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Abstract
This study proposes an augmented flexible least squares (FLS) algorithm for
time-varying parameter systems. The parameter estimates, obtained by mini-
mizing the squared residual measurement and dynamic errors, can catch the
true values through a penalized term/weight. The algorithm associated proper-
ties are analyzed accordingly. By absorbing all into time varying parameters, the
algorithm can convert complex nonlinear processes into various linear relations
in time varying parameters. Thus, it can be extended to many kinds of systems.
Compared to the classical FLS algorithm, the algorithm proposed in this article
has less computational efforts and concise structures. To show the effectiveness
of the algorithm and help the readers to follow systematically, this study provides
several simulation examples.
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1 INTRODUCTION

Many social and biological problems, for example, the money demand of a country, the number of an endangered
species,1-3 can be modeled by time-varying parameter systems. Once such models are established, some pertinent strate-
gies based on the predictive models can be applied.4-6 Therefore, in order to build a precise model and use it to obtain
insights into the mechanisms and make predictions, system identification is of significant importance.7-9 Over the years, a
plethora of identification algorithms have been developed, including the gradient iterative (GI) algorithm,10,11 the expec-
tation maximization (EM) algorithm, and the least squares (LS) algorithm.12,13 By using these algorithms, a dynamical
system can be expressed by an approximated mathematical model obtainable from measured data.

Time-varying parameter system identification is more challenging when comparing with the constant system identifi-
cation, because the parameters evolve unanticipatedly.14-16 Recently, most of the identification methods for time-varying
parameter systems usually have assumed that the parameters keep unchanged in a fixed interval and evolve quickly to
another mode, and the number of the collected input-output data in the fixed interval is larger than that of the unknown
parameters.17,18 For example, Yang and Yin19 proposed an EM algorithm for linear parameter varying dual-rate systems,
the identity of the sub-model is estimated in the E-step, and the parameters of each sub-model are updated in the M-step
based on the estimated identities. Lu et al.20 presented a variational Bayesian algorithm for a time-varying parameter ARX
model, while the identities and parameters of the ARX model are iteratively estimated. However, when the parameters
are varying in each sampling instant, the above methods are unavailable.
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To deal with the systems whose parameters evolve slowly in each sampling instant, the flexible least squares (FLS)
algorithm is a good option. The FLS algorithm was first developed by Kalaba and Tesfatsion,1 its basic idea is to construct
a cost function which is constituted of two kinds of errors: the first is the error of all coefficient sequence estimates, and
the second is the error between the true outputs and predicted outputs.21,22 To get the FLS estimates, some extended
matrices whose orders are larger than the number of the unknown parameters should be constructed, which leads to
heavily demanded computational efforts and complex structures of the algorithm.

This article develops an augmented FLS algorithm for time-varying parameter systems. The proposed algorithm can
estimate the parameters in each sampling instant with less computational efforts and simple structures. In addition, it
can be extended to polynomial nonlinear models,23 rational models,24 switching models and exponential autoregressive
models,25,26 by replacing the unknown nonlinear structures with linear structures of time-varying parameters. Briefly, the
contributions of this article are summarized as follows:

1. The augmented FLS algorithm has less computational efforts and concise structures.
2. The augmented FLS algorithm is applicable for many classes of systems.
3. The augmented FLS algorithm is a probability-free formulation which does not require the usual probabilistic

assumptions.

For the remainder of this article, Section 2 explains the time-varying parameter model and its various representatives.
Section 3 introduces the framework of the FLS algorithm. Section 4 derives the augmented FLS algorithm. Section 5
analyzes some properties of the augmented FLS algorithm. Section 6 provides several bench test simulation examples.
Finally, Section 7 summarizes the study and discusses some future directions.

2 TIME-VARYING PARAMETER SYSTEMS

In general, a linear time-varying system can be described as

o(k) =
n∑

i=1
aio(k − i) +

m∑
j=1

bj(k)u(k − j) + v(k),

where u(k) and o(k) are the input and output, respectively, ai(k), i = 1, 2,… ,n and bj(k), j = 1, 2,… ,m are the unknown
time-varying parameters, v(k) is a noise that satisfies v(k) ∼ N(0, 𝜎2). This structure has excellent extrapolation properties,
for example, almost all classes of models can be regarded as a subset or a special case of the time-varying model.

2.1 The time-varying model and its special cases

2.1.1 Polynomial nonlinear model

The polynomial nonlinear model is widely studied in theory and applications,27 and usually written by

o(k) =
na∑
i=1

aio(k − i) +
nb∑

j=1
bjf (u(k − j)) + v(k). (1)

To estimate the parameters of the polynomial nonlinear model, the nonlinear structure f (⋅) is often assumed to be
known in prior. In this article, we transform the polynomial nonlinear model into a time-varying model.

Let

𝛽j(k) = bj
f (u(k − j))

u(k − j)
.

Then, it gives rise to

o(k) =
na∑
i=1

aio(k − i) +
na∑
j=0
𝛽j(k)u(k − j) + v(k). (2)
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Remark 1. For the polynomial nonlinear model, the nonlinear structures are always assumed to be known in prior; Oth-
erwise, one should determine the structures of the systems first, and then use the identification algorithms to get the
parameter estimates based on the known structures.

