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Abstract—This paper presents a new unified framework of
electricity market analysis based on coevolutionary computa-
tion (CCEM) for both the one-shot and the repeated games of
oligopolistic electricity markets. The standard Cournot model
and the new Pareto improvement model are used. The linear and
constant elasticity demand functions are considered. Case study
shows that CCEM is highly efficient and can handle the nonlinear
market models that are difficult to be handled by conventional
methods. The framework presented in this paper can help to over-
come the difficulties of demand function specification encountered
by the Cournot models. CCEM is found to be an effective and
powerful approach for electricity market analysis.

Index Terms—Coevolutionary computation (CCEM), Cournot
oligopoly, market simulation, Pareto improvement.

I. INTRODUCTION

I N RECENT years, different equilibrium models have been
used in the analysis of strategic interaction between partic-

ipants in an electricity market, including the oligopoly models
of Cournot, Betrand, Stackelberg, supply function equilibrium
(SFE), and Collusion [1], [2]. Among them, the Cournot and
SFE models are the most extensively used models for analyzing
pool-based electricity markets.

The Cournot oligopoly model assumes that strategic firms
employ quantity strategies: Each strategic firm decides its quan-
tity to produce, while treating the output level of its competitors
as a constant. Hogan and Cardell et al. [3], [4] apply the Cournot
quantity approach to a single-period market trading. The market
model developed exploits the standard approach to interpreting
a market equilibrium as defining the first-order conditions for a
related optimization problem. Borenstein and Bushnell [5] sim-
ulate the California electricity market after deregulation as a
static Cournot market with a competitive fringe. The model in-
dicates the potential for significant market power in high de-
mand periods. They discuss the weaknesses of concentration
measures as a viable measure of market power in the electricity
industry and propose a market simulation approach based on the
Cournot–Nash concept [6]. The Cournot equilibrium in a trans-
mission-constrained network is investigated in [7].
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The general SFE model was introduced by Klemperer and
Meyer [8] and first applied to electricity market analysis by
Green and Newbery [9], in which each firm chooses as its
strategy a “supply function” relating its quantity to its price.
Green and Newbery [9] assume that each firm submits a smooth
supply schedule, relating amount supplied to marginal price
and look for the noncooperative Nash equilibria of the spot
market, which implies a high markup on marginal cost and
substantial deadweight losses. Green [10] further models the
effect of three policies that could increase the amount of com-
petition in the electricity spot market in England and Wales by
the SFE approach. Hobbs et al. [11] formulate the problem of
calculating SFE in the presence of transmission constraints as
a mathematical program with equilibrium constraints (MPEC).
Rudkevich et al. [12] present an analysis that estimates the
price of electricity dispatched and sold through a poolco, using
a closed-firm mathematical formula derived from the analytical
concept of SFE models. Baldick [1] uses an example from the
literature to compare Cournot and SFE models of bid-based
electricity markets with and without transmission constraints.
He has demonstrated that the parameterization of the supply
function model has a significant effect on the calculated results.
Day and Hobbs [13] present a conjectured supply function
(CSF) model of competition among power generators on a
linearized dc network.

The common feature of these models is to find the market
equilibrium under certain assumptions. Some models are suc-
cessful in studying oligopoly behavior in real electricity mar-
kets, but they are generally difficult in obtaining close-form
solutions when considering the practical issues in electricity
market, such as nonconvexity and discontinuity of cost func-
tion and inter-temporal scheduling of generators. Even worse,
market equilibrium may not be unique in some circumstances
[1], [5], [6], [8], [14]. Thus, a new method needs to be explored
to analyze market equilibrium in more realistic and complicated
conditions.

There exist at least four distinct approaches to answer the
problems concerning strategic interaction in an electricity
market [11]. The first is empirical analysis of existing markets.
The second approach is to model and solve the analytical
market equilibria. The other two relatively new approaches
are laboratory experimentation [15] and agent-based market
simulation [16], [17].

A recent fast-developing area rests on the application
of coevolutionary computation (CCEM) [18] to electricity
market analysis. Coevolutionary computation is an extension
of conventional evolutionary algorithms (EAs). It models an
ecosystem consisting of two or more species. Multiple species
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in the ecosystem coevolve and interact with each other and
result in the continuous evolution of the ecosystem [18]–[20].

Price uses a coevolutionary genetic algorithm (GA) to model
several standard industrial organization games, including a
simple model of an electricity pool [21]. He demonstrates that
coevolutionary computation has a potential role in applied work
requiring detailed market simulation through several examples.
Cau develops a coevolutionary approach to study the dynamic
behavior of participants over many trading intervals [22]. In a
recent paper, Son and Baldick proposed a hybrid coevolutionary
programming approach for Nash equilibrium search in games
with local optima [23]. The transmission-constrained electricity
market examples are studied.

