a possible mechanism
for getting out of the problem: looking at networks in which local information is given due
weight.

I now present a simple network in which local information is given enough scope and ulti-
mately prevails. Consider a society where for every i, N%(i) = {i — 1,7 + 1}. It is possible
to show that in this society complete learning obtains. The argument is as follows. First,
I fix an individual ¢ and apply the strong law of large numbers to claim that there is a set
of sample paths with positive probability on which the experience on the optimal action a,
always remains positive, on the average. This means that starting with optimistic priors,
individual ¢ will persist with action a;, forever on this set of sample paths, if he were isolated.
I then similarly construct a set of sample paths for each the neighbors of player 7, on which
players ¢ — 1 and 7 + 1, respectively, receive positive information, on average. Exploiting
independence of trials across players, I infer that the probability of the three players ¢ — 1,
1, and 7 + 1 receiving positive information on average is strictly positive, say ¢ > 0. Hence
the probability of individual ¢ choosing the suboptimal action a, is bounded above by 1 —gq.
I finally note that along this set of sample paths, the experience of other individuals outside
the neighborhood cannot alter the choices of individual ¢. Similarly, I can construct a set
of sample paths for individual ¢ + 3, whose information neighborhood is {i + 2,7 + 3,7 + 4}.
From the i.i.d nature of the process, I can deduce that the probability of this sample of paths
is ¢ > 0 as well. Note next that since individuals ¢ and 7 + 3 do not share any neighbors, the
two events, that neither ¢ nor 7 4+ 3 tries the optimal action in the long run are independent
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and the probability of this joint event is therefore bounded above by (1 — ¢)%. In a society
where N%(i) = {i — 1,i+ 1}, and given that ¢ > 0, it now follows that learning can be made
arbitrarily close to 1, by suitably raising the number of individuals.

This example illustrates in a simple way how the architecture of the information network
affects the possibilities of social learning. In particular, it shows that the probability of learn-
ing can be increased by decreasing the number of information links and thereby restricting
flow of information in society. More generally, it helps us identify a structural feature of
information networks that facilitate learning, local independence. 1 shall say that two indi-
viduals 7 and j are locally independent if N(i) N N%(j) = ). In a society with a royal family
the positive information generated on the optimal actions in different parts of the society
is overturned by the negative information generated by the royal family. By contrast, in a
society with local ties only, negative information does arise over time but it cannot simul-
taneously overrule the positive information generated in different parts of the society. This
allows the positive local information to gain a foothold and eventually spread across the
whole society. This insight is fairly general and is summarized in the following result, due
to Bala and Goyal (1998). A player ¢ has optimistic prior beliefs if ¢;(p:1) C G(dg,)-

Theorem 3.3 Suppose a society is connected. In such a society the probability of learning
can be made arbitrarily close to 1, by suitably increasing the number of locally independent
optimistic players.

Conformism vs diversity: 1 now briefly discuss the question: do all individuals choose the
same action in a connected society? I will say that a long run action profile exhibits con-
formism if all individuals choose the same action, and it exhibits diversity if there is a positive
fraction of individuals which chooses different actions. Theorem 3.2 says that in a connected
society all individuals will obtain the same utility, in the long run. If there is a unique
optimal action for every state this implies that all individuals will choose the same action as
well. In case there are multiple optimal actions for the same state, however, the result does
not say anything about conformism and diversity. This motivates a study of the relative
likelihood of conformism and diversity as a function of the network structure. Bala and
Goyal (2001) study a class of societies in which there are completely linked groups, and the
level of integration of the society is given by the number of cross-group links. They find that
diversity obtains if there are relatively few cross group links, while conformism is guaranteed
if the groups are fully interconnected and the society forms a complete network.

This result on conformism, and indeed all the results reported so far, are obtained in a setting
where all individuals have the same reward functions. In a society with heterogeneous

15



preferences, the analogue of this result would be as follows: in a connected society, all
individuals with the same preferences obtain the same utility. Bala and Goyal (2001) show
by example that this conjecture is false. In this example preference differences can create
information blockages that impede the transmission of useful information and thereby sustain
different utility levels for individuals with similar preferences. This leads then to propose a
stronger notion of connectedness: group-wise connectedness. A society is said to be group-
wise connected if for every pair of individuals ¢ and j of the same preference type, either
j is a neighbor of i, or there exists a path from j to ¢ with all members of the path being
individuals having the same preference as ¢ and j. Theorem 3.2 obtains for members with
the same preferences in societies which satisfy this stronger connectedness requirement.

I now discuss the papers by Allen (1982) and Ellison and Fudenberg (1992). Allen studies
technology adoption by a set of individuals located on nodes of a graph, who are subject to
local influences. This is clearly very close in spirit to the motivation behind the framework
developed above. She shows that, if every action is chosen with a positive probability,
then there exists a unique global (joint) distribution on actions given any local influence
structure. These results tell us something about the consistency requirements imposed by
local influences, but they leave open the issue of the dynamics of how local influences work
their way through to the global level, which is the focus of the present survey. Ellison and
Fudenberg (1992) consider a setting with a unit measure of individuals each of whom makes
a choice between two actions. The relative profitability of these technologies is unknown. In
each period a fraction of the population gets an opportunity to revise their choices. These
individuals observe the average payoffs of the two actions in the previous period and pick
the action that yields the higher payoff. The authors examine the share of the population
adopting different actions over time.