2.1.2 Rational model

The rational model is written as the ratio of two polynomial expressions,28

o(k) =
f (k)
g(k)

+ v(k), (3)

where f (k) and g(k) are expressed as

f (k) = 𝝋T(k)𝜽a,

g(k) = 𝝍T(k)𝜽b,

𝝋(k) = [𝜑1(k),… , 𝜑n(k)]T ∈ R
n,

𝝍(k) = [𝜓1(k),… , 𝜓m(k)]T ∈ R
m,

and 𝜑i(k), i = 1,… ,n and 𝜓j(k), j = 1,… ,m are constituted of past inputs and outputs, and whose structures are known a
priori, 𝜽a and 𝜽b are the unknown parameters to be estimated and can be expressed as 𝜽a = [ai]T ∈ Rn,𝜽b = [bj] ∈ Rm, i =
1,… ,n, j = 1,… ,m.

Let

ai(k) =
ai

g(k)
.

The rational model can be expressed as the following time-varying system,

o(k) =
n∑

i=1
ai(k)𝜑i(k) + v(k).

Remark 2. Some of the entries in 𝝍(k) of (3) involve the current output o(k), which is correlated with the noise v(k). Take
this into account, a bias compensation based identification algorithm has been applied to the rational models.28,29 How-
ever, the noise estimates in the compensation term need to be updated in each iteration by using the parameter estimates.
Thus, the bias compensation identification algorithm is sensitive to the noise estimates and has heavy computational
efforts.

2.1.3 Switching model

Switching systems, which have a number of modes with different dynamical properties, can be written as

o(k) = 𝝍T(k)𝜽i, k ∈ (ki−1, ki],

and it can be turned into

o(k) = 𝝍T(k)𝜽(k).

In the literature of switching model identification, the self-organizing map (SOM) method and the expectation maximiza-
tion (EM) method are two efficient methods.20,25 The SOM method can classify the data based on the similarity among
the data.30 When using the SOM method for the switching model, the residual errors of the sub-models should be com-
puted in each iteration to determine which is the suitable model at the sampling instant k. The EM algorithm constitutes
of two steps: E step and M step,31 where the identities (latent variables) of each model are estimated in the E step, and
then the parameters are obtained in the M step based on the estimated latent variables.
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Remark 3. The SOM and EM methods for switching models need to compute the residual errors or the latent variables in
each iteration, and both of them are off-line algorithms. Thus, they cannot update the estimates through new generated
data.

2.1.4 Exponential autoregressive model

In application, some phenomena essentially display unique nonlinear behaviors, which cannot be explained well by poly-
nomial nonlinear model. For example, the exponential autoregressive (ExpAR) model, in which some parameters are
involved in the nonlinear structures,32 is defined as

o(k) =
n∑

i=1
(ai + bie−ro2(k−i))o(k − i) + v(k).

Let

bi(k) = ai + bie−ro2(k−1), i = 1,… ,n.

The ExpAR model is simplified as a time-varying parameter model

o(k) =
n∑

i=1
bi(k)o(k − i) + v(k). (4)

Researchers have proposed numerous identification methods for ExpAR models, such as the variable projection algo-
rithms, the hierarchical on-line algorithms.2,26 In these methods, the hidden variables are usually replaced by their
estimates.

Remark 4. For the ExpAR model in (4) and the identification methods in References 2 and 26, the exponential coefficient
r is estimated interactively with the system parameters ai, bi, i = 1,… ,n . Once r has a poor estimation accuracy, the
algorithms may have slow convergence rates or even be divergent.

2.2 The identification model

The linear time-varying system in (1) can be modeled by the following regression vector form,

o(k) = 𝝋T(k)𝜽(k) + v(k), (5)

where
𝝋(k) = [o(k − 1),… , o(k − n),u(k − 1),… ,u(k − m)]T, (6)

𝜽(k) = [a1(k),… , an(k), b1(k),… , bm(k)]T. (7)

Collect the input-output data for k = 1, 2,… ,L and define

O(L) = [o(L), o(L − 1),… , o(1)]T ∈ R
L,

V(L) = [v(L), v(L − 1),… , v(1)]T ∈ R
L.

The purpose of this article is to propose an algorithm to estimate the unknown time-varying parameters by using the
collected input and output data, and the proposed algorithm has the following features:

1. The nonlinear structures of the model do not require to be known in prior.
2. The proposed algorithm is an on-line algorithm which has less computational efforts and concise structures.
3. The proposed algorithm does not need to compute the residual errors and the latent variables at each sampling instant.
4. There is no unknown variable in the information vector when using the proposed algorithm for the time-varying

parameter systems.
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Remark 5. Compared with the LPV identification algorithm,33,34 the algorithm proposed in this article can deal with
time-varying parameter systems whose parameters are changing in each sampling instant.

3 THE FLS FRAMEWORK

In Reference 1, an FLS algorithm was proposed for a time-series linear regression model with the assumption that the
parameters of the model evolve only slowly over time. Two model specification errors are considered in each sampling
instant to estimate the current parameters: one is the residual measurement error given by the discrepancy between the
output and the regression model, and the other is the residual dynamic error between the neighboring parameter vector
estimates. To help the readers to follow the augmented FLS algorithm, the framework of the classical FLS algorithm is
introduced in this section.