The coevolutionary computation model can be regarded as
a special form of the agent-based computational economics
model. Agent-based computational economics (ACE) is a com-
putational study of economies modeled as dynamic systems of
interacting agents [24]. Each participant in the market under
investigation is represented by an agent in the model. The
ability of ACE to capture the independent decision-making
behavior and interactions of individual agents provides a very
good platform for the modeling and simulation of electricity
markets. The coevolutionary computation model has many
advantages compared to other agent-based models in that it
uses the well-developed GA (or other EAs) for agent “strategic
learning.” GAs are found to be effective analogues of economic
learning [25].

A “cooperative coevolutionary algorithm” for unit commit-
ment is first presented by the first author, which can be thought
as a simulation of perfect competitive electricity market with
price-taking generating units [26]. The coevolutionary compu-
tation-based approach is systematically extended to the anal-
ysis of oligopolistic electricity markets. This paper presents a
new unified framework of CCEM for both the one-shot and the
repeated games of oligopolistic electricity markets and shows
its high computational efficiency and great potentials in prac-
tical application. The standard Cournot model and the newly
presented Pareto improvement model are combined together to
form an integrated framework to analyze both the one-shot and
the repeated electricity market games.

The rest of the paper is organized as follows: Market models
used for analysis are presented in Section II. The framework of
the CCEM is proposed in Section III and then validated by a
simple example in Section IV. Finally, Section V concludes the
paper.

II. MARKET MODEL FORMULATION

This paper starts from the Cournot oligopoly model. In the
standard static Cournot game, the firms make their quantity de-
cisions at the same time, and each firm behaves independently to
maximize its own profit [27]. It is well known that the Cournot
oligopoly has a Nash equilibrium in which every firm has its
maximum profit while assuming that other firms have fixed their
outputs. It is apparent that when all firms have reached such a
point, none has any incentive to change unilaterally, and so the
situation is viewed as the market equilibrium. However, the sit-
uation will be quite different in existence of repeated games.

Because the Nash equilibrium is generally Pareto-inefficient, all
firms can increase their payoff by jointly modifying their deci-
sions. Thus, a set of “Pareto improvement” solutions exist [27],
which can be the results of “tacit collusion.” Although explicit
collusion is illegal, the danger of tacit collusion always exists
[28]. In this section, a new model is formulated to consider this
situation. For comparison, a “cooperative” collusion model is
also formulated, in which all firms simply work together as a
pure monopoly.

A. Standard Cournot Model

Suppose there are producers; each producer has its cost

(1)

(2)

where is the quantity generated by producer ; , , and
are the coefficients of the producer’s cost function with ,

, and ; and and are the lower and upper limits
of the quantity, respectively.

If it is assumed that there is negligible transmission loss, then
the aggregate demand will be equal to the total output of all
the producers in the market, as shown in the following:

(3)

The market price depends on , and their relationship is
represented by the inverse linear demand function in (4-1) or
the inverse constant elasticity demand function (4-2) below.

Linear demand:

(4-1)

Constant elasticity demand:

(4-2)

where and are the positive coefficients of the linear demand
function; is a positive constant; and is the elasticity that
typically will be negative.

The Cournot model is criticized for the problem of sensitivity
to elasticity of market demand, which is difficult to be specified
in electricity market. To overcome this problem, the constant
elasticity demand model is also adopted in this paper, in addi-
tion to the conventional linear demand model. Different demand
elasticity can be simulated by varying the value of to obtain
the results nearer to the practical situation.

The profit of the producer is

(5)

For simplicity of notation, let

(6)

and

(7)
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So, if a vector of quantity is a Cournot-Nash
equilibrium, it must satisfy

(8)

Therefore, the following first-order condition must be satisfied:

(9)
For the linear demand function in (4-1), (9) can be explicitly
expressed as (10), and the Cournot equilibrium can be easily
obtained

(10)

However, for the constant elasticity demand function in (4-2),
the first-order condition will be a complicated nonlinear equa-
tion set.

B. Pareto Improvement Model

The Cournot–Nash equilibrium is the result of the one-shot
noncooperative game. In the real electricity market, the auction
is repeated daily in a pool-based electricity market. This raises
the question of what the outcomes will be in the repeated games.
The results are given by numerous folk theorems in game theory
[29]. The most important one concerning the oligopoly game
is presented by Friedman [30]. Since the Cournot–Nash equi-
librium is generally not Pareto optimal, it is dissatisfactory to
be used as a viable outcome in the repeated oligopoly game.
Under some assumptions, the Pareto optimal solutions can be
the noncooperative equilibria in infinitely repeated games (su-
pergames) [29], [30]. These equilibria can be achieved by “tacit
collusion” among the firms. Since there are many Pareto op-
timal solutions that can be the noncooperative equilibria of an
infinitely repeated game, a particular solution is dependent on
any additional conditions imposed on the game. This paper will
only focus on searching for the general Pareto improvement so-
lutions of the Cournot oligopoly. The definition for Pareto opti-
mality is given in Definition 1 below. The Pareto improvement
model is given after Definition 2 below, which defines Pareto
dominance.