Let f and g be the two technologies and suppose the payoffs are given as follows: uf — u{ =

B+¢€;. The value of ( is unknown and the € is a random variable with mean 0 and a cumulative
distribution H. The distribution of € is such that Probability[u! — uf > 0] = p > 0. Thus it

may happen that action g gets higher payoffs in a period even though the action f is better,
ie., B <O.

Let z' denote the fraction of individuals choosing action ¢ in period ¢. The first result they
obtain says that the time average of 2! converges to its expectation with respect to the unique
invariant measure, v. Moreover, this average corresponds in a simple way to the distribution
of the noise in the payoffs function of the two actions: E,(z) = p.

It is easy to see that a decision based solely on comparing previous period payoffs does
not really allow the superior quality of an action to express itself and as a result the process
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fluctuates with the noise and does not actually settle down on any one action in the long run.
To allow for the history of past experiences to have greater influence, Ellison and Fudenberg
(1992) next consider a decision rule that gives some weight to the relative popularity of the

different actions. In particular, they use the following decision rule: an individual prefers

action ¢ if the observed payoff difference uf — u{ > m(1 — 2a2'), where m refers to the

weight on the relative popularity of the actions. It is clear that given some m, a larger '
makes it more likely that the inequality will be satisfied and action g will be chosen. For all
x' # 1/2, a larger m signifies greater weight on the popularity of different actions. Suppose
that the distribution of shocks ¢; is uniform on [—o,o]. Given this assumption, I can state
the following result, due to Ellison and Fudenberg (1992), on the behavior of z* for different
values of m.

Theorem 3.4 If m = o then ' converges to 1 if g is optimal (8 > 0), and it converges to 0
if f is optimal (8 < 0). Form < o the process need not converge, while for m > o it always
converges but the limit is sensitive to the initial state x,.

This result suggests that there is an optimal weight for popularity in the decision rule: m < o
represents under-weighting while m > o reflects over-weighting of the popularity.

Ellison and Fudenberg also consider a spatial model of learning, where payoffs are sensitive
to location. Suppose that the measure of individuals is arranged along a line, and each
individual has a window of observation around herself. Moreover suppose that the payoffs
are given as follows: u{(6) = 0+ 560+ €4, for technology g at location 6, and u{(@) = B0+€p,
for technology f. With this formulation, it follows that there is a cut-off for the optimal
technology at # = 0, with g being the optimal choice for 8 > 0, while f is the optimal choice
for 8 < 0. In each period, individuals observe the average payoffs of the two technologies in
their window of observation. For individual #, the window is an interval given by [0 —w), 0+w)].
They choose the action which yields a higher average payoff in this window. Suppose there
is a boundary point xo at the start. Ellison and Fudenberg study the evolution of this
boundary over time. From our point of view, their main result pertains to the effect of the
size of the window of observation on the long run properties of the system. They find that
under some regularity conditions on the distribution of the error terms, the steady state
welfare is decreasing in the size of the interval. Thus smaller intervals are better from a long
term welfare point of view. However, if w is small then the cut-off point moves slowly over
time if the initial state is far from the optimum and this creates a trade-off: increasing w
leads to a short term welfare gain but a long term welfare loss.
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3.2 Related themes

So far I have discussed learning in a setting where every player has a fixed set of neighbors
and the implicit assumption is that these neighbors constitute a small subset of the whole
population. An alternative way to think of information transmission is as follows: in every
decision period, an individual gets to observe a sample of other people chosen at random
from the population. This individual uses the information obtained from the sample — which
could relate to the relative popularity of different actions, or actions and outcomes of different
trials — in making her choices. This approach has been explored by Ellison and Fudenberg
(1995), among others. In this approach the attention has been on the size of the sample,
the type of information extracted from the sample, and the nature of the decision rule which
maps this information into the choice of individuals (boundedly rational or Bayesian).

It is useful to briefly examine the effects of random sampling in the decision problem frame-
work above. Suppose there are a finite number of players. Then I can employ standard
mathematical arguments to show that random sampling implies that every person observes
every other person infinitely often (with probability 1). The society will therefore be ‘fully
connected’ in a stochastic sense and I expect that the analogues of Theorems 3.1-3.2 will
obtain. The argument on incomplete learning in finite societies can also be extended in a
straightforward manner. Thus I will need large , i.e., infinite societies to obtain complete
learning within the random network setting. To get an impression of the issues that arise in
settings with large populations, I now discuss a model developed by Ellison and Fudenberg
(1995).