Assume that we have collected L input and output data, and define the following cost function as

J(𝜽(L),𝜽(L − 1),… ,𝜽(1)) =
L∑

k=1
[o(k) − 𝝋T(k)𝜽(k)]2

+ 𝜇
L−1∑
k=1

[𝜽(k + 1) − 𝜽(k)]T[𝜽(k + 1) − 𝜽(k)]. (8)

Then, the smallest cost function at the sampling instant k is

𝜙(𝜽(k + 1);𝜇, k) = inf
𝜽(1),…,𝜽(k)

{ k∑
i=1

[o(i) − 𝝋T(i)𝜽(i)]2

+ 𝜇

k∑
i=1

[𝜽(i + 1) − 𝜽(i)]T[𝜽(i + 1) − 𝜽(i)]

}
= inf
𝜽(k)

{
[o(k) − 𝝋T(k)𝜽(k)]2 + 𝜇[𝜽(k + 1) − 𝜽(k)]T[𝜽(k + 1) − 𝜽(k)] + 𝜙(𝜽(k);𝜇, k − 1)

}
, (9)

where the smallest cost function is written as a quadratic form

𝜙(𝜽(k);𝜇, k − 1) = 𝜽T(k)Q(k − 1)𝜽(k) − 2𝜽T(k)p(k − 1) + r(k − 1), (10)

in which Q(k − 1) ∈ R(m+n)×(m+n), p(k) ∈ Rm+n, and r(k − 1) is a scalar.
Substituting Equation (10) into Equation (9) and differentiating (9) with respect to 𝜽(k) yield,

𝜽(k) = e(k) + M(k)𝜽(k + 1), (11)

where

e(k) = 1
𝜇

M(k)(p(k − 1) + 𝝋(k)o(k)),

M(k) = 𝜇(Q(k − 1) + 𝜇I + 𝝋(k)𝝋T(k))−1,

the initial Q(0) = 0 ∈ R(m+n)×(m+n) and p(0) = 0 ∈ Rm+n.
It follows that

𝜙(𝜽(k + 1);𝜇, k) = 𝜽T(k + 1)Q(k)𝜽(k + 1) − 2𝜽T(k + 1)p(k) + r(k), (12)

in which

Q(k) = 𝜇(I − M(k)),
p(k) = 𝜇e(k),
r(k) = r(k − 1) + o2(k) − (p(k − 1) + 𝝋(k)o(k))Te(k).
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According to Equation (11), one should obtain 𝜽(k + 1) first in order to compute 𝜽(k). The estimates 𝜽(L|L, 𝜇) can be
obtained based on Equation (9),

𝜽(L|L, 𝜇) = (Q(L − 1) + 𝝋T(k)𝝋(k))−1(p(k − 1) + 𝝋(k)o(k)),

where the first L in 𝜽(L|L, 𝜇) means the sampling instant L, and the second L means the estimates are conditional on the
observations o(1),… , o(L).

The filtered FLS estimates 𝜽FLS(1|𝜇), 𝜽FLS(2|𝜇),… ,𝜽FLS(L|𝜇) can be sequentially obtained by

𝜽FLS(k|𝜇) = argmin
𝜽(k)

[(o(k) − 𝝋T(k)𝜽(k))2 + 𝜙(𝜽(k);𝜇, k − 1)].

Since
e(k) = [I − M(k)]𝜽FLS(k|𝜇).

The FLS smoothed estimates for 𝜽(k) can be updated in reverse order based on Equation (11)

𝜽(L − 1|L, 𝜇) = (I − M(k))𝜽FLS(L − 1|𝜇) + M(k)𝜽(L|L, 𝜇),
𝜽(L − 2|L, 𝜇) = (I − M(k))𝜽FLS(L − 2|𝜇) + M(k)𝜽(L − 1|L, 𝜇),

⋮

𝜽(1|L, 𝜇) = (I − M(k))𝜽FLS(1|𝜇) + M(k)𝜽(2|L, 𝜇).
The FLS method proposed by Kalaba and Tesfatsion can obtain the time varying parameter estimates, but it has the

following shortcomings:

• Using the parameter estimates𝜽(k + 1|L, 𝜇) to obtain𝜽(k|L, 𝜇) is unrealistic because the input-output data are collected
in sequence when performing the on-line identification algorithms.

• The computational efforts are heavy, for example, when computing the parameter estimates 𝜽(k|L, 𝜇), one should
compute 𝜽(k + 1|L, 𝜇) first which involves matrix inversion, and computing M(k),Q(k),p(k) also leads to heavy
computational costs.

• Estimate the parameters using a complex algorithm structure, for example, at sampling instant k, one should use the
stored Q(k − 1),p(k − 1) to get Q(k),M(k),p(k), and then obtain the parameter estimates 𝜽(k|L, 𝜇) based on Q(k),p(k),
𝜽(k + 1|L, 𝜇) and 𝜽(k|𝜇).

4 THE AUGMENTED FLS ALGORITHM

In this section, an augmented on-line FLS algorithm is proposed, which can estimate the parameters with less computa-
tional efforts and simple structures.

4.1 Off-line FLS algorithm

Define
𝜱(L) = [𝝋(L),… ,𝝋(1)] ∈ R

(m+n)×L,

𝜣(L) = [𝜽T(L),… ,𝜽T(1)]T ∈ R
(Lm+Ln)×1,

𝜳 (L) =
⎡⎢⎢⎢⎣
𝝋(L) · · · 0
⋮ ⋱ ⋮

0 · · · 𝝋(1)

⎤⎥⎥⎥⎦ ∈ R
(Lm+Ln)×L.