Definition 1 (Pareto Optimality): A point
is Pareto optimal if for every possible and

, either

(11)

or there is at least one such that

(12)

Definition 2 (Pareto Dominance): A vector
is said to dominate (denoted by

) if and only if

(13)

and there is at least one such that

(14)

For clearance, we denote the Cournot–Nash equilibrium by
and Pareto optimal solutions by

hereafter.
The objective of the Pareto improvement model is to find the

Pareto improvement set (denoted by ) of Cournot oligopoly
model (1)–(5), i.e., the set of Pareto optimal solutions with some
producers better off and none of the producers worse off com-
pared to outcome at the Cournot–Nash equilibrium, which can
be written as

and

(15)

where means “do not exist.”
The Pareto improvement model (1)–(5) and (15) forms a clas-

sical multiobjective optimization problem with inequality con-
straints. Apparently, at a solution of the multiobjective optimiza-
tion problem, no producer can achieve more profit without de-
crease of other producers’ profits, and all producers’ profits are
more than those at the Cournot–Nash equilibrium, so we call it
“Pareto improvement solution.” Based on the theory in [29] and
[30], any such solutions can be the result of the repeated oli-
gopoly game.

C. Collusion Model

Different from tacit collusion achieved in repeated games,
explicit collusion is generally illegal under antitrust law. The
collusion model is formulated in this paper for comparison.

By collusion, the firms work together to extract as much total
profit as they can from the market [27]. Therefore, the objective
of the collusion model is

(16)

Equations (1)–(5) and (16) compose the collusion
model, which is an ordinary multivariable optimization
problem. The solutions of the model can be denoted by

.

III. ELECTRICITY MARKET ANALYSIS BASED

ON COEVOLUTIONARY COMPUTATION

This section introduces a new framework of electricity market
analysis based on CCEM.
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A. General Framework of CCEM

The above market models can be illustrated by Fig. 1. Each
producer submits its optimal trading strategy to the power
exchange (PX). The trading strategy is different for different
market model. Here for the standard Cournot and Pareto
improvement models with quantity decision participants,
the trading strategy is the quantity to be generated. PX then
calculates the market price using (3) and (4-1) or (4-2) in Sec-
tion II-A according to the demand characteristics and market
rules. Each producer can calculate its profit with the market
price and its trading strategy according to (5). Fig. 1 suggests an
agent-based simulation method for electricity market analysis,
in which each participant in the market under investigation is
represented by an agent in the model. Each agent makes its
decisions based on the knowledge of itself and the environment.
The agents interact with each other through the system model.
Here the system model consists of the market rules and demand
function.

This paper presents an agent-based simulation approach of
electricity market based on CCEM. CCEM is developed from
traditional EAs, which simulates the coevolutionary mechanism
in nature and adopts the notion of ecosystem. The agents simu-
late the species in an ecosystem. Multiple species coevolve and
interact with each other and result in the continuous evolution
of the ecosystem. The species are genetically isolated—individ-
uals only mate with other members of their species. They in-
teract with one another within a shared domain model. CCEM
is a relatively new area in the research of evolutionary compu-
tation. Its theory and applications are still rapidly developing
[18]–[20].

The basic CCEM model is shown in Fig. 2 [18], which is an
analogue of Fig. 1. Each producer in Fig. 1 is represented by a
species in the ecosystem. Each species evolves a bundle of indi-
viduals, which represent the candidate trading strategies of the
corresponding producer. PX is modeled with the domain model.
Each species is evolved through the repeated application of a
conventional EA. Fig. 2 shows the fitness evaluation phase of the
EA from the perspective of species 1. To evaluate an individual
(trading strategy) from species 1, collaboration is formed with
representatives (representative trading strategies) from each of
the other species. The domain model solves for the system vari-
able (market price). Then species 1 can use the system variable
to evaluate the fitness of its individual. Here the fitness is the
profit of the corresponding producer. There are many possible
methods for choosing representatives with which to collaborate.
An obvious one is to simply let the current best individual from
each species be the representative, and an alternative one is to
randomly select an individual from each species to be the rep-
resentative [19].

The pseudo-code of a coevolutionary genetic algorithm
(CGA) is given in Figs. 3 and 4, in which the evolution of each
species is handled by a standard GA. Therefore, a species just
means a population of GA in this algorithm and the procedures
of the simple genetic algorithm (SGA) proposed in [31] are
used in CGA.

The key variables, data structures, and procedures of CGA
are defined as follows:

Fig. 1. Illustration of electricity market models.

Fig. 2. Framework of CCEM model.

Fig. 3. Pseudo-code of CGA.

Generation counter of the evolu-
tionary process.
Sequence number of species,
which is corresponding to the pro-
ducer sequence number. There are
totally species in the ecosystem.
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Fig. 4. Pseudo-code of fitness evaluation procedure.

Sequence number of individuals
in a species.