Consider a unit measure of individuals each of whom makes a choice between two actions.
The relative profitability of these technologies is unknown. In each period a fraction of the

population gets an opportunity to revise their choices. These individuals observe a random
sample of other persons and compare the average payoffs of the two actions in this sample
(they also use their own experience in arriving at this average), and pick the action that
yields the higher payoff. I examine the share of the population adopting different actions
over time.

The two actions are denoted by f and g. Suppose that the payoffs to individual ¢ choosing
action f are given by f; + €;; and the payoffs from action g are given by g; + €;5. The
second term reflects the idiosyncratic shocks while the first term refers to the aggregate level
of payoffs in that period. The idiosyncratic shocks are assumed to be i.i.d across players and
time. They have mean 0 and standard deviation o. It is assumed that 3; = g, — f;, and that
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B; has a binomial distribution with Probability(5; = ) = p > 0, while Probability (5, =
—p)=1-p.

In each period t a fraction «a of the individuals get an opportunity to revise their decisions.
Each person faced with this choice gets to observe the actions and payoffs of K randomly
chosen other individuals. She supplements this information with her own experience and
then arrives at an estimate of the average payoffs from the two actions and she chooses the
action with the higher average payoff. In case individual ¢ was choosing action f and does
not observe any trials with action g then she is obliged to persist with action f, irrespective
of the information on action f. Let x' denote the fraction of individuals choosing action g
in period t. The authors study the behavior of ' for different values of the sample size K.

The main results of the paper concern the relative likelihood of social conformism and di-
versity. The first result, due to Ellison and Fudenberg (1995), is for the case where both
actions have the same payoffs.

Theorem 3.5 Suppose that p = 1/2 and the actions are on average equally good. Then x'
converges to an end point with everyone choosing the same action if the sample size is small.
If sample size is large then x' exhibits diversity, in the long run.

The intuition behind this result is as follows: If sample sizes are large then individual id-
iosyncratic noise gets washed out for individuals who are revising their choices, and the
process is governed by the aggregate shocks captured in the variable 3. Since [ is binomial,
the process x! oscillates and a positive fraction of the population chooses each of the two
actions, in the long run. On the other hand, if the sample is small then aggregate shocks are
mediated by individual shocks and percolate slowly through the system. In such a setting,
there is a tendency for popular actions to be reinforced, and the system always converges to
an end point.

The second result, due to Ellison and Fudenberg (1995), covers the case where the two
actions have different payoffs.

Theorem 3.6 Suppose that p > 1/2 and action g is, on average, superior. Then z' con-
verges to an end point with everyone choosing the same action if the sample size is small.
This action can be either f or g and so inefficient conformism can occur. If sample size
is moderate then xt converges to the efficient action g, while if sample size is large then xt
exhibits diversity, in the long run.
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The relationship between sample size and long run learning is due to the combination of
aggregate and idiosyncratic noise. To see this I briefly consider the two limit cases: one,
with no aggregate uncertainty (p = 1) and two, with no idiosyncratic noise. The first case
permits a clean comparison with the learning in fixed networks framework presented earlier.
In that decision environment, there is a true (stochastic) quality level for each action and
individual trials yield independent draws; hence it has no aggregate uncertainty but does
have idiosyncratic noise. We note that in the above result, the critical sample sizes depend on
the value of p, and for the limit case with p = 1, it can be shown that efficient conformism
obtains for all sample sizes. The intuition for this builds on the arguments presented for
Theorem 3.5 above. In case p = 1, there is no aggregate uncertainty and as samples get
large the influence of idiosyncratic noise is less so that the superior technology dominates.
Consider next the case where there are aggregate shocks but no idiosyncratic noise. In this
case, sample size is only relevant only in so far as it affects the probability of individuals
accessing at least one draw of each action.

I would like to conclude by mentioning the literature on herding and informational cascades
(Banerjee, 1992; Bikhchandani, Hirshleifer and Welch, 1992). In this literature there is a
single sequence of privately informed individuals who take one action each. Before making
her choice an individual gets to observe the actions of all the people who have moved earlier.
The person moving in a period thus uses the actions of her predecessors as signals for their
private information and uses these signals to supplement her own private information. This is
quite different from the framework developed above in which individuals can access the entire
experience — the actions as well as rewards — of a subset of individuals, their neighbors. Thus
there is learning from actions and payoffs, and moreover different individuals have access to
different aspects of the social information depending on their location in the society. For a
study of social learning from actions in the context of social networks, see Gale and Kariv
(2003).

4 Strategic interaction

In this section I will study learning of optimal actions in a setting where the rewards from
different actions depend on the actions chosen by other individuals. Given our interest in
the influence of network structure on individual choice, this leads me to a study of strategic
interaction among individuals located in networks. I will consider both games of coordination
as well as games of conflict. As before, our interest is in the question: what is the influence of
the structure of interaction on individual choice and the behavior of the system as a whole.
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4.1 Coordination Games

Suppose there are two players 1 and 2 and they are engaged in the following 2 x 2 game.