The time-varying parameter system can be rewritten by

O(L) = 𝜳 T(L)𝜣(L) + V(L).
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To get the parameter estimates for 𝜣(L), let

Rk(𝜇) =
⎧⎪⎨⎪⎩
𝝋(1)𝝋T(1) + 𝜇I, if k = 1,
𝝋(k)𝝋T(k) + 2𝜇I, if k ≠ 1, L,
𝝋(L)𝝋T(L) + 𝜇I, if k = L,

(13)

R(L, 𝜇) =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

RL(𝜇) −𝜇I 0 · · · 0
− 𝜇I RL−1(𝜇) −𝜇I · · · 0

0 −𝜇I RL−2(𝜇) · · · 0
⋮ ⋮ ⋮ ⋱ −𝜇I
0 0 · · · −𝜇I R1(𝜇)

⎤⎥⎥⎥⎥⎥⎥⎥⎦
∈ R

P×P,

P = Lm + Ln. (14)

Then, the cost function (8) is transformed into

J(𝜣(L)) = 𝜣T(L)R(L, 𝜇)𝜣(L) − 2𝜣T(L)𝜳 (L)O(L) + OT(L)O(L).

Differentiating the cost function with respect to 𝜣(L) yields,

𝜕J(𝜣(L))
𝜣(L)

= 2R(L, 𝜇)𝜣(L) − 2𝜳 (L)O(L),

it shows that
𝜣(L) = R−1(L, 𝜇)𝜳 (L)O(L). (15)

Remark 6. When 𝜇 > 0 and L ⩾ 1, the P × P matrix R(L, 𝜇) is positive definite, thus the parameter estimates 𝜣(L) can
always be computed by Equation (15).

Remark 7. Although Equation (15) can get the parameter estimates for𝜣(L) in theory, it also leads to heavy computational
efforts caused by the matrix inversion. When R(L, 𝜇) ∈ RP×P, the flops for the matrix inverse are O(P3), for example,
P = 100, the flops are 106.

The order of the matrix R(L, 𝜇) increases significantly with the increased number of the collected data. Therefore,
using the off-line FLS algorithm for the time-varying parameter system is costly.

4.2 On-line FLS algorithm

Unlike the off-line algorithm, the on-line algorithm can update the parameters based on the new arrived data with less
computational efforts. The on-line algorithm is sensitive to the new data, thus, the varying feature of the system can be
easily observed by the on-line algorithm.

Assume that the input-output data u(k) and o(k) have been collected at the sampling instant k, and the parameter
estimates 𝜽FLS(k − 1) at k − 1 have been obtained. One aims to get the parameter estimates 𝜽FLS(k) based on the new
collected data and the estimated parameters.

Define the cost function at the sampling instant k as

J(𝜽(k)) =
k∑

i=1
[o(i) − 𝝋T(i)𝜽(i)]2 + 𝜇

k−1∑
i=1

[𝜽(i + 1) − 𝜽(i)]T[𝜽(i + 1) − 𝜽(i)], (16)

which can be transformed into

J(𝜽(k)) = [o(k) − 𝝋T(k)𝜽(k)]2 +
k−1∑
i=1

[o(i) − 𝝋T(i)𝜽(i)]2 + 𝜇[𝜽(k) − 𝜽(k − 1)]T

× [𝜽(k) − 𝜽(k − 1)] + 𝜇
k−2∑
i=1

[𝜽(i + 1) − 𝜽(i)]T[𝜽(i + 1) − 𝜽(i)]. (17)
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Since all the parameter estimates before k have been obtained, the above cost function is equivalent to

J(𝜽(k)) ∝ [o(k) − 𝝋T(k)𝜽(k)]2 + 𝜇[𝜽(k) − 𝜽FLS(k − 1)]T[𝜽(k) − 𝜽FLS(k − 1)]. (18)

Differentiating J(𝜽(k)) with respect to 𝜽(k) and letting it equal to zero yield,

𝜽FLS(k) = [𝝋(k)𝝋T(k) + 𝜇I]−1[𝝋(k)o(k) + 𝜇𝜽FLS(k − 1)].

To derive the basic recurrence relation between 𝜽FLS(k) and 𝜽FLS(k − 1), the above equation is written by

𝜽FLS(k) = [𝝋(k)𝝋T(k) + 𝜇I]−1[𝝋(k)o(k) + (𝝋(k)𝝋T(k) + 𝜇I)𝜽FLS(k − 1)
− 𝝋(k)𝝋T(k)𝜽FLS(k − 1)]

= 𝜽FLS(k − 1) + [𝝋(k)𝝋T(k) + 𝜇I]−1𝝋(k)[o(k) − 𝝋T(k)𝜽FLS(k − 1)]. (19)

Therefore, the on-line augmented FLS algorithm can be summarized as follows

𝜽FLS(k) = 𝜽FLS(k − 1) + M−1(k)𝝋(k)e(k), (20)

M(k) = 𝝋(k)𝝋T(k) + 𝜇I, (21)

e(k) = o(k) − 𝝋T(k)𝜽FLS(k − 1). (22)

The on-line augmented FLS algorithm consists of the following steps.