Chromosome 16-bit binary string (two bytes)
is used to encode the quantity
generated by the corresponding
producer (namely, the pro-
ducer’s trading strategy) for each
species , which is called the chro-
mosome.

Fitness Fitness value of a chromosome in
species is the profit of the corre-
sponding producer when its gen-
erating quantity equals the de-
coded value of the chromosome.

Individual th individual of species
in the th generation is com-

posed of a chromosome, its de-
coded value, and fitness value.

Population Population of species
in the th generation contains a
number of individuals ,
which is evolved by GA.

Initialization Chromosomes of each species are
randomly initialized to integers
between 0 and 65 535 (two bytes).
The initial population of species
is denoted by .

Reproduction Simple roulette wheel selection or
the tournament selection is used
for choosing members for the
mating pool from
for species in the th gener-
ation. Fitter individuals have a
higher number of offspring in the
succeeding generation.

Crossover Crossover operator takes two
parent chromosomes and gener-
ates two offspring chromosomes
by swapping some parts of their
strings. A two-point crossover
operator is used. This means that
two crossover positions are se-
lected, and the two parent chro-
mosomes swap the strings be-

tween them with certain proba-
bility.

Mutation Bit-wise mutation operator is
used, in which each bit of
the chromosome is randomly
changing from 1 to 0 or vice versa
with certain probability.
The th generation population

of species is formed
from the th generation mating
pool through repeated ap-
plication of crossover and muta-
tion operators.

Choice of representative Representative of species
in the th generation is chosen
from with the aforemen-
tioned method.

Fitness evaluation Process of evaluating fitness of
individuals in is shown in
Fig. 4.

Termination condition Simple termination condition is
used that the number of gener-
ations reaches its preset upper
limit.

GA is used to evolve each species in our model, which is an
effective analogue of economic learning. Riechmann shows that
economic learning via GA can be described as a specific form of
an evolutionary game [25], which is a stochastic process repeat-
edly turning one population of individuals into another. Each
repeated turn of GA consists of several stochastic processes,
namely, reproduction, which is interpreted as learning by im-
itation; crossover, which is interpreted as learning by commu-
nication; mutation, which is interpreted as learning by experi-
ment; evaluation, which is interpreted as playing the role of the
market as an information revealing device; and selection, which
decreases the number of unsuccessful trading strategies [25].

The ability of CCEM model to facilitate the individual par-
ticipants’ strategic learning and the interactions among the par-
ticipants provides a very good platform for the modeling and
simulation of electricity markets.

B. CCEM for Standard Cournot Model

For the Cournot model (1)–(10), the above CGA is used for
simulation. In Cournot oligopoly, a producer only needs to op-
timize its own profit expressed by (5), with the quantity
as the decision variable. The simple roulette wheel selection is
used in the reproduction operator of each species. A “greedy”
method is used for selecting representatives [19]. In this method,
the current best individual from each species is selected as the
representative so as to facilitate the fast convergence of the sim-
ulation.

From the calculation process above, we can see that the
species are coordinated by the market price . When producer
changes its quantity to gain more profit in (5), it will change
the market price according to the inverse demand function
in (4-1) or (4-2) and, in turn, changes the profits of other
producers. Other producers will behave in the same way. The
adjustment process will continue until no one can get more
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profit by changing its quantity without changes of the quantities
of other producers and, in other words, the market reaches
Cournot–Nash equilibrium.

C. CCEM for Pareto Improvement Model

The market simulation with Pareto improvement model
(1)–(5), (15) is actually a multiobjective optimization problem.
The above CGA is used for simulation. A producer should
optimize the Pareto optimal profits (see Definition 1 in Sec-
tion II-B) for all producers in the market, with its own quantity

as the decision variable. Different from CCEM for standard
Cournot model, a tournament selection is used in the reproduc-
tion operator of each species.

The main techniques used for multiobjective optimization
problems are taken from Deb’s NSGA-II [32]. The main
features of NSGA-II include a fast nondominated sorting pro-
cedure, a fast crowded distance computation procedure, and a
crowded tournament selection operator. The fast nondominated
sorting procedure sorts a population into different nondomina-
tion levels. The fast crowded distance computation procedure
is to estimate the density of solutions surrounding a particular
solution in the population. The crowded tournament selection
operator guides the selection process of the algorithm toward a
uniformly spread-out Pareto optimal front. The crossover and
mutation operators of NSGA-II are the same with standard GA,
while the selection operator is different. A binary tournament
selection operator is used, and the selection criterion is based
on the crowded comparison operator. The details of NSGA-II
can be found in [32].

The techniques of NSGA-II are applied to evolution of each
species, and thus, the CCA in Figs. 3 and 4 becomes a multiob-
jective CCEM model.

IV. CASE STUDY

To validate the models and algorithms described in this paper,
the test case with three producers from [7] is used. The data of
producers’ costs in Table I of [7] are reproduced here in Table I.
#1, #2, and #3 are the sequence numbers of the producers, re-
spectively.