Figure 3

I shall assume that payoffs satisfy the following restrictions.

a>d;, b>d; d>e; a+d>b+e. (7)

These restrictions imply that there are two pure strategy equilibria of the game: (a, ) and
(8, 8) and that coordinating on either of them is better than not coordinating at all. The
assumption that a + e > b+ d implies that « is the risk-dominant strategy. It is worth
noting that « can be risk-dominant even if it is not efficient (that is even if b > a). Given
the restrictions on the payoffs, these equilibria are strict in the sense that the best response
in the equilibrium yields a strictly higher payoff than the other option. It is well known
that strict equilibria are robust to standard refinements of Nash equilibrium; thus players
engaged in such a game face a coordination problem.

I shall consider a group of players who are engaged in playing this coordination game. The
structure of interaction will be modelled in terms of an undirected network, whose nodes are
the players and an arc between two players signifies that the two players play the game with
each other. I start with a discussion of the static problem and then take up the issue of
learning.

Suppose there are n players located on vertices of a undirected network with each player
being located on a distinct node. To distinguish between a directed and an undirected link,
I shall use the notation g; ; € {0,1} to denote a undirected link between players i and j. As
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before, g;; = 1 denotes that the existence of a link, and g; ; = 0 denotes the absence of a
link between players i and j. Let g denote an undirected network and let G denote the set
of all undirected networks with n nodes. Recall that Nf(g) = {j € N|g;; = 1} refers to the
set of players with whom 7 is linked in network g. I will use s; to denote a strategy of player
i and S; = {a, 5} to denote the strategy set. I will use S = I;enS; to denote the set of all
strategy profiles in the game and s to refer to a typical member of this set. In the above
two person game, let m(x,y) denote the payoffs to player ¢ when this player chooses action
x, while her opponent chooses action y. The payoffs to a player ¢ from a strategy s;, given
that the other players are choosing s_; is:

(s, 84) = Z (s, S5) (8)

JENL(9)

This formulation reflects the idea that a player ¢ interacts with each of the players in the set
N&(g). A strategy profile s* = {s%,s3, ..., s } is a Nash equilibrium if II;(s}, s* ;) > II;(s;, s*,),
for all s; € 5;, for all players ¢ € N. The equilibrium is strict if the inequalities are strict for
every player.

4.1.1 Multiple Equilibria

I start by describing the nature of Nash equilibria under different network structures. The
first point I note is that the strategy profile s; = x, for all i € N, where z € {«a, 3} is a
Nash equilibrium given any network structure. This is straightforward to check given the
restrictions on the payoffs. Thus the issue is: are there any other equilibria and how is the
answer to this question related to the network structure? The second point to note then is
that if the network is complete, i.e., every pair of players has a link, then the above mentioned
outcomes with social conformism are the only equilibria possible. However, if networks are
incomplete then a variety of other strategy profiles can arise in a Nash equilibrium. To see
this I consider some specific network structures. Consider a society of N players which is
divided into two groups, N; and N, with N; U Ny, = N. Suppose that g; ; = 1 if and only if
1,] € N, for k = 1,2. In other words, there exists a link between every pair of players in a
group and there are no links across players of the two groups. In this simple network it is an
equilibrium for players in group 1 to choose action «, while members of group 2 choose (.
(The converse pattern with members of group 1 choosing action 3, while members of group
2 choose «av is clearly also an equilibrium. These are the only two possible equilibria in this
network.) This example exploits the separation of the two groups of players, and leads us to
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ask: can diversity arise in a connected network? By way of illustration, suppose that the two
groups N1 and N, are relatively large and there is one link between two players in different
groups. A society with this network is connected, but it is easy to see that different actions
can still be sustained in equilibrium in the two groups. These observations are summarized
as follows.

Theorem 4.1 For any action, an outcome where everyone chooses this action is a Nash
equilibrium. If the network is complete, then these are the only Nash equilibria. If the
network is incomplete then there may exist mixed equilibria as well.

This result yields two insights: one, there is a multiplicity of equilibria in general, and two,
the possibility and nature of mixed equilibria depend on the network architecture.

These observation lead me to a closer examination of the plausibility of different equilibria
and how this is in turn related to the structure of interaction. I shall study plausibility in
terms of dynamic stability. I start with a simple decision rule for individuals, and examine
the behavior of the dynamic process generated by this rule.

4.1.2 Dynamic Stability and equilibrium selection

Suppose that time is discrete and given by ¢ = 1,2, 3, ... In each period, with probability p €
(0, 1), a player gets an opportunity to revise her strategy. Faced with this opportunity, player
1 chooses an action which maximizes her payoff, under the assumption that the strategy
profile of her neighbors remains the same as in the previous period. If more than one action
is optimal then the player persists with the current action. Denote the strategy of a player
i in period t by st. If player i is not active in period ¢ then it follows that st = si'.
This simple best-response strategy revision rule generates a transition probability function
P,y (g): S xS — [0,1], which governs the evolution of the state of the system s(g). Recall
that a strategy profile (or state) is said to be absorbing if the dynamic process cannot escape
from the state once it reaches it. Equipped with this notation and terminology, I can now
present a general convergence and characterization result.