1. Assign u(k) = o(k) = 0, k ⩽ 0, 𝜽FLS(0) = 1∕106 with 1 = [1, 1,… , 1]T ∈ Rm+n.
2. Let k = 1.
3. Generate the input-output data u(k) and o(k).
4. Form 𝝋(k) by Equation (6).
5. Compute e(k) by Equation (22).
6. Form M(k) by Equation (21) and compute its inverse matrix.
7. Update the parameter estimates 𝜽FLS(k) according to Equation (20).
8. Let k = k + 1 and go to step 3.

Remark 8. When 𝜇 > 0, the matrix [𝝋(k)𝝋T(k) + 𝜇I] is positive definite, thus the parameter estimates 𝜽FLS(k) can always
be computed by Equation (20).

Remark 9. The order of the matrix [𝝋(k)𝝋T(k) + 𝜇I] is m + n, which is much smaller than L(m + n). Therefore, the
computational efforts of the on-line FLS algorithm are less heavy than those of the off-line FLS algorithm.

4.3 The smoothed on-line FLS algorithm

Assume that the initial parameter estimates 𝜽(1),… ,𝜽(L) are known in prior. Then, the cost function is written by

J(𝜽(k)) =
k∑

i=1
[o(i) − 𝝋T(i)𝜽(i)]2 + 𝜇

k∑
i=1

[𝜽(i + 1) − 𝜽(i)]T[𝜽(i + 1) − 𝜽(i)], (23)

and can be simplified as follows

J(𝜽(k)) ∝ [o(k) − 𝝋T(k)𝜽(k)]2 + 𝜇[𝜽(k + 1) − 𝜽(k)]T[𝜽(k + 1)
− 𝜽(k)] + 𝜇[𝜽(k) − 𝜽FLS(k − 1)]T[𝜽(k) − 𝜽FLS(k − 1)]. (24)

It follows that the smoothed parameter estimates 𝜽FLS(k) are computed by

𝜽FLS(k) = [𝝋(k)𝝋T(k) + 2𝜇I]−1[𝝋(k)o(k) + 𝜇𝜽FLS(k − 1) + 𝜇𝜽(k + 1)], (25)
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which can be transformed into

𝜽FLS(k) = 1
2
[𝝋(k)𝝋T(k) + 2𝜇I]−1[2𝝋(k)o(k) + 2𝜇𝜽FLS(k − 1) + 2𝜇𝜽(k + 1)]

= 1
2
𝜽FLS(k − 1) + 1

2
𝜽(k + 1) + 1

2
[𝝋(k)𝝋T(k) + 2𝜇I]−1𝝋(k)[o(k)

− 𝝋T(k)𝜽FLS(k − 1)] + 1
2
[𝝋(k)𝝋T(k) + 2𝜇I]−1𝝋(k)[o(k) − 𝝋T(k)𝜽(k + 1)]. (26)

Remark 10. Equation (26) shows that the estimates 𝜽FLS(k − 1) and 𝜽(k + 1) play the same role in estimating 𝜽FLS(k).
However, when the data are collected in sequence, there is no quantifiable confidence of 𝜽(k + 1) when updating the
parameters 𝜽(k). We usually use Equation (20) to compute the parameter estimates 𝜽FLS(k), or assign a smaller weight for
the estimates 𝜽(k + 1), for example,

𝜽FLS(k) = 𝜆𝜽FLS(k − 1) + (1 − 𝜆)𝜽(k + 1) + 𝜆[𝝋(k)𝝋T(k) + 2𝜇I]−1𝝋(k)

× [o(k) − 𝝋T(k)𝜽FLS(k − 1)] + (1 − 𝜆)[𝝋(k)𝝋T(k) + 2𝜇I]−1𝝋(k)[o(k) − 𝝋T(k)𝜽(k + 1)],
1
2
< 𝜆 < 1. (27)

Assume that L input–output data have been collected. Let the initial parameter estimates be 𝜽0(1),… ,𝜽0(L). Based
on Equation (27), the smoothed FLS estimates in the first iteration can be computed by

𝜽FLS
1 (k) = 𝜆𝜽FLS

1 (k − 1) + (1 − 𝜆)𝜽0(k + 1) + 𝜆[𝝋(k)𝝋T(k) + 2𝜇I]−1𝝋(k)

× [o(k) − 𝝋T(k)𝜽FLS
1 (k − 1)] + (1 − 𝜆)[𝝋(k)𝝋T(k) + 2𝜇I]−1𝝋(k)[o(k) − 𝝋T(k)𝜽0(k + 1)],

k = 1,… ,L − 1, 1
2
< 𝜆 < 1, (28)

and

𝜽FLS
1 (L) = 𝜆𝜽FLS

1 (L − 1) + 𝜆[𝝋(k)𝝋T(k) + 2𝜇I]−1𝝋(k)[o(L) − 𝝋T(L)𝜽FLS
1 (L − 1)]

+ (1 − 𝜆)𝜽0(L),
1
2
< 𝜆 < 1. (29)

Once all the parameter estimates 𝜽FLS
1 (k), k = 1,… ,L have been estimated, let

𝜽1(k) = 𝜽FLS
1 (k), k = 1,… ,L.