To illustrate the ability of CCEM to handle the nonlinear
models and simulate different market situations, a constant elas-
ticity demand function is used in simulation besides the linear
demand function used in [7]. The demand function parameters
are listed in Table II. is the elasticity of demand, which is typ-
ically negative. The demand with the elasticity greater than 1
in absolute value is an elastic demand and the elasticity less
than 1 in absolute value for an inelastic demand. The demand
curves used for simulation are shown in Fig. 5. The solid line is
the linear demand curve; the dashed line is an inelastic demand
with the elasticity 0.5; and the dotted line is an elastic demand
with the elasticity 1.5. We choose the values of parameter
so that the three different demand curves intersect at the point
with on the linear demand curve.

A. CCEM for Standard Cournot Model

We apply the CCEM algorithm described in Section III-B
for the standard Cournot model to the test case. The evolution

TABLE I
PRODUCERS’ COST DATA

TABLE II
DEMAND FUNCTION PARAMETERS

Fig. 5. Market demand and price of CCEM for standard Cournot model.

process runs for a maximum 150 generations, with the popula-
tion size 100. The elitist strategy preserving a single copy of the
best individual is adopted. The crossover probability is set to
0.9, and the mutation probability is set to 0.06.

The Cournot–Nash equilibrium with linear demand function
can be easily obtained by solving the linear equation system
(10). However, the first-order conditions for Cournot–Nash
equilibrium with constant elasticity demand function are gen-
erally nonlinear equation systems and difficult to be solved.
This paper uses the test cases with constant elasticity demand
functions to demonstrate the ability of CCEM for solving
nonlinear Cournot models. The simulation results are listed in
Table III. The demand curves and market demands and prices
at Cournot–Nash equilibrium are also shown in Fig. 5. The
symbol solid triangles denote the market aggregate demands
and prices at the Cournot–Nash equilibria. They are on dif-
ferent demand curves, which denote the corresponding demand
functions used for simulation. To verify the simulation results,
an iterative Nash equilibrium search algorithm in [23] has been
used to calculate the Cournot–Nash equilibria. The results are
the same as those in Table III obtained using CCEM.

From the simulation results, we can observe that CCEM
can find the Cournot–Nash equilibrium in all cases. The
Cournot–Nash equilibrium with inelastic demand has
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TABLE III
COURNOT–NASH EQUILIBRIUM RESULTS

higher market price and less generating output, while the
Cournot–Nash equilibrium with elastic demand has lower
market price and more generating output. These results are
consistent with the experiences from the real markets.

The variations of prices with respect to the generation number
of the simulation in the typical runs are shown in Fig. 6. We
can see that the market prices converge to the Cournot–Nash
equilibrium rapidly in all three cases. CCEM has high efficiency
in the market simulations.

Besides, the simulations using different settings of and
are also performed to observe the influence of the parameters of
the algorithm. The results are listed in Table IV, where , ,
and are the Euclidean distances between the simulation re-
sults and the actual Cournot–Nash equilibrium quantities for the
linear, inelastic, and elastic demand cases, respectively. Since
the results are stochastic, the values of , , and are aver-
aged over ten runs. and vary from 0.0 to 1.0. The other
algorithm parameters are the same as those in the above simula-
tions. From the results, it can be observed that the algorithm is
more sensitive to than . The simulation results are the best
when is between 0.05 and 0.1 and is between 0.5 and 0.9.
The simulation results may imply that since the decision space
is simple (one variable for each producer), mutation is the main
operator to explore new search spaces.

In addition, we use a more realistic five-firm example system
in [33] to further validate CCEM. The example system is based
on the cost data for the five strategic firm industry in England
and Wales subsequent to the 1999 divestiture. The firms’ cost
data are reproduced here in Table V. The linear demand function
in [33] is used in the simulation, where and .
The simulation results are listed in Table VI. The iterative Nash
equilibrium search algorithm proposed in [23] is also used to
verify the simulation results. This paper shows that CCEM has
the potentials in practical electricity market analysis.

B. CCEM for Pareto Improvement Model

We use the algorithm described in Section III-C to perform
the simulation. The algorithm parameters are the same as those
in the standard Cournot model simulations in the last section.

The basic simulation results are listed in Table VII. Since
the Pareto improvement solutions are not unique, the av-
erage and standard deviation values of market prices, market
aggregate demand (sum of all producers’ output), producer
quantities, and profits are calculated. The data in Table VII

Fig. 6. Variation of market price in coevolution process.

TABLE IV
INFLUENCE OF ALGORITHM PARAMETERS ON SIMULATION RESULTS

TABLE V
PRODUCERS’ COST DATA

are the average values with the standard deviation values in
the brackets. For the cases with linear and elastic demand,
the market prices are highly concentrated, with the average
of 60.84 and $53.41/MWh, respectively. These average prices
are higher than the prices at the Cournot–Nash equilibria. The
producer quantities are distributed, with the average values less
than the Cournot–Nash equilibrium quantities. Although the
individual producer quantities are distributed, the sums of all
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producers’ output are concentrated, with the average values
much less than that of the Cournot–Nash equilibrium. The
producer profits are distributed, with the average values more
than the Cournot–Nash equilibrium profits. The results show
that the producers raise their profits by collectively withholding
the quantities supplied and increasing the market price. Al-
though the profits can be allocated among the producers quite
differently, the market prices are similar.