Theorem 4.2 Fiz some network of interaction g € G. Starting from any initial strategy
profile, the dynamic process s'(g) converges to an absorbing strategy profile in finite time,
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with probability 1. There is an equivalence between the set of absorbing strateqy profiles and
the set of Nash equilibria of the static social game.?

The equivalence between absorbing states and Nash equilibria of the social game of coordi-
nation is easy to see. The arguments underlying the convergence result are as follows: start
at some state s,. Consider the set of players who are not playing a best response. If this
set is empty then we are at a Nash equilibrium profile and this is an absorbing state of the
process. Suppose therefore that there are some players who are currently choosing action
a but would prefer to choose 3. Allow them this choice and let s; be the new state of the
system (this transition occurs with positive probability, given the above defined process).
Now examine the players doing « in state s; who would like to switch actions. If there are
some such players then have them switch to 3 and define the new state as sy. Clearly this
process of having « players switch will end in finite time (since there are a finite number
of players in the society). Let the state with this property be §. Either there will be no
players left choosing a or there will be some players choosing « in §. In the former case we
are clearly at a Nash equilibrium. Let us take up the second possibility then. Check if there
are any players choosing # who would like to switch actions. If there are none then we are
at an absorbing state. If there are some (3 players who would like to switch then follow the
process as outlined above to reach a state in which there is no player who wishes to switch
from ( to . Let this state be denoted by 5. Next observe that no player who was choosing
a (and did not want to switch actions) in § would be interested in switching to 3. This is
true because the game is a coordination game and the set of players choosing « has (weakly)
increased in the transition from § to 5. Hence we have arrived (with positive probability) at
a state in which no player has any incentive to switch actions. This is an absorbing state
of the dynamics; since the initial state was arbitrary, and the above transition occurs with
positive probability, the theory of Markov chains tells us that the transition to an absorbing
state will occur in finite time, with probability 1.

An early result on convergence of dynamics to Nash equilibrium in regular networks (where
every player has the same number of neighbors) is presented in Anderlini and Tanni (1996).
In their model a player is randomly matched to play with one other player in her direct
neighborhood. Moreover, every player gets a chance to move in every period. Finally, a
player who plans to switch actions can make an error with some probability. They refer to

®One may wonder if there is any relationship between the Nash equilibria of the social game and the
original 2 x 2 game, I started with. This issue has been studied by Mailath, Samuelson and Shaked (1997)
show that the Nash equilibria of the static social game is equivalent to the set of correlated equilibria of the
2 x 2 game. lanni (2001) studies convergence to correlated equilibria under myopic best response dynamics.

24



this as noise on the margin. With this decision rule, the dynamic process of choices converges
to a Nash equilibrium for a class of regular networks. The result I present here holds for all
networks and does not rely on mistakes for convergence. Instead, I rely on inertia and the
coordination nature of the game.

The above result shows that the learning process with regard to actions converges in due
time. The result also says that every Nash equilibrium (for the given network of interaction)
is an absorbing state of the process. Thus one cannot hope to select across the variety of
equilibria identified earlier with this dynamic process. This motivates a study of stability
with respect to small but repeated perturbations. This is formally done using the idea of
stochastic stability.

I suppose that, occasionally, players make mistakes, experiment, or simply disregard pay-
off considerations in choosing their strategies.® Specifically, I assume that, conditional on
receiving a revision opportunity, a player chooses her strategy at random with some small
“mutation” probability € > 0. Given a network ¢, and for any ¢ > 0, the mutation process
defines a Markov chain that is aperiodic and irreducible and, therefore, has a unique invari-
ant probability distribution; let us denote this distribution by p.(g). I analyze the support
of 1c(g) as the probability of mistakes becomes very small, i.e. as e converges to zero. Define
lim . 1e(g) = f15. I shall say that a state s is stochastically stable if fi;(s) > 0. This notion
of stability identifies states that are relatively more stable with respect to occasional errors
or experiments by individuals.

The ideas underlying stochastically stability can be informally described as follows. Suppose
that s and s’ are the two absorbing states of the best-response dynamics. Given that s is an
absorbing state, a movement from s to s’ requires an error on the part of one or more of the
players. Similarly, the transition from s’ to s requires errors on the part of some subset of
players. The state s is stochastically stable if it requires relatively more errors to exit than
the other state. If it takes the same number of mutations to exit the two states, then the
two states are both stochastically stable.