In the second iteration, we have more confidence of 𝜽1(k), k = 1,… ,L than 𝜽0(k) in the first iteration. Thus, 𝜽FLS
2 (k) can

be computed by

𝜽FLS
2 (k) = 𝜆2𝜽FLS

2 (k − 1) + (1 − 𝜆2)𝜽1(k + 1) + 𝜆2[𝝋(k)𝝋T(k) + 2𝜇I]−1𝝋(k)

× [o(k) − 𝝋T(k)𝜽FLS
2 (k − 1)] + (1 − 𝜆2)[𝝋(k)𝝋T(k) + 2𝜇I]−1𝝋(k)[o(k) − 𝝋T(k)𝜽1(k + 1)],

1
2
< 𝜆 < 1, k = 1,… ,L − 1,

𝜽FLS
2 (L) = 𝜆2𝜽FLS

2 (L − 1) + 𝜆2[𝝋(k)𝝋T(k) + 2𝜇I]−1𝝋(k)

× [(o(L) − 𝝋T(L)𝜽FLS
2 (L − 1)] + (1 − 𝜆2)𝜽1(L). (30)

In the following iterations, the estimates 𝜽l−1(k), k = 1,… ,L, l ⩾ 3 are more and more accurate. To get the FLS
estimates, a larger weight should be assigned to the estimates 𝜽l−1(k) when computing 𝜽FLS

l (k − 1), for example, 𝜆l

becomes smaller and smaller with the increase of the iteration l. In general, the augmented smoothed FLS estimates are
written by

𝜽FLS
l (k) = 𝜆l𝜽FLS

l (k − 1) + (1 − 𝜆l)𝜽l−1(k + 1) + 𝜆l[𝝋(k)𝝋T(k) + 2𝜇I]−1𝝋(k)

× [o(k) − 𝝋T(k)𝜽FLS
l (k − 1)] + (1 − 𝜆l)[𝝋(k)𝝋T(k) + 2𝜇I]−1𝝋(k)[o(k) − 𝝋T(k)𝜽l−1(k + 1)],
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k = 1,… ,L − 1, 1
2
< 𝜆 < 1,

𝜽FLS
l (L) = 𝜆l𝜽FLS

l (L − 1) + 𝜆l[𝝋(k)𝝋T(k) + 2𝜇I]−1𝝋(k)[o(L) − 𝝋T(L)𝜽FLS(L − 1)]

+ (1 − 𝜆l)𝜽l−1(L).

The steps of the augmented smoothed FLS algorithm are listed as follows.

1. Let u(i) = 0, o(i) = 0, i ⩽ 0, 𝜽FLS(0) = 1∕106 and 𝜽0(k) = 1∕106, k = 1,… ,L with 1 = [1, 1,… , 1]T ∈ Rm+n.
2. Assign a positive constant 𝜆, 0.5 < 𝜆 < 1, a positive constant 𝜇 and a small positive number 𝜀.
3. Generate u(1),… ,u(L), o(1),… , o(L), let l = 1.
4. Let k = 1, and compute 𝜆l, if 𝜆l < 𝜀, then go to step 10; Otherwise, go to next step.
5. Form 𝝋(k) and compute [𝝋(k)𝝋T(k) + 2𝜇I]−1.
6. Compute o(k) − 𝝋T(k)𝜽FLS

l (k − 1).
7. Compute o(k) − 𝝋T(k)𝜽l−1(k + 1).
8. Update 𝜽FLS

l (k).
9. Increase k by 1, if k ⩽ L, go to step 5; Otherwise, increase l by 1 and let 𝜽l−1(k) = 𝜽FLS

l−1 (k), k = 1,… ,L, then go to step 4.
10. Obtain the smoothed FLS estimates 𝜽FLS

l (k) = 𝜽l−1(k), k = 1,… ,L.

Remark 11. In iteration l, the smoothed estimates 𝜽FLS
l (k) are calculated based on 𝜽l−1(k + 1) and 𝜽FLS

l (k − 1) in proper
order. Although k continually changes as new measurements are collected, the lag k + 1 − k = 1 is a constant. That is, at
each sampling instant k, we have 1 future measurement 𝜽l−1(k + 1) available. This type of smoothing method is usually
termed as fixed-lag smoothing method.35

5 PROPERTIES OF THE AUGMENTED FLS ALGORITHM

The augmented FLS estimates reflect the prior belief that the parameter vectors 𝜽(k), evolve only slowly over time, if at
all. What would happen if the parameter vector performs a single unanticipated shift at time k? and what is the difference
between the Kalman filter and the augmented FLS algorithm? In this section, some properties of the augmented FLS
algorithm are given.

5.1 The relation between the FLS algorithm and the Kalman filter

Since the parameter vectors evolve slowly over time, the time-varying parameter systems are written by
State model:

𝜽(k) = 𝜽(k − 1) + w(k). (31)

Output model:

o(k) = 𝝋T(k)𝜽(k) + v(k). (32)

Assume that w(k) and v(k) are independent Gaussian white noises with variances 𝜎2I and 𝜍2, respectively.
Let 𝜽(k) be the estimates conditioned on the input data u(1),… ,u(k), the output data o(1),… , o(k − 1) and the filtered

estimates 𝜽FLS(k − 1). According to the state model, we have

𝜽(k) = 𝜽FLS(k − 1). (33)

When the output o(k) is collected, the filtered estimates 𝜽FLS(k) are computed by

𝜽FLS(k) = 𝜽(k) + Lk[o(k) − 𝝋T(k)𝜽(k)] = 𝜽FLS(k − 1) + Lk[o(k) − 𝝋T(k)𝜽FLS(k − 1)], (34)
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where

Lk = P−
k𝝋(k)[𝝋

T(k)P−
k𝝋(k) + 𝜍

2]−1,

P−
k = Pk−1 + 𝜎2I,

Pk−1 = (I − Lk−1𝝋
T(k))P−

k−1.