For the case with the inelastic demand, the situation is quite
different. From Table VII, we can see that the producer quanti-
ties are driven to near zero, and the market price gets impossibly
high. In turn, the producer profits get impossibly high. Because
the demand is inelastic, the producers can raise up the market
price to an abnormal level by collectively withholding their out-
puts. This situation can also be observed in the real market.

Besides, the influence of the algorithm parameters on simula-
tion results is also studied. Since the influence is similar to that
of the standard Cournot model in Table IV, the results are not
shown for brevity.

For comparison, the results of the collusion model in Sec-
tion II-C are also listed in Table VIII, where the producers work
cooperatively to maximize their total profit. The model can be
solved by any ordinary nonlinear optimization method. For the
cases with linear and elastic demand, the market prices and de-
mands are near to the average values of the Pareto improvement
results in Table VII. For the cases with the inelastic demand, the
producers’ quantities are driven near zero, and the market price
and producers’ profit become infinitely large. In fact, for the
cases with linear and elastic demand, it is easy to prove that the
collusion results are Pareto optimal. However, the collusion re-
sults do not necessarily belong to the Pareto improvement solu-
tions. For the case with linear demand, we can see that although
the total profit of all producers are the highest in the collusion
result, the profit of producer 3 is lower than the Cournot–Nash
equilibrium in Table III. This result cannot be achieved without
any explicit agreement on division of total profit among the pro-
ducers.

Using the producers’ profits as the coordinates of a point in
a three-dimensional space, the Pareto improvement solutions
can be visualized as in Fig. 7. Only the Pareto improvement
solutions with the linear demand function are shown in the
figure. The Pareto front is determined by an iterative Monte
Carlo (IMC) search method, and the crosses identify the Pareto
optimal profit points. The big circle designates the collusion
profits of each producer. The small circles designate the Pareto
improvement profits. The symbol solid triangle designates the
Cournot–Nash equilibrium profits, which is under the Pareto
front. We can see that the collusion result lies on the Pareto
front but outside of the Pareto improvement solutions. The
Pareto improvement profits are fairly concentrated. The Pareto
improvement profits obtained by CCEM coincide with the
Pareto front determined by the IMC method, and thus, the cor-
rectness can be justified. The same conclusion can be reached
in the elastic demand case.

V. CONCLUSION

This paper presents a CCEM model for electricity market
analysis. The coevolutionary computation model can be looked
at as a special form of the agent-based computational economics

model. Each participant in the market is represented by a species
in the model, and the interactions among market participants are
embodied in the coevolutionary process of the species.

The standard Cournot model and the newly presented Pareto
improvement model are combined together to form an inte-
grated framework to analyze both the one-shot and the repeated
electricity market games. The linear and constant elasticity
demand functions are used in simulation.

It has been found that CCEM can find the Cournot–Nash
equilibrium in standard Cournot model and the Pareto improve-
ment solutions in Pareto improvement model with high effi-
ciency. It can handle the nonlinear market models that are diffi-
cult to be handled by conventional methods. Cournot model is
often criticized for the problem of sensitivity to specification of
market demand, and thus, the framework presented in this paper
using different demand functions can greatly help to overcome
this difficulty.
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TABLE VI
COURNOT–NASH EQUILIBRIUM RESULTS

TABLE VII
PARETO IMPROVEMENT RESULTS

TABLE VIII
COLLUSION RESULTS

Fig. 7. Pareto improvement solutions.

APPENDIX

The techniques of NSGA-II are applied to the evolution of
each species in the Pareto improvement model simulation. The
main features of NSGA-II include a fast nondominated sorting
procedure, a fast crowded distance computation procedure, and
a crowded tournament selection operator. The main process of
NSGA-II is described as follows [32].

Initially, a random parent population is created. The pop-
ulation is sorted into different nondomination levels [32]. Each
solution is assigned a fitness (or rank) equal to its nondomina-
tion level (1 is the best level, 2 is the next-best level, and so
on). Thus, minimization of fitness is assumed. At first, the usual
binary tournament selection, recombination, and mutation op-
erators are used to create an offspring population of size .

In the th generation of the evolutionary process,
a combined population is formed. The
population is of size . Then, the population is
sorted into different nondomination levels. Since all previous
and current population members are included in , elitism
is ensured. The members of the population are chosen
from the nondominated fronts in the order of their ranking. The
new population is now used for selection, crossover, and
mutation to create a new population of size . The NSGA-II
procedure is also shown in Fig. 8.