I shall be using the notion of stochastic stability extensively in what follows. It is therefore
important to point out some limitations of this approach as a way to select for equilibrium.
One limitation is the lack of an explicit model which explains the individual errors and
experimentation. A second limitation of this approach is that in most applications the

6n the context of economics, the notion of stochastic stability was introduced by Kandori, Mailath and
Rob (1993) and Young(1993).
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number of mutations needed are of the order of the number of players, and so in large
societies, as the probability of errors becomes small, the process moves very slowly and the
rate of convergence can be very slow. For an overall account of the concepts, techniques and
applications of stochastic stability, see Young (1998).7

I start with two examples: interaction with every player in a complete network and interac-
tion with immediate neighbors among players located around a circle. These examples show
that the risk-dominant action « is stochastically stable. I first take up the complete network.
Suppose that player 1 is deciding on whether to choose action « or 3. It is easy to verify that
the minimum number of players choosing « needed to induce player 1 to choose « is given by
k= (n—1)(b—d)/[(a—e)+(b—d)]. Similarly, the minimum number of players choosing action
[ needed to induce player to choose action [ is given by [ = (n—1)(a—e)/[(a—€e)+ (b—d)].
Given our assumption that a +d > b+ e it follows that k < n/2 < [. It now follows that if
we are in a state where everyone is choosing « then it takes [ mutations to transit to a state
where everyone is choosing action [3; likewise, if we are in a state where everyone is choosing
[ then it takes k mutations to transit to a state where everyone is choosing action a. From
the arguments in the above paragraph it now follows that in the complete network, everyone
choosing the risk-dominant action « is the unique stochastically stable outcome.

[ now turn to interaction with immediate neighbors among players located around a circle.
This example is taken from Ellison (1993). Suppose that at the start every one is choosing
action #. Now suppose that two adjacent players ¢ and 7 + 1 choose action a by way of
experimentation. It is now easy to verify that in the next period, the immediate neighbors
of i and 7 4+ 1, players ¢ — 1 and 7 + 2 will find it optimal to switch to action « (this is due
to the assumption that « is risk-dominant and a + d > b + e). Moreover, in the period
after that the immediate neighbors of ¢ — 1 and ¢ + 2 will have a similar incentive, and so
there is a contagion process under way which leads to everyone choosing action «, in finite
time. On the other hand, if we were to start in a state with everyone choosing « then it is
difficult to generate a similar contagion process. To see why note that a player bases her
decision on the actions of immediate neighbors, and so long as at least one of the neighbors
is choosing «a the optimal action is to do likewise. Hence so long as there are two players
choosing action «, the action will revive and take over the whole population. This simple
argument suggests that it is relatively easy to perturb the state where everyone is doing 3
while it is significantly more difficult to perturb the state in which everyone is choosing a.
These observations taken along with the earlier remarks on stochastic stabilty show that the
everyone choosing the risk-dominant action is the unique stochastically stable action when
players are arranged on a circle and interact with their immediate neighbors.

"For an explosition of the original mathematical results refer to Freidlin and Wentzell (1984).
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The simplicity of the above arguments may lead one to conjecture that the risk-dominant
outcome obtains in all networks. I now present an example (which is taken from Jackson
and Watts, 2001b) to show that this conjecture is false. Suppose that players are arranged
in a star network. Recall that this is a network in which one player has links with all the
other n — 1 players, while the other players have no links between them. We shall take player
1 to be the central player in our discussion. It is easily verified that in a star network a
perturbation which switches the action of the central player is necessary as well as sufficient
to get a switch of all the other players. Hence the number of perturbations needed to go
from an all a state to an all [ state is equal to the number of perturbations needed for the
reverse transition. Thus both the states are equally vulnerable and are both stochastically
stable as well.

The above arguments illustrate how the network structure can shape the nature of the long
run outcome. These examples lead us to the question: are there circumstances under which
the stochastically stable states are independent of the network structure? One response to
this question is provided by a result in Young (1998). This result proceeds by making the
mutations in individual strategy sensitive to payoff losses. To present this result I need to
develop some additional notation. I shall say that in every period ¢, an individual 7 is drawn
at random and chooses an action (say) « according to a probability distribution, p](«|s®),
where 7 > 0 and s is the strategy profile at time ¢. The probability distribution is obtained
via the following formula:

, . eV-Hi(avst—i)
b; (O{’S ) = 67.]_[2-(04,575_1-) + e'Y-Hi(lgvst_i) (9)

This is referred to as the log-linear response rule. This rule was first studied in Blume (1993)
in the context of games played on lattices.® Note that for large values of v the probability
distribution will place most of the probability mass on the best response action. Define
Ai(s) = 1L(B,s—;) — (e, s—;), and say that p = e=7. Then for large v I can express the
probability of action « as follows:

e_'Y-A'L'(St)

pi(als’) = Tr o —° T = plD) (10)

This expression says that the probability of not choosing the best response is exponentially
declining in the payoff loss from the deviation. Equipped with these additional concepts,

8For a general treatment of the theory of statistical mechanics refer to Liggett (1985).
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I am ready to state the following general result on learning to play coordination games in
networks, due to Young (1998).

Theorem 4.3 Let g be an arbitrary connected network. Suppose that in each period an
individual 1s picked at random to revise choices. In revising choices this individual uses the
log-linear response rule. Then the stochastically stable outcome is one in which every player
chooses the risk-dominant action.