Rewrite the FLS estimates 𝜽FLS(k) as follows,

𝜽FLS(k) = 𝜽FLS(k − 1) + [𝝋(k)𝝋T(k) + 𝜇I]−1𝝋(k)(o(k) − 𝝋T(k)𝜽FLS(k − 1)). (35)

Clearly, we can conclude that the FLS estimates have the same structure with the filtered estimates, and if

[𝝋(k)𝝋T(k) + 𝜇I]−1 = P−
k [𝝋

T(k)P−
k𝝋(k) + 𝜍

2]−1,

the FLS estimates are equal to the filtered estimates.

Remark 12. The Kalman filter obtains a unique estimate for the state sequence based on probability assumptions for
model discrepancy terms; while the FLS algorithm yields a family of state sequence estimates, and each of which is
vector-minimally incompatible with the prior dynamical and measurement specifications.21

5.2 The weight 𝝁 in the FLS algorithm

In this subsection, the role of the weight 𝜇 in the FLS algorithm will be considered.

1. When 𝜇 = 0, the cost function is written by

J(𝜽(L),𝜽(L − 1),… ,𝜽(1)) =
L∑

k=1
[o(k) − 𝝋T(k)𝜽(k)]2, (36)

and the FLS estimates are

𝜽FLS(k) = 𝜽FLS(k − 1) + [𝝋(k)𝝋T(k)]−1𝝋(k)(o(k) − 𝝋T(k)𝜽FLS(k − 1)). (37)

Both Equations (36) and (37) demonstrate that the FLS algorithm is unavailable for time-varying parameter systems
when 𝜇 = 0: the derivative function of Equation (36) has no unique solution, and 𝝋(k)𝝋T(k) in Equation (37) is a
singular matrix.

Remark 13. 𝜇 = 0 indicates that the parameters of the systems shift intensively with high frequency, where the FLS
algorithm is inefficient for such systems.

2. When 𝜇 → ∞, the cost function is defined as

J(𝜽(L),𝜽(L − 1),… ,𝜽(1)) =
L−1∑
k=1

[𝜽(k + 1) − 𝜽(k)]T[𝜽(k + 1) − 𝜽(k)], (38)

and the FLS estimates are computed by

𝜽FLS(k) = 𝜽FLS(k − 1), (39)

which means that the parameter estimates keep unchanged, for example, 𝜽FLS(k) = 𝜽FLS(0), k = 1, 2,… ,L.

Remark 14. If the parameters of the systems evolve slowly, a larger 𝜇 will be assigned to
∑L−1

k=1[𝜽(k + 1) − 𝜽(k)]T[𝜽(k +
1) − 𝜽(k)]; Otherwise, a small 𝜇 is better.
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5.3 The FLS algorithm for the switching systems

Suppose that the switching system is defined as

o(i) = 𝝋(i)𝜽a, i = 1,… , k − 1,
o(j) = 𝝋(j)𝜽b, j = k,… ,L,

where k is the switching instant, and L is the number of the total collected data. 𝜽a and 𝜽b are the true parameters of the
two sub-models, respectively.

Rewrite the cost function

J(𝜽(k)) = [o(k) − 𝝋T(k)𝜽(k)]2 + 𝜇[𝜽(k) − 𝜽FLS(k − 1)]T[𝜽(k) − 𝜽FLS(k − 1)].

Clearly, if k is large enough, both the two terms on the right side of the above equation can keep the estimates 𝜽FLS(k − 1)
converging to 𝜽a. However, at the sampling instant k, the first term on the right side of the above equation will play a
major role first (its error is far larger than that of the later one), which will force the estimates to diverge from 𝜽a, and
then the two terms will keep the estimates 𝜽(j) slowly converging to the true values 𝜽b if L ≫ k.

Remark 15. For a switching system whose parameters perform a shift intensively at some sampling instants k, the FLS
algorithm is also effective when the numbers (k − 1 and L − k + 1) of the collected data for each sub-model are large
enough.

Remark 16. The proposed algorithm in this article can combine other identification methods36,37 to study new parameter
estimation approaches for linear and nonlinear stochastic systems,38,39 and can be applied to other literatures,40,41 such
as chemical process control systems and paper-making systems.

6 SIMULATION EXAMPLES

6.1 Example 1

Consider the time-varying parameter model in Reference 1,

o(k) = b1(k)u1(k) + b2(k)u2(k) + v(k),

b1(k) = sin
(2𝜋

15
k
)
, b2(k) = cos

(
𝜋

15
k
)
,

u1(k) = sin(10 + k) + 0.01, u2(k) = cos(10 + k).