In NSGA-II, a binary tournament selection operator is used,
and the selection criterion is based on crowded comparison [32].
The diversity among nondominated solutions is introduced by
using the crowded comparison procedure, which is used in the
tournament selection and during the formation of population

.

REFERENCES

[1] R. Baldick, “Electricity market equilibrium models: The effect
of parametrization,” IEEE Trans. Power Syst., vol. 17, no. 4, pp.
1170–1176, Nov. 2002.

[2] A. K. David and F. Wen, “Market power in electricity supply,” IEEE
Trans. Power Syst., vol. 16, no. 4, pp. 352–360, Nov. 2001.

[3] W. W. Hogan, “A market power model with strategic interaction in elec-
tricity networks,” Energy J., vol. 18, no. 4, pp. 107–141, 1997.

[4] J. B. Cardell, C. C. Hitt, and W. W. Hogan, “Market power and strategic
interaction in electricity networks,” Res. Energy Econ., vol. 19, no. 1–2,
pp. 109–137, 1997.

[5] S. Borenstein and J. Bushnell, “An empirical analysis of the potential
for market power in California’s electricity industry,” J. Ind. Econ., vol.
47, no. 3, pp. 285–323, 1999.

[6] S. Borenstein, J. Bushnel, and C. R. Knittel, “Market power in electricity
markets: Beyond concentration measures,” Energy J., vol. 20, no. 4, pp.
65–88, 1999.

[7] L. B. Cunningham, R. Baldick, and M. L. Baughman, “An empirical
study of applied game theory: Transmission constrained Cournot be-
havior,” IEEE Trans. Power Syst., vol. 17, no. 1, pp. 166–172, Feb. 2002.

[8] P. D. Klemperer and M. A. Meyer, “Supply function equilibria in oli-
gopoly under uncertainty,” Econometrica, vol. 57, no. 6, pp. 1243–1277,
1989.

[9] R. J. Green and D. M. Newbery, “Competition in the British electricity
spot market,” J. Pol. Econ., vol. 100, no. 5, pp. 929–953, 1992.

[10] R. J. Green, “Increasing competition in the British electricity spot
market,” J. Ind. Econ., vol. 44, no. 2, pp. 205–216, 1996.

[11] B. Hobbs, C. Metzler, and J. S. Pang, “Strategic gaming analysis for
electric power systems: An MPEC approach,” IEEE Trans. Power Syst.,
vol. 15, no. 2, pp. 638–645, May 2000.

[12] A. Rudkevich, M. Duckworth, and R. Rosen, “Modeling electricity
pricing in a deregulated generation industry: The potential for oligopoly
pricing in a Poolco,” Energy J., vol. 19, no. 3, pp. 19–48, 1998.



IE
EE

Pr
oo

f

10 IEEE TRANSACTIONS ON POWER SYSTEMS, VOL. 21, NO. 1, FEBRUARY 2006

Fig. 8. NSGA-II procedure.

[13] C. J. Day and B. F. Hobbs, “Oligopolistic competition in power net-
works: A conjectured supply function approach,” IEEE Trans. Power
Syst., vol. 17, no. 3, pp. 597–607, Aug. 2002.

[14] D. H. Nguyen and K. P. Wong, “Natural dynamic equilibrium and mul-
tiple equilibria of competitive power markets,” Proc. Inst. Elect. Eng.,
Gener., Transm., Distrib., vol. 149, no. 2, pp. 133–138, Mar. 2002.

[15] S. J. Rassenti, V. L. Smith, and B. J. Wilson, “Using experiments to
inform the privatization/deregulation movement in electricity,” Cato J.,
vol. 21, no. 3, pp. 515–544, 2002.

[16] D. W. Bunn and F. S. Oliveira, “Agent-based simulation—an application
to the new electricity trading arrangements of England and Wales,” IEEE
Trans. Evol. Comput., vol. 5, no. 5, pp. 493–503, Oct. 2001.

[17] J. Nicolaisen, V. Petrov, and L. Tesfatsion, “Market power and efficiency
in a computational electricity market with discriminatory double-auction
pricing,” IEEE Trans. Evol. Comput., vol. 5, no. 5, pp. 504–523, Oct.
2001.

[18] M. A. Potter and K. A. De Jong, “Cooperative coevolution: An architec-
ture for evolving coadapted subcomponents,” Evol. Comput., vol. 8, no.
1, pp. 1–29, 2000.

[19] R. P. Wiegand, “An analysis of cooperative coevolutionary algorithms,”
Ph.D. dissertation, George Mason Univ., Fairfax, VA, 2003.

[20] K. A. De Jong and M. A. Potter, “Evolving complex structures via coop-
erative coevolution,” in Proc. 4th Annual Conf. Evolutionary Program-
ming. Cambridge, MA: MIT Press, 1995, pp. 307–317.

[21] T. C. Price, “Using co-evolutionary programming to simulate strategic
behavior in markets,” J. Evol. Econ., vol. 7, pp. 219–254, 1997.