To get some intuition for the result let us briefly discuss the effects of the log-linear decision
rule on the dynamic process in the star network. In that example, the simplest way to
get a transition is via a switch in the action of the central player. In the standard model,
with payoff insensitive mutations, the probability of the central player making a switch from
a to [ is the same as the other way around. Under the log-linear response rule, matters
are different. If there are a large number of players then there is a significant difference
in the payoffs losses involved and the probabilities of switching from « to 3 is significantly
smaller as compared to the probability of switching from 3 to «. This difference is crucial
for obtaining the above result.

In the above models the dynamics are Markovian and if there is a unique invariant distri-
bution then standard mathematical results suggest that the rate of convergence is exponen-
tial. In other words, there is some number p < 1 such that the probability distribution
of actions at time ¢, o!, approaches the invariant distribution o* at a rate approximately
given by p'. While this result is helpful, it is easy to see that this property allows a fairly
wide range of rates of convergence, depending on the value of p. The rate of convergence
is important because it clarifies the relative importance of the initial conditions and the
evolutionary /dynamic forces, respectively. If p is close to 1 then the process is essentially
determined by the initial configuration oy for a long period, while if p is close to 0 then
initial conditions play a less important role and dynamics shape individual choices quickly.
The work of Ellison (1993) focused attention on the role of interaction structure in shaping
the rate of convergence. He argued that if interaction was random or in a complete network
then transition between strict Nash equilibria based on mutations would take a very time in
large populations since the number of mutations needed is of the order of the population. By
contrast, if interaction takes place between between immediate neighbors who are arranged
on a circle then it is easy to see that a couple of mutations (followed by best responses) would

be sufficient to initiate a transition to the risk-dominant action. Thus local interaction leads
to dramatically faster rates of convergence to the risk-dominant action. In a recent paper,

Young (2003) shows that the role of local interaction in speeding up rate of convergence to
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risk-dominant outcome is quite general: in any society where people are organized in clusters
with considerable overlap between neighborhoods the rate of convergence is quite quick and
essentially independent of the size of the population.

4.1.3 Related themes

In the last ten years, research on the subject of coordination games has been very active
and a significant part of this work deals with interaction models. To conclude this section, I
briefly mention some of the other issues that have been explored. I first take up the issue of
alternative decision rules (this issue is also related to the issue of how mutations/experiments
shape the set of stochastically stable outcomes, which was discussed above.) In this con-
nection, I would like to discuss two issues that have been examined in the literature. The
first issue is imitation based decision rules and the second is state dependent mutations.
In the discussion so far, I have assumed that in revising strategies, each player chooses a
myopic best response to the current strategy profile. An alternative decision rule would re-
quire that an individual compares the realized payoffs from different actions in the previous
period and chooses the action that yielded the highest payoffs. I shall refer to this as imitate
the best action rule. Robson and Vega-Redondo (1998) show how this rule taken together
with alternative matching rules leads to the efficient action (which is not necessarily risk-
dominant) being always stochastically stable. The second issue concerns the modelling of
the mutations. Bergin and Lipman (1996) argued that any outcome could be supported as
stochastically stable under a suitable mutation structure. This ‘anything is possible’ result
should not come entirely as a surprise given our earlier observations on stochastically stable
states when players are located on a star. This result has provoked several responses and
I mention two of them here. The first response interprets mutations as errors, and says
that these errors can be controlled at some cost. This argument has been developed in van
Damme and Weibull (2002). This paper shows that incorporating this cost structure leads
us back to the risk-dominant equilibrium. This line of research has been further extended to
cover local interaction on general weighted graphs by Baron, Durieu, Haller and Solal (2002).
A second response is to argue that risk-dominance obtains for all possible mutation rules,
if some additional conditions are satisfied. In this vein, a recent paper by Lee, Szeidl and
Valentinyi (2002) argues that if interaction is on a 2-dimensional lattice then the dynamics
select for the risk-dominant action for any state-dependent mutation structure, provided the
number of players is sufficiently large.

A second concern has been the role of random initial configurations. Lee and Valentinyi
(2000) study the spread of actions on a 2-dimensional lattice. They suppose that, at the
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start, every player chooses each of the two actions with positive probability while subsequent
decisions are based on a myopic best-response rule. They find that if there are sufficiently
large number of players then all players choose the risk-dominant action. This result should
be seen in the context of Theorem 4.1 presented above. The result of Lee and Valentinyi
suggests that such diversity is unlikely to obtain, in a probabilistic sense.

The third concern has been the issue of openness of different interaction structures to change.
Suppose that there is one-shot introduction of players choosing a new practice into a popu-
lation who follow a different action. What are the prospects of the new action catching on
in the population and how is this likelihood related to the interaction structure? This ques-
tion has been addressed in Goyal (1996) and Morris (2000). Using a general framework of
analysis, Morris shows that diffusion is easier in networks where there is substantial overlap
in neighborhoods. In particular, he is able to parameterize the receptiveness of a network to
new actions in terms of a contagion threshold and finds that local interaction on a circle is
maximally receptive.