Monte Carlo simulations (with 100 different noise seeds) are performed based on the on-line augmented FLS
algorithm (𝜇 = 1, L = 30, v(k)∽N(0, 0.01)). The parameter estimates with their true values are shown in Figure 1. The
output estimates, the true outputs, and their estimation errors are depicted in Figure 2. Clearly, the parameter estimates
and output estimates can catch their true values whatever the noise is. This example shows that the on-line augmented
FLS algorithm is robust to noise.

In addition, thanks to the second term in the cost function (16), the number of the collected data does not need to be
larger than the number of the unknown parameters when using the on-line augmented FLS algorithm, which is different
from the traditional LS algorithm. In this example, there exist two unknown parameters in each sampling instant k, then
the total number of unknown parameters for L = 30 instants is 60, while the number of the collected data is 30. That is,
the on-line augmented FLS algorithm can work for this time-varying model, but the traditional LS algorithm cannot.

6.2 Rational model

Consider the rational model proposed in Reference 42,

o(k) = 0.3o(k − 1) + 0.7u(k − 1)
1 + u2(k − 1)

+ v(k), (40)
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where v(k)∽N(0, 0.04). Assume that

b1(k) =
0.3

1 + u2(k − 1)
, b2(k) =

0.7
1 + u2(k − 1)

.

In simulation, the input data are generated by u(k) = sin( 𝜋
30

k). Use the traditional FLS (T-FLS) algorithm in Reference 1
and the on-line augmented FLS (A-FLS) algorithm proposed in this article for the rational model (𝜇 = 0.5, L = 50). The
parameter estimates with their true values are shown in Figures 3 and 4. The output estimates, the true outputs, and their
estimation errors are depicted in Figures 5 and 6. Since we use a smoothed term to adjust the estimates, see the third
term in (24), the A-FLS algorithm proposed in this article has more accurate estimation accuracy than that of the T-FLS
algorithm.

6.3 Switching model

The switching model is written by

o(k) = 0.3o(k − 1) + 0.7u(k − 1) + v(k), k = 1, 2,… , 100,
o(k) = 0.8o(k − 1) + u(k − 1) + v(k), k = 101,102,… , 200,



14 CHEN et al.

0 5 10 15 20 25 30 35 40 45 50
−0.1

0

0.1

0.2

0.3
Estimated−a1
True−b1

0 5 10 15 20 25 30 35 40 45 50
0

0.2

0.4

0.6

0.8

 k

Estimated−a2
True−b2

F I G U R E 3 The true parameters and their estimates using T-FLS (rational model)

0 5 10 15 20 25 30 35 40 45 50
0

0.1

0.2

0.3

0.4
Estimated−a1
True−b1

0 5 10 15 20 25 30 35 40 45 50
0

0.2

0.4

0.6

0.8
Estimated−a2
True−b2

F I G U R E 4 The true parameters and their estimates using A-FLS (rational model)

and can be simplified to a time-varying parameter system,

o(k) = b1(k)o(k − 1) + b2(k)u(k − 1) + v(k),
b1(k) = 0.3, b2(k) = 0.7, k = 1, 2,… , 100,
b1(k) = 0.8, b2(k) = 1, k = 101,102,… , 200,

the input {u(k)} satisfies u(k) ∼ N(0, 1), and the noise {v(k)} satisfies v(k) ∼ N(0, 0.04).
Apply the on-line augmented FLS algorithm to the switching model (𝜇 = 0.1). The parameter estimates and the output

estimates are shown in Figures 7 and 8, respectively. This example shows that the on-line augmented FLS algorithm is
effective for switching models.

6.4 ExpAR model

Consider the following ExpAR model proposed in Reference 43,

o(k) = (1.95 + 0.23e−o2(k−1))o(k − 1) − (0.96 + 0.24e−o2(k−1))o(k − 2) + v(k).
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F I G U R E 8 The output estimates, the true outputs, and their errors (switching model)

F I G U R E 9 The true parameters and their estimates (ExpAR model)

Let

b1(k) = 1.95 + 0.23e−o2(k−1), b2(k) = −0.96 − 0.24e−o2(k−1).

In the simulation, the noise v(k) satisfies v(k)∽N(0, 0.01). The parameter estimates, the output estimates, and the true
values with their errors are shown in Figures 9 and 10, respectively (𝜇 = 0.1, L = 100).

Examples 1 and 2 show that the FLS estimates can catch the true values with a large weight 𝜇 when the parameters
evolve slowly over time. When the parameters evolve intensively in a few sampling instants (Examples 3 and 4), for
example, the switching system, the FLS estimates can asymptotically converge to the true values if k and L − k are large
enough, on the basis of a small weight 𝜇.

7 CONCLUSIONS

FLS algorithm is an efficient method for time-varying parameter systems whose parameters evolve slowly over time. In
this article, an augmented FLS algorithm is developed with less computational efforts and simple structures. In addition,
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F I G U R E 10 The output estimates, the true outputs, and their errors (ExpAR model)

this algorithm can be extended to polynomial nonlinear models, rational models, switching models, and exponential
autoregressive models. Some properties of the augmented FLS algorithm are provided to help readers for their ad hoc
research and applications. Simulation examples show that the proposed algorithm is effective.

This algorithm has introduced some interesting topics and given some new ideas in system identification. For example,
it can be applied to non-stable system identification and can identify variable structure systems. The features will have
positive impact to academic research and industrial applications in control engineering as well.
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