[22] T. D. H. Cau and E. J. Anderson, “A co-evolutionary approach to mod-
eling the behavior of participants in competitive electricity markets,” in
Proc. IEEE Power Engineering Society Summer Meeting, Chicago, IL,
2002.

[23] Y. S. Son and R. Baldick, “Hybrid coevolutionary programming for
Nash equilibrium search in games with local optima,” IEEE Trans. Evol.
Comput., vol. 8, no. 4, pp. 305–315, Aug. 2004.

[24] L. Tesfatsion. Agent-Based Computational Economics Growing
Economies From the Bottom Up. [Online]http://www.econ.ias-
tate.edu/tesfatsi/ace.htm.

[25] T. Riechmann, “Genetic algorithm learning and evolutionary games,” J.
Econ. Dynamics Control, vol. 25, no. 6–7, pp. 1019–1037, 2001.

[26] H. Chen and X. Wang, “Cooperative coevolutionary algorithm for unit
commitment,” IEEE Trans. Power Syst., vol. 17, no. 1, pp. 128–133, Feb.
2002.

[27] G. A. Jehle and P. J. Reny, Advanced Microeconomic Theory. Reading,
MA: Addison-Wesley, 2001.

[28] N. Fabra and J. Toro. Price Wars and Collusion
in the Spanish Electricity Market. [On-
line]http://www.ucei.berkeley.edu/SEM/conf2003/Slides/Fabra_Toro.PDF.

[29] J. Tirole, The Theory of Industrial Organization. Cambridge, MA:
MIT Press, 2000.

[30] J. W. Friedman, “A noncooperative equilibrium for supergames,” Rev.
Econ. Stu., vol. 38, pp. 1–12, 1971.

[31] D. E. Goldberg, Genetic Algorithms in Search, Optimization, and Ma-
chine Learning. Reading, MA: Addison-Wesley, 1989.

[32] K. Deb, A. Pratap, S. Agarwal, and T. Meyarivan, “A fast and elitist mul-
tiobjective genetic algorithm: NSGA-II,” IEEE Trans. Evol. Comput.,
vol. 6, no. 2, pp. 182–197, Apr. 2002.

[33] R. Baldick and W. Hogan. (2001) Capacity Constrained Supply Function
Equilibrium Models of Electricity Markets: Stability, Non-Decreasing
Constraints, and Function Space Iterations. Univ. California Energy
Inst.. [Online]http://www.ucei.berkeley.edu/PDF/pwp089.pdf.

H. Chen (M’03) received the B.S., M.S., and Ph.D. degrees in electrical engi-
neering from Xi’an Jiaotong University, Xi’an, China in 1995, 1997, and 2000,
respectively.

Currently, he is an Associate Professor with the Electrical Engineering De-
partment of Xi’an Jiaotong University. He is on leave from Xi’an Jiaotong Uni-
versity and is now with the Hong Kong Polytechnic University, Kowloon, Hong
Kong. His major research interests include power markets, power system op-
timal operation/planning, and computational intelligence applications.

K. P. Wong (M’87–SM’90–F’02) received the M.Sc and Ph.D. degrees from the
University of Manchester Institute of Science and Technology (UMIST), Man-
chester, U.K., in 1972 and 1974, respectively. He received the higher doctorate
D.Eng. degree from UMIST in 2001.

He is currently a Chair Professor and is the Head of the Department of Elec-
trical Engineering, Hong Kong Polytechnic University, Kowloon, Hong Kong.

Prof. Wong received three Sir John Madsen Medals (1981, 1982, and 1988)
from the Institute of Engineers Australia, the 1999 Outstanding Engineer
Award from IEEE Power Chapter Western Australia, and the 2000 IEEE Third
Millennium Award. He has published numerous research papers in power
systems and in the applications of artificial intelligence and evolutionary
computation to power system planning and operations. His current research
interests include evolutionary optimization in power, power market analysis,
power system planning and operation in deregulated environment, and power
quality. He is a Fellow of IEE, HKIE, and IEAust.

D. H. M. Nguyen (M’03) received the bachelor and Ph.D. degrees in electrical
engineering from the University of Western Australia, Australia, in 1995 and
2002, respectively. Author: Was it the B.S. degree? Also, what town in Aus-
tralia?

He is currently a Postdoctoral Fellow in the Department of Electrical Engi-
neering, Hong Kong Polytechnic University, Kowloon, Hong Kong.

C. Y. Chung (M’01) received the B.Eng. degree (with first-class honors) and
the Ph.D. degree in electrical engineering from the Hong Kong Polytechnic Uni-
versity, Kowloon, Hong Kong. Author: Years for degrees?

After, he worked in the Electrical Engineering Department at the University
of Alberta, Edmonton, AB, Canada, and Powertech Labs, Inc., Surrey, BC,
Canada. Currently, he is an Assistant Professor in the Department of Electrical
Engineering, Hong Kong Polytechnic University. His research interests include
power system stability/control, computational intelligence applications, and
power markets.