The fourth issue that has been discussed is the role of interaction structure in shaping be-
havior in games where players wish to coordinate on action combinations {«, 5} or {3, a}.
In other words, there are two (pure strategy) Nash equilibria but they both involve players
choosing different actions. Bramoulle (2003) refers to these as congestion games and finds
that network structure affects the static equilibria quite differently as compared to the co-
ordination games I have discussed above. For example, in the coordination games studied
above, we observed that the outcomes where everyone chooses the same action are Nash
equilibria irrespective of the network of interaction. This is clearly not true when we are
dealing with congestion games. More generally, the welfare properties of the networks are
quite different as well, since in congestion games, complete bipartite graphs are particularly
attractive.

4.2 Games of conflict

I now examine the role of interaction structure in shaping individual behavior in the context
of games of conflict. There are a variety of different ways in which conflict in games can
be modelled. I study a particularly simple model as it allows me to draw out the role of
interaction structure in a straightforward manner and it also points to some interesting open
issues in this area.

30



Suppose that there are a large number of players each of whom has a choice between two
actions A and E. I shall think of A as referring to an altruistic or cooperative action and
E as referring to an egoistic or ‘defect’ action. Let s; € S; = {A, E'} denote the strategy of
player i and let s = {sq, $2, S3...5,, } refer to the strategy profile of the players. T use n(A,s_;)
to refer to the number of players who choose action A in the strategy profile s_; (of all the
players other than player i). Consider first the case where a player interacts with all the
other players, i.e., we are in the complete network. In this case, the payoffs to player ¢ from
action A given the strategy profile s_; of other players, are as follows:

IL; (A, s—;) =n(A,s_;) —c. (11)

where ¢ > 0 is the cost associated with action A, (or the costs of altruism). Similarly, the
payoffs to player i from action F are given by

HZ(E, S—i) = n(A, S—i)' (12)

Since ¢ > 0, it follows that action F is strongly dominated by action A. So, if players are
payoff optimizers (given the strategies of others) then they will never choose A. Thus it is
necessary to have at least some players using alternative decision rules if there is to be any
chance of action A being adopted.

4.2.1 Local interaction, imitation and altruism

I follow Eshel, Samuelson and Shaked (1998) and assume that all players use a variant of the
imitate the best action rule: each player compares the average payoffs from the two actions
and chooses the action that attains the higher payoff. If all players choose the same action,
in the current strategy profile, then a player follows this action.

I first note that if players are in the complete network then, in a configuration where both
actions are present, the average payoffs from choosing action E are higher. Thus if play-
ers follow the imitate the best action (on average) rule then the outcome where everyone
chooses action E will obtain (unless we start with everyone choosing action A, which is an
uninteresting case). This negative result on the prospects of action A leads us to consider
the role of interaction structure.

31



By way of illustration, suppose therefore that players are located around a circle and that
their payoffs depend on the choices of their immediate neighbors only.” Let {i — 1,4,i +
1} be the neighborhood of player i and suppose that the payoffs to player i are given by
n(A, si_1, si41) — c if player 1 chooses A and by n(A, s;_1, s;+1) if she chooses action E. Here
we have specialized the term n(a, s;_1,s;+1) to refer to the number of players who choose
action a among the neighbors of player i. I shall now also make the model dynamic, and
suppose that time is discrete and that in each period every player gets a chance to revise her
strategy. Let the strategy profile at time ¢ be denoted by s'. The decision rules (along with
an initial profile, s') define a Markovian dynamic process where the states of the process
are the strategy profiles s. The probability of transition from s to s’ is either 0 or 1. T am
interested in exploring the long run behavior of the dynamic process. Recall that a state (or
a set of states) is said to be absorbing if the process cannot escape from the state once it
reaches it. I also note that every absorbing state (or set of states) has associated with it a
corresponding stationary distribution of the Markov process.

I begin the analysis of this model by clarifying the role of local interaction. To rule out
uninteresting cases, I shall suppose that ¢ < 1/2.1° Suppose that there is a string of 3
players choosing action A, and they are surrounded on both sides by a population of players
choosing E. Given the decision rule, any change in actions can only occur at the boundaries.
What are the payoffs observed by the player choosing action A on the boundary? Well, she
observes one player choosing E with a payoff of 1, while she observes one player choosing
action A with payoff 2—c. Moreover, she observes her own payoff of 1 —¢, as well. Given that
¢ < 1/2, it follows that she prefers action A. On the other hand, the player on the boundary
choosing action E, observes one player choosing action E, with payoff 0, one player choosing
action A with payoff 1 — ¢ and herself with a payoff 1. Given that ¢ < 1/2, she prefers to
switch to action A. This suggests that the region of altruists will expand. Note however
that if everyone except one player is choosing action A, then the player choosing E will get
a payoff of 2 and since this is the maximum possible payoff, this will induce her neighbors to
switch to action F. However, as they expand, this group of egoists will find their payoffs fall
(as the interior of the interval can no longer free ride on the altruists). These considerations
suggest that a long string of players choosing action A can be sustained, while a long string

9For a related model of cooperative behavior with local interaction in games with conflict, see Tieman,
Houba and Van der Laan (2000). In their model, players are located on a network and play a generalized
(many action